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PREFACE 


This  book  is  designed  to  present  certain  topics  in  alge- 
bra and  trigonometry  in  a  form  that  will  make  them  most  useful  for 
a  later  study  of  analytic  geometry  and  calculus.  We  have  tried  to 
present  the  basic  ideas  in  such  a  way  that  they  can  be  grasped  easily 
by  the  student.  In  our  attempt  to  achieve  this  goal,  we  have  passed 
over  some  of  the  fine  details  that  constitute  mathematical  rigor,  but 
we  don't  think  the  student  will  have  to  "unlearn"  anything  he  reads 
here. 

The  first  chapter  is  intended  to  serve  as  a  review  of  elementary 
topics  (adding  fractions,  factoring,  and  so  forth),  but  these  review 


vi  PREFACE 

topics  are  interwoven  with  new  topics  (inequalities)  so  that  the  good 
student  will  not  become  bored.  The  systematic  introduction  of  new 
ideas  begins  in  Chapter  Two  with  the  study  of  functions.  This  study 
forms  the  basis  of  the  unifying  aspect  of  the  whole  book — the  concept 
of  a  function.  Logarithmic  and  exponential  functions  are  discussed 
in  Chapter  Three  in  such  a  way  that  lengthy  numerical  work  with 
logarithms  can  almost  be  avoided,  if  the  instructor  wishes.  In  Chap- 
ter Four,  the  trigonometric  functions  are  considered  initially  as  func- 
tions on  the  real  numbers,  and  the  presentation  has  been  arranged 
in  such  a  manner  that  it  should  neither  bore  the  student  who  has 
already  studied  trigonometry  nor  overwhelm  the  student  who  is  meet- 
ing the  subject  for  the  first  time.  The  treatment  of  complex  numbers 
in  Chapter  Five  takes  advantage  of  the  fact  that  trigonometry  has 
already  been  discussed,  and  provides  a  basis  for  the  theory  of  equa- 
tions that  is  covered  in  Chapter  Six,  In  Chapter  Seven,  systems  of 
linear  equations  are  solved  using  simple  matrix  manipulations  before 
the  concept  of  a  determinant  is  introduced.  The  binomial  theorem 
is  treated  in  the  work  with  permutations  and  combinations  in  Chap- 
ter Eight  so  that  the  binomial  coefficients  are  encountered  in  a  natural 
and  logical  way.  The  summation  notation  is  introduced  in  this  chap- 
ter and  the  discussion  of  probability  includes  a  discussion  of  the  bino- 
mial distribution.  The  presentation  of  the  material  concerning  se- 
quences in  Chapter  Nine  has  been  arranged  so  that  it  can  be  taught 
either  with  or  without  the  concept  of  mathematical  induction  that  is 
presented  there.  The  book  ends  with  a  discussion  of  inverse  func- 
tions, with  particular  emphasis  on  the  inverse  trigonometric  functions. 
We  hope  that  the  constant  reiteration  of  the  concept  and  notation  of 
functions  throughout  this  book  will  leave  its  mark  on  the  student  by 
tne  time  he  appears  in  the  calculus  classroom. 

Most  classes  contain  students  of  varying  mathematical  backgrounds 
and  ability.  We  have  attempted  to  take  this  variation  into  account 
by  arranging  our  sections  so  that  the  most  basic  and  elementary 
material  comes  first.  Occasionally  the  last  few  paragraphs  of  a  sec- 
tion may  treat  more  difficult  ideas — ones  which  the  more  able  student 
might  like  to  develop  but  which  are  not  essential  to  the  continuity  of 
the  book.  Every  student  should  attempt  to  work  all  the  Review 
Problems  and  the  more  able  students  will  profit  by  tackling  some  of 
the  Miscellaneous  Problems  at  the  end  of  each  chapter. 

We  are  indebted  to  a  number  of  people  for  encouragement,  advice, 
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and  just  plain  work.  Through  the  cooperation  of  the  administration 
of  The  Ohio  State  University  and  Chairman  R.  G.  Helsel  of  the 
Mathematics  Department,  a  mimeographed  edition  was  prepared. 
A.  A.  Bennett  and  A.  E.  Taylor  read  this  edition  and  offered  a  num- 
ber of  suggestions.  Our  colleagues  at  Ohio  State — J.  F.  Leetch,  L.  H. 
Miller,  C.  F.  Purtz,  and  J.  M.  Shapiro — taught  from  the  mimeographed 
edition  and  gave  us  the  benefit  of  their  experience.  Mrs.  Janet 
Austin,  Mrs.  Dolores  Donnelly,  and  Mrs.  Ann  Tanner  provided  hours 
of  secretarial  assistance.  Mrs.  Leone  Fisher  typed  the  manuscript, 
Mrs.  Nancy  Ziebur  helped  with  the  illustrations,  and  both  of  them 
were  instrumental  in  keeping  our  morale  high.  Our  editor,  W.  E. 
Mangas,  not  only  served  as  a  capable  third  author,  but  saw  to  it  that 
the  innumerable  deadlines  were  met. 


r.  c.  F. 
a.  d.  z 
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CHAPTER 


O     N      E 


THE   SYSTEM    OF 
REAL    NUMBERS 


Much  of  the  world  of  mathematics  is  a  world  of  numbers. 
In  order  to  use  numbers  efficiently,  we  must  know  the  rules  that 
govern  their  usage.  In  this  first  chapter,  we  shall  discuss  some  of 
the  important  properties  of  real  numbers,  review  the  basic  rules  of 
algebra,  and  learn  some  new  skills  that  are  fundamental  to  later 
work  in  mathematics.  It  is  not  our  purpose  in  this  chapter  to  go 
into  a  precise,  detailed  explanation  of  the  development  of  the  real 
number  system.  Your  familiarity  with  real  numbers  and  your 
ability  to  use  them  should  carry  you  over  any  gaps  in  the  presentation. 

1 
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1      NUMBER  SYSTEMS.     THE  INTEGERS 

The  system  of  real  numbers  can  be  considered  as  an  extension  of 
certain  other  number  systems.  As  we  take  up  these  various  systems 
of  numbers,  we  shall  emphasize  three  points.  First,  we  must  be 
able  to  identify  the  numbers  of  each  of  the  systems.  Second,  since 
the  systems  with  which  we  are  concerned  form  a  chain  leading  up 
to  the  system  of  real  numbers  (and  beyond,  in  Chapter  Five),  we 
shall  want  to  be  able  to  tell  how  a  given  system  is  related  to  a  preced- 
ing one.  Third,  we  must  consider  how  the  various  mathematical 
operations  such  as  addition  and  multiplication  are  performed. 

The  simplest  system  of  numbers  consists  of  the  positive  integers — 
namely,  the  numbers  1,  2,  3,  4,  and  so  on.  You  already  know  how 
to  add  and  multiply  positive  integers,  of  course.  There  are,  however, 
certain  fundamental  rules  that  are  well  worth  noting  explicitly.  If 
the  letters  a,  b,  and  c  represent  any  positive  integers,  then  the  follow- 
ing laws  of  arithmetic  are  true. 

1-1  (a  +  b)  +  c  =  a  +  (b  +  c).     Associative  law  of  addition. 

Example:   (3  +  4)  +  5  =  3  +  (4  +  5). 
1-2         (ab)c  =  a(bc).     Associative  law  of  multiplication. 

Example:   (3  •  4)  •  5  =  3  •  (4  •  5). 
1-3         a  +  b  =  b  +  a.     Commutative  law  of  addition. 

Example:  3  +  4  =  4  +  3. 
1-4         ab  =  ba.     Commutative  law  of  multiplication. 

Example:  3-4  =  4-3. 

1-5         a(b  +  c)  =  ab  +  ac.     Distributive  law. 
Example:  3(4  +  5)  =  3  •  4  +  3  •  5. 

Note  that  Rule  1-4  may  be  used  to  rewrite  Rule  1-5  in  the  form 

1-6  (b  +  c)a  =  ba  +  ca. 

The  operations  of  subtraction  and  division  are  defined  in  terms  of 
the  operations  of  addition  and  multiplication.  The  number  d  that 
satisfies  the  equation  a  =  b  +  d  is  called  the  difference  a  —  b. 
The  number  q  is  the  quotient  a  'b,  if  a  =  bq.  Observe  that  for  any 
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two  positive  integers  a  and  b  there  is  always  a  third,  c,  such  that 
to  +  b  =  c;  but  there  is  not  necessarily  a  positive  integer  d,  such 
that  a  —  b  =  d.  The  expression  3  —  5,  for  example,  cannot  repre- 
sent a  positive  integer,  since  the  equation  3  =  5  +  d  is  satisfied  for 
no  positive  integer  d.  We  can  skirt  this  difficulty  by  introducing 
the  negative  integers  and  the  number  zero  to  form,  together  with 
the  positive  integers,  the  set  of  all  integers,  ...  —3,  —2,  —1,  0,  1, 
2,  3,  4,  ...  .  Extending  the  system  of  positive  integers  to  the  sys- 
tem of  integers  still  leaves  us  with  a  number  system  in  which  division 
is  not  always  possible.  This  situation  is  remedied  by  a  further  exten- 
sion we  shall  discuss  in  the  next  section. 

Clearly  the  positive  integers  are  part  of  the  system  of  all  integers, 
so  our  next  problem  is  to  define  the  arithmetic  operations  on  the 
latter  system.  These  operations  are  "man-made,"  not  "God-given" ; 
there  is  no  law  of  nature  which  says  that  (— 1)(— 1)  is  1.  For  rea- 
sons of  consistency,  we  choose  the  number  1  to  represent  the  value 
of  the  product  (  — 1)(  —  1).  According  to  the  ordinary  rules  of  arith- 
metic (which  we  assume  you  know),  all  integers  obey  the  same  funda- 
mental laws  that  apply  to  the  positive  integers  (1-1  to  1-6).  It 
can  be  shown  that  the  rules  of  arithmetic  for  integers  are  the  only 
ones  that  preserve  the  associative,  commutative,  and  distributive 
laws. 

The  distributive  laws  1-5  and  1-6  are  used  extensively  in  the  familiar 
process  called  factoring.  An  algebraic  expression  is  in  factored  form 
if  it  is  written  as  a  product.  To  expand  a  product  means  to  write 
it  as  an  algebraic  sum.  The  following  examples  illustrate  how  the 
various  laws  are  used  in  factoring. 

Example  1-1.     Factor:  x(y  +  z)  +  u(y  +  z). 

Solution.     If  we  use  Formula  1-6  with  a  =  y  +  z,  b  =  x,  and  c  =■  u,  we 
obtain 

x(y  +  z)  +  u(y  +  z)  =  (*  +  u)(y  +  z). 

Example  1-2.     Factor:  x2  —  y2. 

Solution. 

x1  —  y1  =  x2  —  xy  +  xy  —  y2  =  x2  —  xy  +  yx  —  y2 

=  x(x  -  y)  +y(x  -  y)  =  (x  +  y)(x  -  y). 
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In  this  example  we  used  Formulas  1-4,  1-5,  and  1-6. 
Although  we  have  not  mentioned  it  explicitly  up  to  now,  the  dis- 
tributive law  is  also  used  in  "combining  like  terms."     For  example, 

2x  +  3x  =  (2  +  3)x  -  5*. 

The  following  examples  illustrate  how  the  distributive  law  and 
other  laws  are  used  in  the  expanding  process. 

Example  1-3.     Expand:   (x  +  5)(*  —  4). 

Solution. 

(x  +  5)(*  -  4)  =  (x  +  5)*  +  (x  +  5)(-4) 

=  x2  +  5*  -  4*  -  20  =  x2  +  x  -  20. 
Example  1-4.     Expand:   (x  —  y)(x2  -f  xy  +  jv2). 

=  x3  -f-  x2y  +  xjy2  —  yx2  —  ry2  —  /3 

=  x3  —  y . 

Note  that  this  last  result  tells  us  how  to  write  r3  —  yz  in  factored 
form. 

It  is  sometimes  easier  to  expand  an  expression  if  we  recognize  it 
as  the  factored  form  of  a  known  expression. 

Example  1-5.     Expand:   (x  +  2y)(x  —  2y)(x2  +  4r). 

Solution. 

(x  +  2y)(x  -  2;,)(*2  +  4f)  =  (*?  ~  4/)(*2  +  4/) 

=  x4  -  16/. 

Problems  1 

1.  Calculate  the  following  numbers: 

(a)  4-f-  (-5)  -  (2  -  3)(5  -  7) 

(b)  -fl  -  2(7  -  8)][3  -  (4  +  1)1 

(c)  72-  -  282 
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2. 

Simplify: 

(a)    -2(x  -  1)  -  [2x  -  (x  - 

-    Dl 

(b)  3*  +  2[*-  (2x  +  v)'\ 

(c)    -\2x  -  3(*-  2)] 

3. 

Expand: 

(a)   (a:  +  y)(x2  -  xy  +  f) 

(d)  (Ax  +  .2y)2 

(b)  (*-  l)(*-2)(*  +  2) 

(e)    (2x  +  3y)(3x  -  2y) 

(c)   (*  -  27)3 

(f)    (x  -y  +  z)(x  -  y  -  z) 

4. 

Factor: 

(a)  x3  +y 

(g)  #  -  64 

(b)  2x*  -  Sxy2 

(h)  4x2  -\2xy  +  9y2 

(c)   8,3- 1? 

(i)    4x2  -  Axy  +y2  -  9z2 
(j)    x4  +  2x3  -  Sx  -  16 

(d)  24a2  +  14^  -  20b2 

(k)  2z2x  +  6^  -  6x2z  -  18*j* 

(e)   .01*2  -  9 

(0    £  "  81/ 

5.  Let  a:  denote  a  positive  integer.     For  what  values  of  x  are  the  following 
expressions  positive  integers?     Integers? 

(a)  2*  +  3  -  3*  (x2  -  1) 

/LN  4  +  2*  -  2  -  3*  (°j    "      4 

(b) 
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Given  any  two  integers  a  and  b  we  can  always  subtract  b  from  a; 
that  is,  we  can  always  find  an  integer  d  such  that  a  =  b  +  d.  But 
we  cannot  always  divide  a  by  b  if  the  only  numbers  we  use  are  inte- 
gers; that  is,  we  cannot  always  find  an  integer  q  such  that  a  =  bq. 
For  example,  there  is  no  integer  q  that  satisfies  the  equation  5  =  3q. 
In  this  section  we  will  consider  an  extension  of  the  system  of  integers, 
the  system  of  rational  numbers,  in  which  the  operation  of  division 
fails  in  only  one  case.  The  presence  of  the  integer  0  creates  this 
special  difficulty  and  we  will  dispose  of  it  first. 

"Division  by  zero"  illustrates  the  fact  that  the  arithmetic  operations 
are  defined,  and  that  the  definitions  are  chosen  so  as  to  be  consistent 
with  previously  accepted  ones.  Let  a  be  any  number  except  0. 
What  number  q  should  we  choose  so  that  a/0  =  q?     From  our  defi- 
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nition  of  division  in  Section  1,  the  number  q  should  be  such  that 
a  =  q  •  0.  But  no  matter  what  number  we  select  for  q,  this  last 
equation  cannot  be  valid,  because  q  •  0  =  0  for  every  number  we 
choose  for  q\  and  we  have  assumed  specifically  that  a  ^  0  (a  is  not 
equal  to  zero).  Since  we  cannot  assign  any  number  to  the  symbol 
a/0  that  will  be  consistent  with  the  method  of  assigning  numbers 
to  other  quotients,  we  simply  do  not  define  the  symbol  a/0.  A 
somewhat  different  problem  confronts  us  in  the  case  of  the  quotient 
0/0.  A  number  q  that  would  suitably  represent  this  quotient  would 
be  one  for  which  0  =  0-^.  But  this  last  equation  is  true  for  any 
number  q,  and  there  is  no  particular  reason  to  prefer  one  number 
over  any  other.  Again  we  avoid  the  difficulty  by  leaving  the  symbol 
0/0  undefined.  When  we  say  that  the  symbols  a/0  and  0/0  are  meaning- 
less, we  merely  mean  that  we  have  assigned  no  meaning  to  them. 

Although  we  always  reject  division  by  zero,  we  will  now  consider 
the  rational  number  system  in  which  division  by  numbers  other 
than  zero  is  always  possible.     A  rational  number  has  the  form  a/b, 

2  —11 

where  a  and  b  are  integers  and  b  is  not  0.     Thus  -  and  — —  are 

rational  numbers.  The  word  "rational"  refers  to  the  fact  that  these 
numbers  are  written  as  the  ratio  of  integers.  If  we  agree  that  the 
rational  number  a/\  is  the  "same"  as  the  integer  a,  then  we  can  con- 
sider the  system  of  integers  as  part  of  the  system  of  rational  numbers. 
The  definitions  of  the  arithmetical  operations  that  involve  the 
rational  numbers  are,  as  usual,  motivated  by  the  desire  to  preserve 
the  fundamental  laws  we  mentioned  in  Section  1.  Though  we  as- 
sume that  you  have  a  working  knowledge  of  the  arithmetic  of  frac- 
tions, we  have  supplied  the  following  list  of  some  of  the  rules  that 
govern  the  operations  with  rational  numbers.  You  may  assume 
that  the  letters  represent  integers,  but  the  rules  are  equally  valid  for 
other  numbers.     In  no  case,  of  course,  may  a  denominator  be  zero. 


2-1 


CL  C 

2-2  7=3  tfj  and  onlv  $  ad  =  cb. 

b       a 

2-3  *  +  b-  =  a-^-b- 

c       c  c 


2-4 


a     c  _    ac 
b'  d  "  bd 
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The  first  rule  is  merely  the  convention  that  establishes  the  integers 
as  a  part  of  the  system  of  rational  numbers.  Equations  2-2,  2-3, 
and  2-4  are  the  definitions  of  equality,  addition,  and  multiplication 
of  rational  numbers.     The  rule  for  division  is 

2  5  2  -  £  =  5* 

A  b   '  d      be 

This  rule  is  established  by  showing  that  a/b  =  (ad/bc){c/d). 
The  "cancellation"  rule  is 

2-6  -h  =  I 

This  rule  stems  directly  from  the  definition  of  equality. 

The  use  of  the  rules  governing  mathematical  operations  with 
rational  numbers  is  illustrated  by  the  following  examples. 


Example  2-1. 

x    —  V 
Simplify:         ,       • 
x  +j> 

Solution. 

x2  —  y2  _  (x  +  y)  {x 

-y) 

x  +y  x  +y  "       '  " 

Note  how  Rules  2-6  and  2-1  are  used  in  this  solution. 

v 
Example  2-2.     Simplify:  ~- 

x 


y 


Soluti 


on. 


y  =  y_\ 21  = . 

y       V      jy 


y-y  +  1 
yx  —  1 


Example  2-3.     Combine 

Solution. 

9  /<         I 


2x 

1 

3 

x2  - 

4    '    x 

2a 

2  -  5a  +  6 
j 

(*- 

-  2){x 

+  2)    '    (a-  - 

2.v(.- 

c  -  3) 

+  3(a  +  2) 

(«- 

-  2)(* 

+  2)(.v  -  3) 

2a2  - 

3a-  +  6 

5a  +  6        (a  -  2)(a  +  2)        (a  -  2)(a 


(a  -  2)(a  +  2)(a-  3) 
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3x  '   4 

Example  2-4.     Combine: 

Solution. 

3x  4 

x2  -  4       2  -  x  " 


2  -  4       2 

—  x 

3* 

(*-2)(* 

+  2) 

3*  +  4(x 

+  2) 

(*  -  2)0 

+  2) 

7*  +  8 

Example  2-5.     Divide:   1 
Solution. 


0  -  2)0  +  2) 
x  +  y 


■  ♦  ^  -  G) 


You  should  regard  any  legitimate  "canceling"  to  simplify  fractions 
as  an  application  of  Rule  2-6.  You  will  avoid  a  very  common  error 
if  you  will  note  that  there  is  no  rule  which  states  that  (a  +  c)/(b  +  c) 
is  the  same  as  {a  +  l)/(£  +  1). 

If  a  ^  0,  the  number  1/a  is  called  the  reciprocal  of  a.  For 
example,  the  reciprocal  of  (x  +  jy)/*2  is  x2/(x  +  _y). 

Problems  2 

1.  Explain  why  each  of  the  following  numbers  is  rational. 

(a)  17  (c)   4  +  f  (e)   .3333  .  .  . 

(b)  0.17  (d)  f  -  } 

2.  Reduce  the  fraction  ±gg-  to  "lowest  terms."     Which  of  the  rules  given  in 
this  section  did  you  use? 

3.  Use  the  rules  contained  in  this  section  to  prove  that 

a        —a  ,    .  a  —a 

7  =  — -     and  that     — -  =  — : — 
b        —b  —  b          b 

4.  Simplify  the  following: 

.  v     ax  j-  ay  —  bx  —  by 

az  —  bz  —  aw  +  610 

_  1 

(b)   f 

*"5 


ao  +  ac 


(d) 

2 

3 

5" 

1 

4 

+    1 

(e) 

3*  -  9V 

*2 

—  Axy  +  3jv2 

(0 

1 

1 

?    —    A 
z            3 

(g) 

1 

1 

l  -  1 
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5.  Find  the  reciprocal  of  each  of  the  following  and  simplify: 
(a)  x  +  y  1 


(b)  I  +  y 

Ml,l 

(c)  -  +  - 
x      y 

(d)  f 

(e)  i  i  , 

2      14 

6.  Perform  the  indicated  operations 

and  simplify: 

;    N    X2  —  f     .     *  +  J 

(a)     ,         „  — 
x6  —  y6           x 

,  x   2a:  —  1    ,      a:  +  2 
W    4-^+3,-12 

(b)x+y  +  xx_^ 

®-.-T5-C£+;) 

(-)     2      i      3 

w^-e+i) 

vw   12a;2  —  3    '    2v  -  4x2 

2*  +  3                 3* 

-  4 

w  3*2  4-  x  -  2       2.v2  - 

3*  - 

5 

7.  Is  there  any  value  of*  for  which  (x2  —  \)/{x  —  1)  is  not  equal  to  x  +  1? 

8.  If  a  ^  0,  then  a/0  is  not  defined.     Does  0/a  represent  a  number? 

9.  Suppose  a  7*  0.     Show  that  the  reciprocal  of  the  reciprocal  of  a  is  a. 


3     THE  NUMBER  SCALE.    THE  REAL  NUMBERS 

The  rational  numbers,  together  with  the  operations  of  addition  and 
multiplication,  form  a  system  in  which  the  inverse  operations  of 
subtraction  and  division  by  non-zero  numbers  are  always  possible. 
From  the  point  of  view  of  mathematical  applications  this  system 
still  lacks  certain  desirable  properties,  however,  and  we  must  extend 
it  further.  Extending  the  rational  numbers  to  the  system  of  real 
numbers  is  much  more  difficult  to  describe  than  were  our  earlier 
extensions.  Despite  the  fact  that  this  section  is  based  on  intuitive 
geometrical  arguments,  there  is  a  solid  logical  basis  for  the  system 
of  real  numbers. 

The  number  scale  provides  us  with  a  convenient  geometrical 
representation  of  our  number  system.  In  constructing  the  scale, 
two  points  are  chosen  on  a  horizontal  line ;  one  point  is  labeled  0 
and  the  other  is  labeled  1.  The  point  labeled  0  is  termed  the  origin, 
and  the  point  labeled  1  is  called  the  unit  point.  The  unit  point 
is  usually  placed  to  the  right  of  the  origin.     If  we  consider  the  dis- 
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tance  between  the  origin  and  the  unit  point  as  the  unit  of  distance, 
then  it  is  easy  to  locate  the  point  that  represents  any  given  integer. 
The  point  two  units  to  the  right  of  the  origin  corresponds  to  the  num- 
ber 2,  while  the  point  two  units  to  the  left  of  the  origin  represents 
the  number  —2  (see  Fig.  3-1).     We  can  find  points  that  correspond 


Figure  3-1  -4      -3      -2  -|-l         0  I  2.         3    \    4 

to  other  rational  numbers  just  as  easily.  For  example,  to  find  the 
point  that  corresponds  to  — -§■,  we  divide  the  segment  from  —  1  to 
—  2  into  thirds.  The  first  division  point  to  the  left  of  —  1  then  cor- 
responds to  the  rational  number  —  f.  Logically,  a  number  and  its 
corresponding  point  on  the  number  scale  should  be  distinguished  as 
two  different  things.  The  number  associated  with  a  point  is  called 
the  coordinate  of  the  point.  In  practice,  however,  it  is  customary 
to  refer  to  the  "point"  5,  and  so  on. 

An  infinite  decimal  is  associated  with  every  point  on  the  number 
scale.  A  single  example  will  illustrate  how  this  association  is  ac- 
complished.    Let's  consider   the   point  P  in   Fig.    3-2.     This  point 


Figure  3-2 


p 

1 1 1 1 o 1 »■ 

-10  12  3 

P 

h — -i 1 1 ho — I 1 1 ( 1 1 • 


Figure  3-3  2  0    2.1  3.0 

lies  between  the  points  2  and  3.  Figure  3-3  is  an  enlarged  view  of 
part  of  the  number  scale  and  shows  the  interval  between  the  points  2 
and  3  divided  into  ten  equal  parts  by  the  points  2.1,  2.2,  .  .  .  ,  2.9. 
The  point  P  lies  between  the  points  2.4  and  2.5.     Figure  3-4  is  a 

p 
+-o- 


Figure  3-4  2.40  2.45  2.50 

magnified  picture  of  the  part  of  the  number  scale  between  the  points 
2.4  and  2.5  and  shows  that  the  point  P  is  between  the  points  2.41 
and  2.42.  The  decimal  expansion  associated  with  P  is,  to  two  places, 
2.41.  Theoretically,  we  could  continue  this  process  indefinitely,  if 
we  agree  that  any  subinterval  on  the  number  scale,  no  matter  how 
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small,  can  be  subdivided  into  ten  equal  parts.  The  infinite  decimal 
expansion  corresponding  to  the  point  P  is  thus  generated.  If,  at 
any  stage  of  this  process,  we  see  that  P  is  on  a  division  point,  then  all 
further  digits  in  the  expansion  are  chosen  to  be  zero.  For  example, 
the  infinite  decimal  expansion  associated  with  the  point  §  would  be 
.75000  ....  The  example  we  have  just  described  shows  how  a 
given  point  determines  an  infinite  decimal.  The  converse  is  also 
true;  any  infinite  decimal  determines  a  unique  point  on  the  number 
scale. 

Each  point  on  the  number  scale  is  the  graphical  representation  of  a  real 
number ',  and  to  every  real  number  there  corresponds  a  point  on  the  scale. 
Since  an  infinite  decimal  is  associated  with  every  point  on  the  num- 
ber scale,  we  see  that  every  real  number  is  numerically  represented 
by  an  infinite  decimal.  The  rules  of  arithmetic  that  apply  to  real 
numbers  are  such  that  all  the  laws  previously  listed  remain  valid. 

The  rational  numbers  form  part  of  the  system  of  real  numbers. 
They  are  represented  by  points  on  the  number  scale,  and  it  is  easy 
to  find  the  decimal  expansion  of  a  given  rational  number  by  dividing 
its  numerator  by  its  denominator.  There  are  some  real  numbers, 
however,  that  are  not  rational  numbers.  These  numbers  are  called 
irrational  numbers.  As  an  example  of  such  a  number,  consider 
the  point  Q  whose  distance  from  the  origin  is  the  length  of  the  diag- 
onal of  a  unit  square  (see  Fig.  3-5).     According  to  the  Pythagorean 


Figure  3-5 

Theorem,  this  point  should  represent  a  number  r  such  that  r2  =  l2  + 
l2  =  2.  But  before  we  go  on  to  prove  that  this  number  r  cannot 
be  a  rational  number,  we  must  consider  the  following  point  about 
factoring  integers. 

If  n  is  an  integer,  then  we  can  write  it  as  the  product  of  a  unique 
set  of  prime  numbers  (a  prime  number  has  no  factors  other  than  1 
and  itself).  Thus  n  =  p\  •  p>2  .  .  .  pk,  where  them's  are  prime  numbers 
that  are  not  necessarily  all  different.  Then  n2  ==*  p\p\pipi  .  .  .  pkpk-  For 
example,  140  =  2  •  2  •  5  •  7  and  1402  =  2  •  2  •  2  •  2  •  5  •  5  •  7  •  7. 
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Clearly,  every  prime  number  appearing  in  the  factorization  of  n2 
appears  an  even  number  of  times. 

Now,  we  will  assume  that  the  number  r  we  were  speaking  about 
is  rational;  that  is,  that  there  are  integers  a  and  b  such  that  r  =  a/b. 
Then  a2/b2  =  2,  or  a2  —  2b2.  But  it  will  now  be  shown  that  this 
assumption  must  be  rejected  because  it  contradicts  our  preceding 
remarks  about  factoring  integers.  In  the  factorization  of  a2,  the  prime 
number  2  either  appears  an  even  number  of  times  or  not  at  all,  arid 
the  same  is  true  in  the  factorization  of  b2.  Therefore,  the  left-hand 
side  of  the  equation  a2  =  2b2  contains  an  even  number  of  2's,  if  any 
at  all,  while  the  right-hand  side  contains  an  odd  number  of  2's. 
But  this  situation  is  impossible,  and  hence  there  is  no  rational  number 
whose  square  is  2.  The  point  Q  represents  the  real  number  V2, 
and  the  preceding  argument  shows  that  V  2  is  an  irrational  number. 

The  following  diagram  will  perhaps  make  it  easier  for  you  to 
picture  the  hierarchy  of  number  systems  we  have  developed  thus  far. 

Real  numbers 

1,  i  -2,  V2,  .  .  . 
Rational  numbers  Irrational  numbers 

1    ±    —2  V2 

Integers 

0,  1,  -2,  .  .  . 

Positive  integers 

1,2,... 

Problems  3 

1.  On  the  number  scale,  what  is  the  number  represented  by  the  following 
points? 

(a)  J  of  the  way  from  2  to  3 

(b)  ^  of  the  way  from  —  5  to  —  7 

(c)  midway  between  a  and  b 

2.  Explain  how  to  construct  geometrically  the  point  f  without  using  a  ruler 
divided  into  sixths. 

3.  Calculate  graphically  as  many  decimal  places  as  you  can  for  the  infinite 
decimal  expansion  of  v  2. 

4.  By  simply  dividing,  show  that  the  infinite  decimal  expansions  associated 
with  the  rational  numbers  \  and  ^  are  "repeating."     By  a  "repeating 
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decimal  expansion"  we  mean  one  in  which,  after  a  certain  point,  the 
digits  keep  recurring  in  successive  "blocks."  An  example  is  the  number 
23.46731731731  .  .  .  where  we  assume  that  the  "block"  731  is  repeated 
indefinitely. 

5.  If  a  =  .141414  .  .  .  (repeating),  then  100a  =  14.141414 Therefore, 

100a  -  a  =  14.141414  ...  -  .141414  .  .  . 
or  99a  =  14. 

Thus,  a  =  -Jf .  Use  a  similar  argument  to  write  b  =  .142142  .  .  .  and 
c  =  2.9999  ...  as  fractions.  (It  is  a  fact  that  all  rational  numbers 
have  repeating  decimal  expansions,  and  all  repeating  decimals  represent 
rational  numbers.) 

6.  Is  the  sum  of  two  rational  numbers  necessarily  rational?  Is  the  sum  of 
two  irrational  numbers  necessarily  irrational?  What  about  the  sum 
of  a  rational  number  and  an  irrational  number? 

7.  Answer  Problem  6  but  replace  the  word  "sum"  with  the  word  "product." 

8.  Is  there  a  smallest  positive  integer?  Is  there  a  smallest  positive  rational 
number? 

9.  Show  that  the  point  P  whose  distance  from  the  origin  is  the  length  of  the 
diagonal  of  a  rectangle  whose  sides  are  1  and  2  does  not  represent  a 
rational  number. 

10.  Are  the  following  numbers  rational  or  irrational? 

(a)  ^^2  (b)  J_  (c)  V3  +  V2 

11.  Is  it  possible  to  tell  by  physical  measurement  whether  the  length  of  a 
rod  is  a  rational  or  an  irrational  number? 

4     THE  ORDER  RELATION 

Any  real  number  is  either  positive,  or  zero,  or  negative,  and  the  sum 
and  product  of  any  two  positive  numbers  are  positive.  On  the  basis 
of  these  facts,  we  can  construct  an  order  relation  among  the  real 
numbers. 

Definition  4-1.  If  a  and  b  are  two  real  numbers,  and  if  a  —  b  is  a 
positive  number,  then  a  is  greater  than  b  {in  symbols  a  >  b)  and  b  is  less 
than  a  (b  <  a).      The  symbols  >  and  <  are  called  inequality  signs. 

According  to  this  definition  the  statement  "a  is  positive"  can  be 
written  as  a  >  0.     Referring  to  the  number  scale,  with  the  usual 
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convention  that  the  positive  direction  is  to  the  right,  the  statement 
a  <  b  means  that  the  point  a  is  to  the  left  of  the  point  b.  Note  that 
—  5  <  —3  because  —3  —  (  —  5)  is  positive,  and  we  can  verify  this 
fact  by  checking  these  points  on  the  number  scale.  The  notation 
a  <  b  <  c  means  that  a  <  b  and  b  <  c,  and  the  number  b  is  said 
to  be  between  a  and  c.  Thus  to  say  that  4  is  between  2  and  7  means 
that  2  <  4  <  7. 

The  order  relation  has  the  following  fundamental  properties. 

4-1  For  any  two  numbers  a  and  b,  one  and  only  one  of  the  fol- 

lowing three  relations  is  true: 

a  <  b,  or  a  =  b,  or  a  >  b  (Trichotomy). 

4-2         If  a  <  b  and  b  <  c,  then  a  <  c  (Transitivity). 

4-3         If  a  <  b,  then  a  +  c  <  b  -f  c  for  any  number  c,  positive, 
negative,  or  zero. 

4-4         If  c  >  0  and  a  <  6,  then  ac  <  be. 

4-5  If  c  <  0  and  a  <  b,  then  ac  >  be. 

We  will  now  prove  one  of  these  properties.  The  proofs  of  the 
others  are  left  for  the  problems. 

Proof  of  Property  4-2.  If  a  <  b  and  b  <  c,  then  there  are  posi- 
tive numbers  p  and  q  such  that  b  —  a  =  p  and  c  —  b  =  q.  Now 
c  —  a  =  c  —  b  -\~  b  —  a  =  p  -\-  q.  Since  p  and  q  are  positive,  so  is 
p  +  q.  Hence  c  —  a  is  positive,  which  according  to  Definition  4-1 
means  that  c  >  a. 

Rules  4-4  and  4-5  state  that  when  we  "multiply  both  sides"  of  an 
inequality,  it  makes  a  difference  whether  the  multiplier  is  positive 
or  negative.  As  an  example,  consider  the  relation  3  <  4.  Accord- 
ing to  the  rules,  (2) (3)  <  (2) (4)  and  (-2) (3)  >  (-2) (4),  which  are, 
of  course,  correct  statements. 

The  following  examples  show  how  the  properties  of  the  order 
relation  may  be  used  to  derive  new  relations. 

Example  4-1.      If  0  <  a  <  1,  show  that  a2  <  a. 

Solution.  The  relation  0  <  a  <  1  means  that  a  >  0  and  a  <  1.  Since 
a  is  positive,  Property  4-4  states  that  we  may  multiply  both  sides  of  the 
inequality  a  <  1  by  a  to  get  a2  <  a. 
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Example  4-2.     If  1  <  a,  show  that  a  <  a2. 

Solution.  Since  a  >  1  and  1  >  0,  a  is  positive  (Property  4-2).  Hence 
by  multiplying  both  sides  of  the  inequality  1  <  a  by  a,  and  using 
Property  4-4,  we  get  the  desired  result. 

To  "solve"  the  inequality  3x  +  2  <  2x  —  3  means  to  find  out 
what  we  can  say  about  the  number  x  if  3x  -f-  2  <  2x  —  3.  Exam- 
ple 4-3  illustrates  how  the  properties  of  inequalities  are  used  in  such 
solutions. 

Example  4-3.     Solve  the  inequality  3*  -j-  2  <  2x  —  3. 

Solution.  We  first  assume  that  x  is  a  number  that  satisfies  the  desired 
inequality.  By  applying  Property  4-3,  the  quantity  2x  may  be  sub- 
tracted from  both  sides  of  the  inequality  to  get  x  ~\-  2  <  —3.  Now 
subtract  2  from  both  sides  of  this  last  inequality  to  get  x  <  —  5.  Hence 
if  there  is  a  number  x  for  which  3*  +  2  <  2x  —  3,  then  x  <  —  5. 

This  last  sentence  does  not  say  that  any  number  x  that  satisfies  the 
second  inequality  satisfies  the  first.  As  a  matter  of  fact,  every  such  x 
does  satisfy  the  first  inequality,  but  to  prove  it  the  preceding  steps  must 
be  taken  in  the  reverse  order.  First,  assume  that  x  <  —  5,  and  then 
add  2x  +  2  to  both  sides  to  obtain  the  inequality  3x  +  2  <  2x  —  3. 

Example  4-4.  What  can  you  conclude  about  the  number  x  if 
x2  -  x  -  2  <  0? 

Solution.  Since  x2  —  x  —  2  =  (*  —  2)(#  -f-  1),  then  x2  —  x  —  2  <  0 
only  if  the  numbers  (x  —  2)  and  (x  +  1)  have  opposite  signs.  W7e 
must  examine  two  cases. 

C<2itf  /.-  Both  x  —  2  >  0  and  x  -f-  1  <  0,  which  implies  that  x  >  2 
tf/wf  x  <  —  1 .     There  is  no  such  number. 

Caj^  //.  Both  x  —  2  <  0  and  x  +  1  >  0,  which  implies  that  x  <  2 
and  x>—  l,so—  1  <  x  <  2. 

Because  Cases  I  and  II  exhaust  all  possibilities  that  (x  —  2)  and 
(x  +  1)  have  opposite  signs,  we  have  completely  solved  the  problem. 
A  number  x  such  that  x2  —  x  —  2  <  0  must  lie  between  —1  and  2. 
This  example  is  represented  schematically  in  Fig.  4-1. 

x  +.1  <  0 -t x  +  !  >  0 


Figure  4-1 


-2  -I  0 
x  -  2.  <0  - 


3 
-2>0 
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Problems  4 

1.  Prove  Property  4-3. 

2.  Prove  Property  4-4. 

3.  Prove  Property  4-5. 

4.  Prove:  If  0  <  a  <  b,  then  a2  <  b2.     Is  the  converse  true? 

5.  Which  of  the  following  are  true? 

(a)  -3  >  -1  (f)    Vl  <  2.646 

(b)  (-4)(-2)  >  8  (1+Vg)  ^  4 

(c)  -[1  -  (3  -  4)]  <  0  (S)  3  >  5 

(d)  tf  >  *fc  (h)  ^  >  tt 

(e)  =^<  -1.3 

6.  Solve  the  following  inequalities: 

{  }  3<U  (f)    (*  +  l)(*-2)  <(*+l)2 

(b)  2x  >  ^A  (g)  !LZ^  >  o 

a  CO  i-r7<° 

W  4       '  >      7  0)    *2  -  6*  >  7 

7.  Prove:   If  0  <  x  <  1,  then  xz  <  x. 

8.  Discuss  the  following  solution: 
Solve:  6  —  3x  <  2  —  x. 

Solution.  Factoring  yields  3(2  —  x)  <  2  —  x.  Dividing  both  sides  by 
(2  —  x)  gives  3  <  1.  Since  this  result  is  never  true,  there  are  no 
numbers  x  for  which  6  —  3*  <  2  —  at. 

9.  Find  rational  numbers  x  andy  such  that: 

(a)  x  <  it  <  y  and  y  —  x  <  T^ 

(b)  x  <  V?>  <y  andy  -  x  <  .1 

(c)  x  <  V40  <y  andy  -  x  <  1 

10.  If  a/£  and  c/</  are  rational  numbers  with  £  and  d  positive,  show  that 

a/b  <  c/d,  if  and  only  if,  ad  <  be. 

11.  The  total  resistance  R  of  an  electrical  circuit  that  contains  two  resistances 
Ri  and  i?2  in  parallel  is  given  by  the  equation 

'    i  +  i. 

R       R\       R^ 
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If  one  resistance,  say  R\,  is  50  ohms,  what  are  the  allowable  values  for  R2 
if  the  total  resistance  R  is  to  be  between  5  and  10  ohms? 

12.  The  altitude  h  (in  feet)  of  a  certain  rocket  /  sec  after  firing  is  given  by 
the  equation 

h  =  800/  -  16*2. 

Find  the  time  interval  during  which  the  rocket  is  above  9600  ft. 


5     ADDITIONAL  REMARKS  ON  INEQUALITIES 

The  notation  a  <  b  or  b  >  a  means  that  a  is  a  number  that  is  either 
less  than  b  or  equal  to  b;  that  is,  a  is  a  number  not  greater  than  b. 
For  example,  4  <  6  and  6  <  6,  since  neither  4  nor  6  is  greater  than  6. 
The  properties  of  <  stated  in  Section  4  may  also  be  extended  to  the 
<  relation. 

5-1  If  a  <  b  and  b  <  c,  then  a  <  c. 

5-2  If  a  <  b,  then  a  +  c  <  b  +  c  for  any  number  c. 

5-3  If  c  >  0  and  a  <  b,  then  ac  <  be. 

5-4  If  c  <  0  and  a  <  b,  then  ac  >  be. 

In  addition  to  these  rules,  we  list  some  examples  of  others  that 
involve  various  possible  combinations  of  the  <  and  <  relations. 

5-5  If  a  <  b  and  b  <  c,  then  a  <  c. 

5-6  If  c  >  0  and  a  <  b,  then  ca  <  cb. 

5-7  If  c  <  0  and  a  <  b,  then  ca  >  cb. 

Example  5-1.  Show  that  the  sum  of  the  squares  of  two  numbers  is 
not  less  than  twice  the  product  of  the  two  numbers. 

Solution.  In  symbols  the  question  reads,  "Show  that  a2  +  b2  >  lab 
for  any  two  numbers  a  and  6."  First,  we  reduce  the  inequality  to  a 
simpler  one,  which  we  can  easily  verify. 

a2  +  b2  >  lab, 

a2  —  lab  +  b2  >  0  (by  applying  Property  5-2), 

{a  —  b)2  >  0  (by  factoring). 

This  argument  does  not  prove  the  inequality,  of  course,  since  the  chain 
of  reasoning  started  with  the  statement  to  be  proved.  We  prove  the 
inequality   by  reversing  these  steps.     Since  the  square  of  any  real 
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number  is  not  negative,  the  inequality  (a  —  b)2  >  0  is  surely  true  for 
any  pair  of  numbers  a  and  b.  Hence  a2  —  lab  +  b2  >  0.  Now  add 
2ab  to  both  sides  of  this  last  inequality  to  obtain  the  desired  one, 
a2  +  b2  >  lab.     Note  that  equality  holds  if,  and  only  if,  a  =  b. 

Example  5-2.     Solve  the  inequality  (x  -f-  \)/(2x  —  3)  >  1. 

Solution.  The  first  step  in  the  solution  would  appear  to  be  to  multiply 
both  sides  of  the  inequality  by  Ix  —  3.  This  we  will  do,  but  cautiously, 
for  we  cannot  tell  in  advance  whether  the  denominator  is  positive  or 
negative.  Thus,  we  don't  know  which  multiplication  rule  to  use, 
Formula  5-6  or  Formula  5-7.  We  must  consider  two  cases:  the  case  in 
which  Ix  —  3  >  0,  and  the  case  in  which  Ix  —  3  <  0. 

Case  I.  Ix  —  3  >  0.  The  only  numbers  we  are  considering  in  this 
case  are  those  for  which  x  >  f .  Since  Ix  —  3  is  positive,  we  may 
multiply  both  sides  of  the  original  inequality  by  Ix  —  3  and  use 
Formula  5-6  to  obtain  the  inequality  x  +  1  >  Ix  —  3.  This  relation 
reduces  to  the  inequality  x  <  4.  Now  we  have  two  conditions: 
x  >  f ,  and  x  <  4.  The  numbers  that  satisfy  both  conditions  are  given 
by  the  inequalities  §  <  x  <  4. 

Case  II.  Ix  —  3  <  0.  We  now  consider  the  numbers  for  which 
x  <  f .  If  we  multiply  both  sides  of  the  original  inequality  by  Ix  —  3 
and  use  Formula  5-7,  we  get  the  inequality  x  +  1  <  Ix  —  3.  This 
relation  reduces  to  the  inequality  .v  >  4.  We  have  shown  that  if 
there  is  a  number  x  <  f  that  satisfies  the  inequality  (x  +  l)/(2x  —  3) 
>  1,  then  it  also  must  satisfy  the  inequality  x  >  4.  Clearly  there  is 
no  number  that  is  both  less  than  f  and  equal  to  or  greater  than  4. 
Thus  there  is  no  number  less  than  f  that  satisfies  the  original  inequality. 

Since  Cases  I  and  II  exhaust  all  the  possibilities  for  solving  the  given 
inequality,  we  can  sum  up  the  results  as  follows.  If  x  satisfies  the 
inequality  (x  +  \)/(2x  —  3)  >  1,  then  x  must  be  greater  than  f  and 
less  than  or  equal  to  4;  that  is,  f  <  x  <  4. 

Frequently  we  must  deal  with  rational  numbers  that  are  approx- 
imations of  other  numbers.  The  accuracy  with  which  we  can  meas- 
ure any  physical  quantity  is  always  limited  to  some  extent  by  inade- 
quacies in  the  instruments  we  use,  or  by  human  factors.  Conse- 
quently, scientific  measurements  arc  usually  expressed  in  some  such 
form  as,  "The  ratio  of  the  mass  of  a  proton  to  the  mass  of  an  electron 
is  1838  ±  1."  This  sentence  means  that  the  stated  ratio  is  a  number 
r  that  satisfies  the  inequalities  1837  <  r  <  1839.     Another  instance 
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of  this  type  of  approximation  is  the  statement  that  Vz  =  1.414  or 
t  —  3.14.  We  already  know  that  V2  is  not  a  rational  number 
(and  neither  is  ir),  so  these  equalities  are  not  strictly  correct.  We 
write  them,  of  course,  but  only  with  the  understanding  that  the  equa- 
tion V2  =  1.414  means  that 

1.4135  <V2<  1.4145. 

Now  consider  the  following  calculation : 

?rV2  =  (3.14)  (1.414)  =  4.43996. 

You  should  recognize  immediately  that  the  given  answer  to  this 
problem  is  not  as  accurate  as  it  seems.  To  find  out  just  how  accurate 
it  is,  we  use  the  rules  dealing  with  inequalities.     We  have 

1.4135  <  V2  <  1.4145  and  3.135  <  w  <  3.145. 
Therefore, 

(1.4135)(3.135)  <  (1.4135)tt 

<  V2tt  <  V2(3.145)  <  (1.4145X3.145). 

If  we  multiply  out  the  products  on  the  extreme  ends  of  these  inequal- 
ities, the  result,  correct  to  two  decimal  places,  is 

4.43  <  V2  t  <  4.45.      - 


Problems  5 

1.  For  what  numbers  x  are  the  following  inequalities  true? 

(a)  x2  <  0  (h)  x2  -  5x  +  6  <  0 

(b)  x2  +  1  <  2x  11 

(c)  x-\  <2(x-  1)  *  +  4 

(d)  2x  -  1  <  2(x  -j-  1)  1  _  1 

(e)  x  >  2x  x       4 

2.  Prove  that  the  sura  of  a  positive  number  and  its  reciprocal  is  never  less 
than  2. 

3.  The  dimensions  of  a  table  are  approximately  3.817  ft  by  7.06  ft.     What 
can  you  say  about  its  perimeter?  its  area? 
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4.  Using  the  approximate  values  V2  =  1.4  and  V3  =  1.7.  calculate  V6 
and  determine  how  accurate  the  calculation  is. 

5.  The  current  in  a  certain  stream  is  3  mph.  II  a  man  lias  a  motor  boat 
that  goes  5  mph  in  still  water,  how  far  can  he  travel  and  still  return  within 
2  hr? 

6.  The  current  in  a  certain  stream  is  3  mph.  A  man  takes  his  motor  boat 
to  a  point  16  miles  downstream  and  back  in  less  than  4  hr.  How  fast 
can  the  boat  travel  in  still  water? 

7.  Show  that  if  x  and y  are  two  numbers  such  that  x  +  y  =  10,  then  xy  <  25. 

8.  Show  that  if  xy  =  16,  where  x  and  y  are  positive,  then  x  +  y  >  8. 

6     ABSOLUTE  VALUE 

The  graphical  representation  of  the  system  of  real  numbers  as  points 
on  the  number  scale  enables  us  to  look  at  these  numbers  from  a 
geometrical  point  of  view.  As  a  result,  the  geometrical  concept  of 
distance  is  introduced  into  our  number  system.  Let  x  be  a  number 
that  is  represented  by  a  point  on  the  scale.  Then  the  number  of 
units  between  this  point  and  the  origin  is  called  the  absolute  value 
of  x  and  is  denoted  by  the  symbol  |x|.  Thus  |2|  =  2,  |— 3|  =  3, 
| -7T  |  =  7T,  and  so  on.  The  absolute  value  of  a  number  gives  only  its 
distance  from  the  origin,  not  its  direction.  Given  \x\  =  5,  for  exam- 
ple, we  know  that  x  is  either  the  number  5  or  the  number  —  5  since 
both  these  numbers,  and  no  others,  are  5  units  from  the  origin. 

We  can  also  formulate  a  definition  of  absolute  value  that  does  not 
rely  on  geometrical  notions.  In  every  case,  this  definition  gives  the 
same  result  as  the  geometrical  definition. 

Definition  6-1.     For  any  real  number  a 

\a\  =  a  if  a  >  0,  and  \a\   =  —a  if  a  <  0. 

From  this  definition  we  see  that  |2|  =  2,  since  2  >  0,  while  |—  3|  = 
—  (  —  3)  =  3,  since  —  3  <  0.  These  examples  illustrate  the  fact  that 
the  absolute  value  of  a  number  is  never  negative. 

The  concept  of  absolute  value  is  already  familiar  to  you  even  if 
the  name  is  not.  For  example,  the  rule  for  multiplying  two  real 
numbers  reads,  "Multiply  the  absolute  values  of  the  numbers  and 
then  multiply  this  result  by   1   or    —1,  depending  on  whether  the 
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numbers  have  like  or  opposite  signs."     Thus, 

(2)(-3)  =  (-1)(|2|  •  |-3|)  =  (-1)(2  •  3)  =  -6. 

The  following  facts   about  absolute  value   are  important.     The 
letters  represent  real  numbers. 

6-1  \-a\  =  \a\. 

6-2  \a\  >  0  if  a  j*  0  and  |0|  =  0. 

6-3  \ab\  =  \a\  \b\. 


6-4 


6-5 


Property  6-1  simply  states  that  the  points  a  and  —a  are  at  equal 
distances  from  the  origin;  Property  6-2  states  that  the  number  0  is 
the  only  number  at  the  origin ;  all  others  are  at  some  positive  distance 
from  it.  Properties  6-3  and  6-4  stem  from  the  definitions  of  multipli- 
cation and  division.  For  example,  the  product  ab  is  either  the  num- 
ber \a\  \b\  or  —  \a\  \b\.  The  absolute  value  of  both  these  numbers 
is  \a\  |&|,  and  so  in  either  case  \ab\  =  \a\  \b\.  If  a  is  a  positive  num- 
ber, then  a  —  \a\ ;  if  a  is  negative,  a  =  —\a\.  In  either  event, 
a2  =  \a\2,  so  Property  6-5  is  true. 

If  a  and  b  are  any  two  real  numbers,  then  (a  —  b)  =  —{b  —  a). 
It  therefore  follows  from  Property  6-1  that  \a  —  b\  =  \b  —  a\.  This 
number  is  the  distance  between  a  and  b,  as  a  study  of  these  points  on 
the  number  scale  will  show.  Geometrically  interpreted,  the  equa- 
tions |4—  1|  =  |1  —  4 1  =  3  tell  us  that  the  points  that  represent 
the  numbers  1  and  4  are  3  units  apart.  Similarly,  the  points  repre- 
senting the  numbers  3  and  (  —  2)  are  5  units  apart,  and  the  equation 
expressing  this  relation  is  |3  —  (  —  2)  |  =  |(  —  2)  —  3|  =  5.  Since 
I  +  b '—  a  —  (  —  b),  the  expression  \a  +  b\  represents  the  distance  between 
the  points  a  and  {  —  b). 

If  x  is  a  number  such  that  \x  —  5|  =2,  then  x  is  2  units  from  the 
number  5  on  the  number  scale  and,  therefore,  either  x  —  1  or  x  =  3. 
We  can  get  the  same  result  by  applying  the  more  formal  Definition 
6-1 .  If  |*  -  5 1  =  2,  then  either  *,-  5  =  2  or  x  -  5  =  -2.  In  the 
first  case,  x  =  7,  and  in  the  second,  x  =  3. 

If  we  interpret  the  quantity  \a  —  b\  as  representing  the  distance 
between  the  two  numbers  a  and  b,  then  several  useful  inequalities 
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follow  easily,  one  of  which  is 

6-6  \a  -  b\  <  \a\  -f  \b\. 

This  inequality  states  that  since  a  is  \a\  units  from  the  origin,  and  b  is 
\b\  units  from  the  origin,  then  a  and  b  cannot  be  more  than  \a\  +  \b\ 
units  apart.  Indeed,  it  is  clear  that  two  numbers,  each  a  given  dis- 
tance from  0,  will  be  farthest  apart  if  they  are  on  opposite  sides  of 
the  origin,  so  that  \a  —  b\  =  \a\  -\-  \b\  only  when  a  and  b  have 
opposite  signs. 

Inequality  6-6  is  true  for  any  pair  of  numbers;  hence  if  a  and  b 
are  arbitrary  real  numbers,  the  inequality  holds  for  the  pair  a  and 
-b.     Thus  \a  -  (~b)\   <  \a\  +  |-£|or 

6-7  \a  +  b\  <  \a\  +  \b\. 

Notice  that  \a\  =  \(a  —  b)  +  b\  <  \a  —  b\  +  \b\,  according  to  In- 
equality 6-7.  We  can  subtract  \b\  from  both  sides  of  this  last  inequal- 
ity to  obtain 

6-8  \a\  -  \b\  <\q-  b\. 

The  same  reasoning  that  allowed  us  to  replace  b  with  —  b  in 
Inequality  6-6  to  obtain  Inequality  6-7  now  permits  us  to  substitute 
—  b  for  b  in  Inequality  6-8  to  obtain 

6-9  \a\  -  \b\  <  \a  +  b\. 

A  good  way  to  convince  yourself  of  the  truth  of  these  inequalities 
is  to  try  to  find  values  of  a  and  b  for  which  they  are  false. 

Problems  6 

1.  Find  the  numbers  x  for  which  the  following  equations  arc  true: 

(a)  |*|  =  6  (d)   |*|  =  |-2| 

(b)  |.v|  =  2.7  (e)    |2.v|  =  10 

(c)  |*|  =  -2 

2.  Find  the  numbers  x  for  which  the  following  equations  are  true: 

(a)  |2.v|  =  2.v  (d)  x-  1  =  |1  -.v| 

(b)  |2.v|  =  4.v  (e)    |.v+  1|  =  |.v|  +  1 

(c)  |*-*|-  | 

3.  11  you  know  that  a  point  x  is  5  units  away  from  2,  what  can  you  say  about 
the  distance  between  x  and  the  origin?  The  point  10? 


§7  THE    SYSTEM    OF    REAL    NUMBERS  23 

4.  If  \x  —  1 1  =  4,  what  can  you  say  about  the  following: 

(a)  |*|  (c)    \x  -  4| 

(b)  |*+1| 

5.  If  \y\  >  x,  docs  it  follow  that  \y\  >  \x\? 

6.  If  \y\  >  -x,  does  it  follow  that  \y\  >  \x\? 

7.  If  \y\  >  x  and  \y\  >  —x,  does  it  follow  that  \y\  >  \x\? 

8.  By  interchanging  a  and  b  in  the  Inequality  6-8,  show  that 

|«T*'f>  -<l«|-   1*1)- 

9.  Use  Problems  7  and  8  and  the  Inequality  6-8  to  show  that 

\\a\-  \b\\<  \a-b\. 


7      INEQUALITIES  INVOLVING  ABSOLUTE  VALUES 

We  often  use  inequalities  to  locate  a  point  between  two  extreme 
limits.  We  might,  for  example,  say  that  *  is  a  number  such  that 
3  <  *  <  5,  to  indicate  that  x  lies  somewhere  in  the  interval  from  3 
to  5.  Another  way  of  approximately  locating  a  point  is  to  say  that 
it  is  within  a  certain  distance  of  a  specified  "base  point."  In  this 
case,  we  can  use  the  concepts  of  inequality  and  of  absolute  value 
together. 

If  p  is  a  positive  number,  then  the  statement  \x\  <  p  means  that 
the  point  x  is  less  than  p  units  from  the  origin ;  that  is,  x  is  between 
— p  and  p.      The  inequalities 

7-1  \x\  <  p     and      -p  <  x  <  p 

therefore  mean  exactly  the  same  thing.  Now  let  a  be  a  real  number, 
and  replace  *  in  Inequalities  7-1  with  the  quantity  (x  —  a).  We 
see  then  that  the  inequality  \x  —  a\  <  p  is  equivalent  to  the  two  in- 
equalities —p  <  x  —  a  <  p.  If  we  add  a  to  each  term,  these  last 
relations  become  a  —  p  <  x  <  a  -\-  p.     Hence  the  inequalities 

7-2  \x  —  a\  <  p    and     a— p<x<a+p 

mean  exactly  the  same  thing. 

You  should  recall  from  Section  4  that  the  symbols  "  —p  <  x  <  p" 
are  merely  a  concise  way  of  saying  that  "The  number  x  is  less  than  p 
and  also  greater  than  —p."  Now  the  inequality  |*|  >  p  means 
that  the  distance  between  *  and  the  origin  is  more  than  p  units.  So 
die  number  *  is  either  greater  than  p  or  less  than   —p.     This  last 
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phrase  cannot  be  expressed  wholly  in  terms  of  inequality  symbols. 
Wc  must  be  content  to  say  that  the  inequality  \x\  >  p  is  equivalent 
to  the  statement,  "jc  >  p  or  x  <  —p." 

Notice  the  distinction  here  between  the  use  of  the  words  "and" 
and  "or."  The  letter  x  stands  for  a  real  number,  and  it  is  perfectly 
possible  for  a  number  to  be  less  than  a  positive  number  p  and  greater 
than  the  number  —p,  as  is  implied  by  the  inequalities  —p  <  x  <  p. 
On  the  other  hand,  there  is  no  number  x  that  is  greater  than  p  and 
also  less  than  —p.  It  is  therefore  absurd  to  write  —p  >  x  >  p, 
for  these  inequalities  mean  "x  >  p  and  x  <  —p."  We  must  say 
instead  "x  >  p  or  x  <  —  jfr." 

It  should  be  clear  how  the  preceding  remarks  must  be  modified 
if  the  inequality  sign  is  replaced  by  the  <  sign. 

Example  7-1.  Express  the  inequality  \x\  <  3  without  using  absolute 
values. 

Solution.  In  accordance  with  Relations  7-1,  the  desired  solution  con- 
sists of  the  inequalities  —  3  <  x  <  3. 

Example  7-2.  Express  the  inequality  \2x  —  1|  <  5  without  using 
absolute  values. 

Solution.  According  to  Relations  7-2,  the  given  inequality  is  equivalent 
to  the  two  inequalities  —  4  <  2x  <  6.  Divide  each  term  of  these  in- 
equalities by  2  to  obtain  the  inequalities  —2  <  x  <  3. 

If  a:  is  a  number  such  that  \x  —  m\  <  p,  then  x  must  lie  in  the  inter- 
val between  the  points  m  —  p  and  m  +  p,  and  conversely.  Observe 
that  the  point  m  is  the  midpoint  of  this  interval  and  that  the  length  of 
the  interval  is  2p.  Thus  the  equivalence  of  the  inequalities  m  —  p  < 
x  <  m  +  p  and  \x  —  m  \  <  p  is  simply  a  symbolic  expression  of  the 
geometrically  obvious  fact  that  a  point  lies  in  a  certain  interval  on 
the  number  scale  if,  and  only  if,  it  is  less  than  half  the  length  of  the 
interval  from  the  midpoint. 

Now  let  a  and  b,  where  a  <  b,  be  two  points  on  the  number  scale. 
The  distance  between  them  is  |/;  —  a\  units.  Since  b  —  a  >  0, 
\b  —  a\  =  b  —  a;  this  quantity  therefore  is  the  length  of  the  interval. 
Let  m  denote  the  midpoint  of  the  interval  between  a  and  /;.     Then 
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the  distance  from  a  to  m  is  the  same  as  the  distance  from  m  to  b,  so 
m  —  a  =  b  —  m.  Upon  solving  the  last  equation  for  m,  we  see  that 
m  =  (a  +  b)/2.  It  then  follows  from  the  last  sentence  of  the  pre- 
ceding paragraph  that  the  inequalities 


7-3  a  <  x  <  b     and 

mean  exactly  the  same  thing. 


x  — 


(a  +  b) 


< 


(b-a) 


Example  7-3.     Replace   the   inequality    1  <  x  <  3   by   a   single   in- 
equality involving  an  absolute  value. 

Solution.     We  may  use  Inequalities  7-3  with  a  —  1  and  b  =  3  to  see 
that  the  inequalities  1  <  x  <  3  and  \x  —  2|  <  1  mean  the  same  thing. 


Problems  7 


1.  Express  the  following  inequalities  without  using  absolute  value  signs: 


(a) 
(b) 
(c) 


3*|  <  2 
*  <2 


x  -  1    <  3 


(d) 
(e) 

(f) 


2x-  7| 

x  — 
2x* 


*-il<§ 


<  4 


Express  the  following  inequalities  without  using  absolute  value  signs: 

(a)  |2*|  >  3  (d)  \4x  -  5|  >  2 

(b)  j**|  >  3  (e)    |* 

(c)  |*-1|>8 


1      >    3 
2|    ^  ¥ 


3.  What  can  you  say  about  the  number  x  in  each  of  the  following? 

(a)  I*-  1|  <  |x|  +  1  (d)   \x  -  1|  <0 

(b)  |*-1|<  |*|-1  (e)    |*|  >  |*-1| 

(c)  \x  -  3|  <\x-2\ 

4.  Indicate  those  numbers  x  on  the  number  scale  that  would  satisfy  the 
following  inequalities: 

(a)  |*-3|  <2  (d)  [*-2|  >| 

(b)  1 3*  -  4|  <  5  (e)    |2*  -  7|  >  1 

(c)  |*  +  1|  <2 

5.  Replace  each  of  the  following  inequalities  with  a  single  inequality  in- 
volving an  absolute  value: 

(a)   1  <  x  <  3  (d)  3  <  1  -  2x  <  5 


(b)  -2  <  x  <  4 

(c)  1  <  2x  +  1  <  6 


(e) 


3  <  2*  -  1  < 
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8      EXPONENTS 

You  are  accustomed  to  using  positive  integral  exponents  to  denote 
products  of  a  number  of  identical  factors.  A  brief  review  of  the  rules 
that  govern  the  operations  with  these  exponents  will  set  the  stage 
for  an  extension  of  the  exponent  notation  to  the  other  integers  and 
fractions. 

Definition  8-1.     If  a  is  any  number,  and  n  is  a  positive  integer,  then 

an  =  a  -  a  -  .  .  .  •  a  (n  factors) . 

The  equation  53  =  5  •  5  •  5  is  a  numerical  example  of  Definition  8-1 ; 
here,  a  =  5  and  n  =  3. 

The  following  laws  of  exponents  stem  from  this  definition.  We 
assume  that  m  and  n  are  positive  integers,  and  a  and  b  can  be  any 
numbers  (with  the  obvious  restriction  that  no  denominator  may  be  0) . 

8-1  aman  =  am+n. 

8-2  (am)n  =  amn. 

8-3  (ab)n  =  anbn. 


8-4 


8-5 


/a\n  =    <T 
\b)     =  b* 


r  a"~,n  if  n  >  m. 

if  n  <  m 

am-n 

.  1  if  n  =  m. 

The  example  a3  •  aA  =  (a  •  a  •  a)  (a  •  a  •  a  •  a)  =  a7  =  a3+i  illustrates 
Rule  8-1.  It  will  be  easy  for  you  to  verify  these  rules  to  your  satis- 
faction. 

Definition  8-1  applies  only  if  n  is  a  positive  integer.  The  symbols 
7°,  3-2,  and  51/2  are,  in  terms  of  this  definition,  meaningless.  They 
will  acquire  meaning  only  as  the  result  of  new  definitions,  which  we 
will  now  proceed  to  formulate.  These  definitions  are  chosen  to 
preserve  Rules  8-1  to  8-5.  It  can  be  shown  that  they  are  the  only 
ones  that  allow  us  to  continue  to  use  these  rules  when  dealing  with 
exponents  that  are  not  necessarily  positive  integers. 
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Definition  8-2.     If  a  ^  0,  then  a°  =  1. 

No  meaning  is  assigned  to  the  symbol  0°.  Thus  7r°  =  1,  (—1)°  =  1, 
and  so  on. 

At  first  glance,  this  definition  may  seem  somewhat  arbitrary. 
Let  us  show  first  that  Rule  8-1  is  still  valid.  Let  a  be  a  non-zero 
number  and  n  be  a  positive  integer  or  0,  and  let  m  =  0.  The  rule 
then  reads  a0+n  =  a0  •  an.  Since  0  +  n  =  n,  and  a0  =  1  (Definition 
8-2),  this  last  equation  is  true.  Hence  Rule  8-1  is  valid  if  either 
(or  both)  of  the  integers  m  and  n  is  0.  Now  we  will  show  that  Defi- 
nition 8-2  is  the  only  definition  of  the  symbol  a0  that  preserves  Rule  8-1 . 
Suppose  that  a  is  a  number  different  from  0  and  that  a  value  has 
been  assigned  to  the  symbol  a0.  Let  m  =  0  and  n  =  1  in  Rule  8-1. 
If  this  rule  still  applies,  then  a0+1  —  a0  -  a1;  that  is,  a  —  a0  •  a. 
Since  a  ^  0,  we  can  divide  by  it  to  get  a0  =  1.  Therefore,  if  we 
insist  on  preserving  Rule  8-1,  the  only  value  that  we  can  assign  to  the 
symbol  a°  is  1.  As  a  matter  of  fact,  we  can  also  show  that  Definition 
8-2  does  not  violate  Rules  8-2  to  8-5. 

The  way  we  define  negative  exponents  is  also  motivated  by  Rule 
8-1.  Suppose  a  9^  0  and  n  is  a  positive  integer.  We  wish  to  assign 
a  value  to  the  symbol  a~n  so  that  we  may  still  use  Rule  8-1.  Accord- 
ing to  that  rule,  we  should  have  an  •  a~n  —  an+(~n)  =  a0  =  1 ;  hence 
an  -  a~n  —  1,  which  suggests  the  following  definition. 

Definition  8-3.     If  a  ^  0,  then  crn  =  l/an. 
For  example, 

Once  we  have  decided  on  the  definition,  we  must  still  check  to  see 
whether  or  not  the  rules  of  exponents  are  true.  We  find  that  they 
are.  Indeed,  we  can  simplify  Rule  8-5  by  removing  the  restrictions 
on  m  and  n  to  read 

an 

8-6  —  —  an  m  for  any  integers  m  and  n. 


a1 


For  example, 


1  a~h 

and     a—  -  fl-5-C-7)  -  a2. 


a2  a~7 
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The  statement  (a/b)~n  =  (b/a)n  is  an  identity  in  the  sense  that  it 
is  true  whenever  the  letters  arc  replaced  by  numbers  for  which  the 
expressions  involved  have  meaning.  We  must  verify  the  statement 
by  using  arguments  that  do  not  depend  on  a  particular  choice  of 


(Definition  8-3) 

(Rule  8-4) 

(division  of  fractions). 


a,  b,  and  n: 

(-Y=   1 

1 

(an/bn) 


an 


We  assume  that  neither  a  nor  b  is  0,  for  then  the  expressions  are  mean- 
ingless.    But  otherwise,  the  result  is  true. 

Suppose  now  that  we  are  asked  to  show  that  two  expressions,  for 
example  (.v-1  -f-  y~l)  and  (x  +  y)~l  are  not  identically  equal.  This 
problem  is  intrinsically  easier  than  the  preceding  one,  in  which  we 
were  asked  to  demonstrate  equality  for  all  possible  substitutions 
(with  certain  obvious  exceptions).  Here  we  must  deny  such  equality. 
Equality  cannot  always  hold  if  there  is  at  least  one  situation  in  which 
it  does  not  apply.  Hence  it  is  sufficient  to  find  numbers  for  which 
the  given  expressions  have  meaning  but  are  not  equal.  If  we  let 
x  =  1  and  y  =  2  in  the  expressions  (x~l  +  y~l)  and  (x  +  y)~l,  then 
the  first  expression  becomes  1  +  \  =  f ,  and  the  second  becomes  \. 
Since  these  two  numbers  are  not  equal,  we  can  conclude  that  the 
expressions  (x~l  -f-  y~l)  and  (x  +  y)_1  do  not  always  represent  the 
same  number. 

The  following  examples  illustrate  the  use  of  exponents. 


Example  8-1.     Simplify  the  quotient        t_ 3 


Solution. 


£    2  I      _   X    y v-3i,16 


3     *  r 


(xy)  3         x~zy 

2*° 


Example  8-2.     Simplify  the  quotient 


(2*)' 
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Solution. 

2x°         2  •  1  _ 


(2*)°  1 

Note  that  the  exponent  in   the  numerator  applies   only  to   the 
letter  x. 

Example  8-3.     Simplify  the  expression  xy{x~l  +  y~l)> 

Solution. 

xy(x~1  +  y~l)  =  xyx~l  +  xyy~l  =  y  +  x. 

Example  8-4.     Simplify  the  expression  (3_1  +  2-1)-2. 

Solution. 

(3"»  +  2-')-2  -  (J  +  i)"2  =  (f)-2  -  (f)2  =  «. 

Example  8-5.     Simplify  the  expression  (x  +J>-1)-1- 

Solution. 

<*+- ■>-=(-r-(^r-^ 

Problems  8 

1.  Simplify  the  following  expressions: 

(a)  -3-2  "  (h)   (a-Wc)2(ab2cz)-* 

(b)  (-3)"2  2*r« 

(c)  — -  y 
{C)   4-i                                                        (2^)3 

(d)  («-2)-3  U;        x3 


(k)   [(a-2)3]"1 

(i)  r— i 

(0  (^)°(^2)3  v ;  Lm-v-m 

(g)  (^V3)»3) 


«©'(-;)• 


2.  Reduce  each  of  the  following  expressions  to  the  simplest  form  not  in- 
volving zero  or  negative  exponents. 

(a)  2-2  +  3-1  4-1  +  3~2 

(b)  fl-i  +  6-1  lgj  2 

(c)  0°  +  a:)"1  (h)  Xy(x-1  +y~2) 

(d)  (*  +  x-iy  x-1  +  *~2 

(e)  (x*-f)(x-yl~i  W 


(0    *»+>■-  ,n   *_ 


-2 

(J) 
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3.  Write  an  expression  that  involves  no  positive  exponents  and  is  equivalent 
to  each  of  the  following. 

(d)  (*  + 1)2 

(e) 


(a) 

X2 

-f 

(b) 

X2 

f 

(c) 

X* 

+> 

«"  (0 


4.  Prove  that  the  following  expressions  are  not  identical. 

(a)  xy~z  and  (xy)~z  1 

(c)  and  1  +  x 

(b)  1  +  r*  and  —^  ^* 

(d)  ~=r+3^  and  *  +j 

5.  For  what  numbers  x  are  the  following  inequalities  true? 

(a)  |*-  1|  <  3-1  (d)   |*  I"1  >  3-2 

(b)  2x  -  4-2  <  2~lx  +  1  (e)   (*  -  1)°  <  x  -  2 

(c)  |*|-i  <  2-i 


9     RADICALS  AND  RATIONAL  EXPONENTS 

Following  the  pattern  of  the  previous  section,  we  now  seek  to  assign 
a  value  to  the  symbol  alln,  where  a  is  a  given  number  and  n  is  a  posi- 
tive integer,  in  such  a  way  that  the  laws  of  exponents  are  preserved. 
If  such  a  choice  can  be  made,  then  according  to  Rule  8-2  we  should 
have 

(alln)n  =  a(lln)n  =  a1  =  a. 

We  should  therefore  like  al/n  to  represent  a  number  r  that  satisfies 
the  equation  rn  =  a.  Some  discussion  of  this  last  equation  is  neces- 
sary before  we  can.  proceed  with  the  consideration  of  rational  expo- 
nents. 

Definition  9-1.  If  n  is  a  positive  integer  and  rn  =  a,  then  r  is  an  nth 
root  of  a. 

For  example,  3  is  a  4th  root  of  81,  since  34  =  81,  and  —2  is  a  5th 
root  of  —32,  since  (  —  2)5  =  —32.  There  may  be  no  (real)  nth  roots 
of  a  given  number,  or  there  may  be  more  than  one.  Both  2  and  —2, 
for  example,  are  square  roots  of  4,  since  22  =  4  and  (  —  2)2  =  4. 
We  won't  discuss  exactly  how  many  nth  roots  a  number  has  and  how 
to  describe  them  until  Chapter  five,  but  we  will  take  on  faith  the  fol- 
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lowing  fundamental  property  of  the  real  number  system.  If  a  is  a 
positive  real  number  and  n  is  a  positive  integer,  then  there  exists  exactly  one 
positive  real  nth  root  of  a.  If  a  is  a  negative  real  number  and  n  is  an  odd 
positive  integer,  then  there  exists  exactly  one  negative  real  nth  root  of  a.  Each 
of  these  nth  roots,  whether  a  is  positive  or  negative,  is  designated  by 
the  symbol  Vfl,  and  is  called  the  principal  nth  root  of  a. 

The  symbol  v  #  is  called  a  radical,  and  the  number  a  is  called  the 
radicand.  Note  one  fact.  If  n  is  even  and  a  is  positive,  there  are 
always  two  real  numbers  (one  positive  and  one  negative)  that  satisfy 
the  equation  rn  =  a.  Only  the  positive  number  is  called  the  principal 
nth  root  and  is  designated  by  the  symbol  \a.  Thus  V 4  =  2,  not 
—  2,  and  not  ±2.  In  particular,  the  radical  Vx2  is  not  the  number 
x  if  x  is  negative.  Hence  you  must  write  V#2  =  \x\  unless  you  are 
sure  that  x  is  not  negative.  For  example,  v(  — 3)2  =  |—  3|  =3, 
not  —3.  If  a  is  positive,  the  negative  nth  root  of  a  is  designated  by 
-<Ta. 

No  even  power  of  a  real  number  can  be  negative.  Thus  if  a  is  a 
negative  real  number  and  n  is  an  even  integer,  there  is  no  real  nth 
root  of  a.     For  example,  there  is  no  real  number  whose  square  is  —  1 . 

Til — 

We  simply  do  not  define  the  symbol  SI  a  as  a  real  number  if  a  is  nega- 
tive and  n  is  even,  so  the  symbol  V  —  1  has  no  meaning  here.  It  is 
possible  to  enlarge  the  number  system  beyond  the  real  numbers  to 
include  numbers  whose  even  powers  are  negative,  but  for  the  moment 
we  will  not  consider  such  numbers. 

We  are  now  ready  to  define  fractional  exponents.  Recalling  from 
our  earlier  discussion  that  alln  must  be  a  number  r  such  that  rn  =  a 
if  Rule  8-2  is  to  remain  true,  we  make  the  following  definition. 

Definition  9-2.     //  n  is  a  positive  integer,  and  if  Wa  exists,  then 

a\in  _  -yyQt 

Thus  321'5  =  ^32  =  2,  (-8)1'3  =  ^8  =  -2,  but  (-4)1'2  is  un- 
defined. 

The  definition  of  the  symbol  am,n  also  stems  from  our  wish  to  pre- 
serve Rule  8-2.  It  is  clearly  desirable  to  have  amln  =  (al!n)m  = 
(Va)m.     Also  we  can  demonstrate  without  too  much  trouble  that 
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{wa)m  =   vam   whenever    va   exists.      We   therefore   formulate    the 
following  definition. 


Definition  9-3.     If  m  and  n  are  both  integers  with  n  >  0,  and  if  v  a 
exists,  then 

am/n    =    (^/o)m    =    yj '  Qm . 


The  above  definition  preserves  Rules  8-1  to  8-5  in  the  sense  that 
they  apply  when  all  terms  involved  have  meaning.  The  following 
example  illustrates  what  may  happen  when  the  rules  are  improperly 
applied. 

Example  9-1.     According  to  Rule  8-1, 

(_2)i/2(_2)]/2  =  (-2)1/2+1/2  =  (-2)1  =  -2. 
According  to  Rule  8-3  and  Definition  9-2, 

(_2)i/2(_2)i/2  =  [(-2)(-2)]1/2  =  41'2  =  2. 
But  2  ^  -2;  what  is  wrong? 

Solution.  We  simply  cannot  apply  the  rules  to  undefined  symbols  such 
as  (-2)1'2. 

The  following  examples  illustrate  the  use  of  the  rules  of  exponents 
with  fractional  exponents. 

Example  9-2.     Simplify  the  quotient  vx/vx.     Write  the  result  in 
exponential  notation. 

Solution.  Here,  since  we  are  dealing  with  even  roots,  we  tacitly 
assume  that  x  is  positive.  If  we  use  the  exponent  form  and  the  rules 
of  exponents,  we  have 

y/~  -1/2 

UL   _   ^L_    _    vl/2-l/4    _    vl/4 


<r,    - 


i/i 


Example  9-3.     Simplify    the    radical    yx^x4.      Write    the    result    in 
radical  form. 


§9  THE    SYSTEM    OF    REAL    NUMBERS  33 

Solution. 

It  is  sometimes  convenient  to  write  quotients  containing  radicals 
in  such  a  way  that  no  radical  appears  in  the  denominator;  for  exam- 
ple, 

1     =  ■   1        V2  =  Vg 
V2       S/2     V2         2 

The  following  examples  illustrate  methods  used  to  rationalize  de- 
nominators. 

Example  9-4.     Rationalize  the  denominator  in  the  quotient  1/v  x2. 

Solution. 

J_=_L  =  _L     x3/5  _  *3/5  _  vg 

Example  9-5.     Express  the  product  1/v  a:2  •  1/v  *  in  simplest  radical 
form,  rationalizing  the  denominator. 

Solution. 

1        J_  =  J_     J_  =  _L  1  ;  *1/12         *1/12  _  v7* 

■\/x~2  '  \/x  ~  *2/3  '  *1/4  ~  *1,/12  ~  *11/12  •  *1/12  *     ~     x  ' 

Example  9-6.      Rationalize      the      denominator     in      the      quotient 
l/(Vx-Vy). 

Solution.     The  trick  here  is  to  multiply  both  the  numerator  and  the 
denominator  by  V  x  +  vy,  for  then 

1 Vx  +  Vy  _  Vx  +  Vy 


V  x  -  Vv     V*  +  Vv  x  -  y 


Problems  9 


1.  Find  the  numerical  value  of  the  following: 

(a)  82'3  (e)   274'3 

(b)  253/2  (f)    49~3/2 

(c)  -813'4  (g)   (-64)5'3 

(d)  64-5/fi'  (h)   (1024) -3 
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2.  Use  the  laws  of  exponents  to  prove  the  following  laws  of  radicals. 

(a)    Vab  =   Va  V/j 
(I,)  $¥a  =  \T± 

(c)    \/ak"  =  Van 

3.  Write   in   radical   form   without   negative   exponents,    rationalizing   de- 
nominators. 

(a)  C*1'3)"3'4  , A        1 

(b)  x1'*  -5-  x-21"  {  }  x^2  +y 

(c)  (x2  +  2xj>  +  ><2)"2  m  * 

(d)  ^/y-i/4  w  21'2  -  31/2 

4.  Write  in  fractional  exponent  form  with  no  denominators. 

zfx  (e)   </^F~> 

()  ^  (0         J 


(b)  v^  V*  -  -v^ 

(c)  ^^xjr1  (g)  V^a/? 


Review  Problems,  Chapter  One 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  List  all  the  integers  that  satisfy  the  following  inequalities. 

(a)   - 1  <  n  <  5  (b)  3  <  n  <  6 

2.  Write  the  following  expressions  in  factored  form. 

(a)  2x2  -  8  (b)   3x2  -  15*  +  18  (c)   64*6  -  1 

3.  If  ab  =  ac,  does  it  follow  that  b  =  c? 

4.  Give  an  example  of  a  rational  number  r  such  that  3  <  r  <  4. 

5.  Criticize  the  statement,  "The  square  root  of  2  is  1.414." 

6.  Is  there  a  number  x  such  that  3  >  x  >  5?     Explain. 

7.  What  can  you  say  about  the  relative  position  of  the  points  a  and  b  on  the 
number  scale  if  a  <  b?  If  \a  -  b\  <  1?  If  |a|  <  H? 

8.  Find  the  numbers  x  for  which  the  following  inequalities  are  true. 

(a)    \2x  -  3|  <  7  (W  |«-  3|  >  | 

9.  Replace  the  inequalities  1  <  *  <  4  by  a  single  inequality  involving  an 
absolute  value. 

10.  Is  the  inequality  |*|  >  x  true  for  any  number  x?     Explain. 

11.  Can  you  find  integers  a  and  b  such  that  \/a  +  1/^  —  2/(a  +  6)? 
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12.  What  was  the  motivating  factor  in  the  definition  of  a~n  by  the  formula 

13.  Does  (a~*  +  b~l)~l  always  equal  a  +  b? 

14.  Which  is  larger,  3x°  or  (3a:)0? 

15.  Does  v  x2  always  equal  a-?     Explain. 

16.  Does  91'2  equal  3,  or  -3,  or  ±3? 

17.  Simplify  the  following  expressions: 

^    ^  (b)    ^ 

Miscellaneous  Problems,  Chapter  One 

These  exercises  are  designed  to  test  your  ability  to  apply  your  knowledge  of  numbers 
to  somewhat  more  difficult  problems. 

1.  Suppose  that  a,  b,  c,  and  d  are  numbers  such  that  a  <  b  and  c  <  d. 
Which  of  the  following  statements  are  true,  which  false,  and  which  may 
be  either  true  or  false  depending  on  the  values  of  a,  b,  c,  and  d? 

(a)  a  -  b  <  d  -  c  (d)  a  -  b  <  c  -  d 

(b)  b  -  c  <  a  —  d  (e)   b  -  c  <  d  -  a 

(c)  a  -  c  <  b  -  d  (f)    a  -  c  <  d  -  b 

2.  Show  that  x2  +  xy  -\-  y2  >  0  for  all  real  numbers  x  andjy. 
[Hint:  Look  at  the  quotient  (#3  —  yz)/(x  —  y).] 

3.  The  integers  x  =  0  and  y  =  0  satisfy  the  equation  xy  =  x  -\-  y.  Are 
there  any  other  pairs  of  integers  that  satisfy  this  equation? 

4.  If  a  and  b  are  positive  numbers,  show  that  V  a  +  b  <  V  a  +  v  6. 


5.  Show  that 


<  1  if,  and  only  if, 


# 

4 

Sr 

iow  that  .  <  .    . 

b  ~~  b  +  c 

6.  Suppose  that  0  <  a  <  b  and  that  c  >  0. 

7.  To  install  certain  piping  would  cost  $1000  for  labor  plus  the  amount 
spent  for  materials.  Suppose  that  copper  pipe  would  cost  $1200,  while 
iron  pipe  would  cost  $400.  If  the  copper  pipe  would  last  more  than 
twice  as  long  as  the  iron,  which  installation  would  be  cheaper  on  a 
cost-per-year  basis?  Assuming  that  other  factors  are  equal,  what  can 
you  say  about  the  price  of  the  iron  pipe  if  the  cost-per-year  is  the  same 
for  the  two  kinds  of  pipe? 

8.  To  construct  a  certain  building  of  stone  would  cost  more  than  \\  times 
as  much  as  to  build  it  with  brick,  while  wood  would  be  less  than  f  the 
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cost  of  brick.     What  can  you  say  about  the  relative  cost  of  wood  and 
stone? 

9.  The  relationship  between  the  Fahrenheit  and  centigrade  temperature 
scales  is  given  by  the  formula  F  =  f  G  +  32,  where  F  represents  the 
Fahrenheit  temperature  and  C  is  the  centigrade  temperature.  If  the 
temperature  of  a  body  is  (50  ±  .1)°  Fahrenheit,  what  is  its  temperature 
in  degrees  centigrade? 

10.  A  man  is  J  of  the  way  across  a  railroad  trestle  when  he  sees  a  train  that 
is  1  trestle  length  behind  him  approaching  the  trestle.  Which  way 
should  he  run? 

11.  Rationalize  the  denominator:   1/(5  —  V  2). 

12.  Find  all  pairs  of  integers  (x,y)  such  that  x2  +  2x  -f-  y2  =  4. 


CHAPTER 


TWO 


FUNCTIONS 


Scientists  in  almost  every  field  have  long  been  concerned 
with  the  establishment  of  quantitative  relationships.  Engineers  use 
formulas  which  tell  them  how  many  inches  certain  beams  bend  when 
subjected  to  a  certain  number  of  pounds  of  load;  geneticists  ask  for  the 
number  of  mutations  associated  with  a  measured  dose  of  radiation; 
chemists  are  interested  in  the  relation  between  the  rate  of  a  chemical 
reaction  and  the  quantity  of  each  reacting  substance. 

The  law  of  a  falling  body  is  a  quantitative  relationship.  If  a 
body  is  released  from  rest  in  a  vacuum,  then  one  second  after  its 
release  it  will  be  16  feet  below  its  starting  point,  two  seconds  after 
its  release,  64  feet,  and  so  on.  If  we  know  how  many  seconds  the  body 
has  fallen,  the  formula  s  =  \6t2  tells  us  how  many  feet  it  has  fallen. 
You  are  surely  familiar  with  many  other  examples  of  quantitative 
relationships. 

37 
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In  this  chapter  we  shall  concentrate  on  the  essential  features  of 
quantitative  relationships.  Basically,  the  idea  involves  two  sets  of 
numbers,  each  representing  measurements  of  a  certain  physical  quan- 
tity. To  each  number  in  one  set  there  corresponds  a  number  in  the  other. 
In  the  example  of  the  falling  body,  the  numbers  in  one  set  would 
represent  durations  of  fall,  and  the  numbers  in  the  other  set  would 
represent  distances.  Then  to  1  (second)  there  corresponds  16  (feet), 
and  so  forth.  In  mathematics,  we  strip  away  any  physical  meaning 
that  may  be  attached  to  the  numbers  and  simply  discuss  corre- 
spondences between  sets  of  numbers. 

One  of  the  main  purposes  of  this  chapter  is  to  introduce  you  to  the 
definitions  and  terminology  of  the  mathematical  relationships  known 
as  functions.  Although  some  of  the  concepts  may  seem  rather  ab- 
stract, they  are  motivated  by  distinctly  practical  problems  such  as 
the  expression  of  the  law  of  a  falling  body.  Since  the  topics  covered 
in  this  chapter  will  be  cropping  up  again  and  again  throughout  your 
entire  study  of  mathematics,  your  later  work  will  be  easier  if  you 
master  these  topics  as  early  as  possible. 

10     DEFINITIONS  AND  TERMINOLOGY 

Suppose  we  have  two  sets  of  numbers.  In  order  to  distinguish  be- 
tween them,  we  shall  call  one  the  "first  set"  and  the  other  the  "second 
set."  Suppose,  also,  that  with  each  number  in  the  "first  set"  there 
is  associated  a  number  in  the  "second  set."  These  three  things,  the 
two  sets  of  numbers  and  the  correspondence  between  the  numbers 
in  the  two  sets,  comprise  a  function.  It  is  easy  to  construct  exam- 
ples of  functions.     For  instance,  there  is  the  function  in  which 

(i)   the  first  set  consists  of  the  positive  integers  1,  2,  3,  and  4, 
(ii)  the  second  set  is  made  up  of  the  integers  4,  5,  and  6, 
(iii)   the  correspondence  between  the  numbers  in  these  two  sets  is 
given  by  the  following  table. 


Number  in  the  first  set:                                           1 

2 

3 

4 

Corresponding  number  in  the  second  set:          5 

4 

4 

6 

Functions  are  usually  denoted  by  letters,  such  as  /,  g,  F,  G,  and  (f>. 
*The  set  of  numbers  that  we  have  referred  to  as  the  "first  set"  is  called 
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the  domain  of  the  function,  and  the  "second  set"  is  called  the  range 
of  the  function.  Every  number  in  the  range  corresponds  to  some 
number  in  the  domain.  The  domain  of  the  function  of  the  example 
above  is  the  set  {1,2,3,4},  and  its  range  is  the  set  {4,5,6}. 

The  heart  of  a  function  is  the  correspondence  between  the  numbers 
of  the  domain  and  those  of  the  range.  With  each  number  x  of  the 
domain  there  is  associated  a  number  y  of  the  range.  In  the  example  above, 
this  association  was  defined  by  means  of  a  table,  but  it  also  can  be 
established  in  other  ways.  For  the  functions  that  you  will  encounter 
most  often,  the  correspondence  between  x  and  y  will  be  given  by  an 
equation.  For  example,  /  may  represent  the  function  whose  domain 
is  the  set  of  all  real  numbers,  whose  range  is  the  set  of  all  non-negative 
real  numbers,  and  whose  rule  of  correspondence  is  given  by  the  equa- 
tion y  =  x*.  Thus  to  the  number  x  =  2  there  corresponds  the 
number  y  =  24  =  16;  and  to  the  number  —  3  there  corresponds  the 
number  81,  and  so  on. 

If  x  represents  a  number  in  the  domain  of  a  function  /,  then  the 
corresponding  number  in  the  range  is  often  denoted  by  the  symbol 
f(x)  rather  than  by  the  letter  y.  The  symbol  fix)  is  read  "/  of  x" 
or  "/  at  x"  ^  /  is  me  function  described  in  the  preceding  para- 
graph, we  can  now  write /(  —  3)  =81,  which  means  the  same  thing 
as  the  phrase  "in  the  function  /,  the  number  that  corresponds  to 
—  3  is  81."  For  a  given  function  /  we  shall  use  either  a  letter  such 
as  y  or  the  symbol  f(x)  to  denote  the  number  in  the  range  that  corre- 
sponds to  the  number  x  in  the  domain. 

Example  10-1.  Let/  be  the  function  whose  domain  is  the  set  of  all 
real  numbers,  whose  range  is  the  set  of  all  numbers  greater  than  or 
equal  to  2,  and  whose  rule  of  correspondence  is  given  by  the  equation 
y  =  x>  +  2.     Find/(0),/(-l),afld/(2), 

Solution.  By  definition,  /(0),/(— 1),  and/(2)  are  the  numbers  corre- 
sponding to  0,  -1,  and  2.  Hence  /(0)  =  02  +  2  =  2,  /(-l)  = 
(-1)2  +  2  =  3,  and/(2)  =  22  +  2  =  6. 

The  rule  of  correspondence  of  the  function  /  of  Example  10-1  is 
given  by  the  equation  /(a)  =  x2  +  2.  To  find  the  number  in  the 
range  associated  with  any  particular  number  in  the  domain,  we 
merely  replace  the  letter  x   wherever   it   appears   in    the   equation 
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/(#)  =  x2  +  2  by  the  given  number.  We  followed  this  procedure  in 
the  solution  of  Example  10-1.  Suppose,  for  instance,  that  a,  \a\, 
and  (2  +  h)  represent  numbers  in  the  domain  of/.  Then  the  cor- 
responding numbers  in  the  range  are  f(a)  =  a2  +  2,  f(\a\)  =  \a\2  + 
2  =  a2  +  2,  and  /(2  +  A)  =  (2  +  A)2  +  2  =  6  +  4/z  +  h2.  It  is 
sometimes  helpful  to  think  of  the  correspondence  in  this  case  as  being 
defined  by  the  equation  /()  =  () 2  +  2,  where  any  symbol  repre- 
senting a  number  in  the  domain  of/  may  be  inserted  in  both  paren- 
theses. 

Although  the  domain  and  range  are  essential  parts  of  a  function, 
they  are  frequently  not  mentioned  explicitly,  especially  when  the 
correspondence  between  these  sets  is  given  by  an  equation.  For 
example,  G  may  be  the  function  whose  domain  is  the  set  of  all  posi- 
tive numbers  and  whose  rule  of  correspondence  is  given  by  the  equa- 
tion G(x)  =  3x2  +  7  (or  y  =  3x2  +  7).  It  follows  that  the  range  of 
G  is  the  set  of  numbers  greater  than  7,  for  each  of  these  numbers, 
and  no  others,  can  be  obtained  from  the  expression  3x2  +  7  by  re- 
placing x  with  a  positive  number.  Similarly,  the  domain  is  often 
not  listed  if  it  consists  of  all  the  numbers  for  which  the  formula  has 
meaning.  For  example,  we  may  say  that  the  function  g  is  defined 
by  the  equation  g(x)  =  Vl  —  x2  (or  y  =  Vl  —  x2).  This  equation 
simply  gives  the  rule  of  correspondence  between  the  numbers  of  the 
domain  and  range.  For  this  function  g  we  are  to  assume  that  the 
domain  consists  of  those  numbers  x  for  which  the  expression  1  —  x2 
is  not  negative;  hence  the  domain  consists  of  those  numbers  x  that 
satisfy  the  inequalities  —  1  <  x  <  1 .  The  range  then  consists  of 
those  numbers  y  that  satisfy  the  inequalities  0  <  y  <  1 . 

Example  10-2.  The  equation  /(*)  =  2x  +  4\/*  +  2  determines  a 
function/.     What  can  you  say  about  the  domain  and  range  of/? 

Solution.  The  domain  of/  is  the  set  of  numbers  that  are  greater  than 
or  equal  to  zero;  the  formula  does  not  apply  to  negative  numbers. 
If  x  >  0,  then  2x  >  0  and  Wx  >  0.  The  expression  2x  +  Wx  +  2 
can  therefore  not  be  less  than  2.  It  follows  that  the  range  of/  must 
consist  of  numbers  greater  than  or  equal  to  2. 

We  have  given  a  somewhat  restrictive  definition  of  a  function  in 
this  section.     In  some  other  useful  functions,  the  domain  and  range 
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contain  mathematical  entities  other  than  numbers.  Later  we  shall 
encounter  a  range  that  consists  of  points  and  a  domain  that  consists 
of  angles.  But  for  the  moment  we  will  concentrate  solely  on  our 
present  definition. 


Problems  10 

1.  Each  of  the  statements  below  determines  a  function.  In  each  case, 
designate  the  function  by  a  letter,  determine  its  domain  and  range,  and 
find  a  formula  giving  its  rule  of  correspondence. 

(a)  To  each  positive  integer  n  let  there  correspond  the  next  largest 
integer. 

(b)  To  each  integer  n  let  there  correspond  the  sum  of  n  and  the  previous 
integer. 

(c)  To  each  integer  n  let  there  correspond  the  difference  between  n 
and  the  previous  integer. 

2.  Each  of  the  following  equations  determines  a  function.  In  each  case, 
determine  the  domain  of  the  function  if  the  domain  consists  of  all  real 
numbers  to  which  the  formula  is  applicable. 

(a)  /(*)  =  yjl  (e)   s  =  ^^-j- 

(b)  y  =  V(x  -  1)'  (f)    4{y)  _  hi 

(c)  f(x)  =  v>  +  x  -  2  y 

(d)  F(x)  =  X-^-\ 

x  +  1 

3.  Determine  the  range  of/  if  the  domain  consists  of  the  integers  {1,2,3} 
and  the  rule  of  correspondence  is  as  follows: 

(a)  f(x)  =  3x  -  \  _  H 

(b)  f(x)  =  (1  +  *)-'  {)  JX)  "    x 

(c)  f{x)  =  \2  -  x\  (f)   f(x)  =  <i/(x  _  1)2 

(d)f(x)  =  (l  +fj'2 

4.  If  F(x)  =  3x  —  1,  evaluate  each  of  the  following: 

(a)  F(2)  (g)  F(x  +  1)  -  F(x) 

(b)  3F(2)  (h)  F(3x) 

(c)  F{Vy)  a)  Fm 

(d)  F(f)  3 

(e)  F{\a\)  (j)   VF(z)  +  1 
(0    F(x  +  1) 
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5.    I f  /(.r)  =  a'2,  evaluate  each  of  (lie  following: 

(a)  /(3  -  2)  v  f(a  +  h)  -/(a) 

(l>)  A3)       fl2)  // 

(c)    3/(2)  (I.)  /(O 

(d)/(a  +  1)  (i)  /(v5) 

(e)  f(a  +  A)  q)    V/(z) 

(f)  f(a  +  h)-f(a) 


11      EXAMPLES  OF  FUNCTIONS 


To  help  you  become  familiar  with  the  concept  and  terminology  of 
functions,  we  shall  devote  this  section  to  a  number  of  illustrations. 

Illustration  11-1.  The  identity  function  /  assigns  to  every  real 
number  the  number  itself.  In  other  words,  I(x)  =  x.  Both  the 
domain  and  range  of  the  function  /  consist  of  the  set  of  all  real  num- 
bers. 

Illustration  11-2.  The  absolute  value  function  is  defined  by  the 
equation  y  —  \x\.  Its  domain  is  the  set  of  all  real  numbers,  and  its 
range  is  the  set  of  all  non-negative  real  numbers.  The  table  below 
gives  a  few  examples  of  the  correspondence  between  numbers  in  the 
domain  and  range. 


X                                       1 

2 

7T 

0 

y  =  1*1              i 

1 

2 

7T 

0 

Illustration  11-3.     The  symbol  [.vj  denotes  the  greatest  integer  n 
such  that  n  <  x.     Thus  |V]  -  3,  [V2]  =  1,  [3]  =  3,  [-3]  =  -3, 

and  [  —  |]  =  —  1.  We  may  define  a  function/,  the  greatest  integer 
function,  by  the  equation /(*)  =  [#].  The  domain  of  this  function 
is  the  set  of  all  real  numbers,  and  its  range  is  the  set  of  all  integers. 
Almost  every  time  you  state  your  age  you  are  using  the  greatest 
integer  function.  You  say  you  are  18,  for  example,  when  you  are 
actually  1 8 J,  and  18  =  [18|J.  When  a  dealer  prices  a  certain  item 
at  $4.95  he  hopes  you  will  read  the  tag  as  [4.95]  =  4  dollars.  If  x 
is  a  given  real  number,  then  [#]  can  be  determined  graphically  by 
locating  x  on  the  number  scale  and  choosing  the  first  integer  at  or  to 
the  left  of  this  point. 
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Illustration  11-4.  When  an  iron  rod  1  inch  in  cross  section  and 
10  inches  long  is  subjected  to  a  tension  of  x  pounds  it  will  stretch, 
say,  s  inches.     Hooke's  Law  of  Elasticity  states  that  the  relation  be- 


x 


tween  the  numbers  x  and  s  is  given  by  the  equation  s  =   , 

Thus  a  force  of  30  pounds  will  stretch  the  rod  10-5  inches.  Note 
that  the  mathematical  function  determined  by  this  last  equation 
makes  sense  for  any  real  value  of  x;  that  is,  its  domain  is  the  set  of 
all  real  numbers.  The  engineer  knows,  though,  that  this  function 
represents  the  behavior  of  the  rod  only  for  certain  values  of  x.  It 
certainly  will  not  apply,  for  instance,  if  the  force  is  so  great  that  the 
rod  breaks.  Thus,  for  practical  purposes,  specifying  the  domain  of  a 
function  may  be  important. 

Illustration  11-5.  Let  us  assume  that  the  materials  used  in  making 
a  cylindrical  tin  can  cost  .012^  per  square  inch  for  the  sides  and 
.02  lc7  per  square  inch  for  the  top  or  bottom.  Suppose  we  want  to 
make  a  can  with  a  capacity  of  SAtt  cubic  inches.  But  the  volume 
alone  won't  completely  determine  the  dimensions  of  the  can;  it  may 
be  tall  and  thin,  or  short  and  squat.  We  may  select  any  positive 
number  r  and  make  the  radius  of  the  base  of  the  can  r  inches.  Since 
the  volume  is  already  fixed,  the  choice  of  r  determines  the  height  of 
the  can,  and  hence  the  dimensions  of  the  can  are  completely  deter- 
mined. The  cost  of  the  can  depends  on  its  dimensions,  so  we  see 
that  the  cost  of  the  can  depends  on  our  choice  of  the  base  radius  r. 
Let  us  denote  the  cost,  in  cents,  of  a  can  of  base  radius  r  inches  by  c 
and  find  a  formula  that  expresses  c  in  terms  of  r. 

Clearly,  c  =  (area  of  sides)  X  .012  +  (area  of  ends)  X  .021.  If 
the  can  is  h  inches  high  and  has  a  base  radius  of  r  inches,  then  the 
area  of  the  sides  is  2irrh  square  inches  and  the  area  of  the  top  (or 
bottom)  is  7rr2  square  inches.     Therefore 

11-1  c  =  (2irrh)(.012)  +  (27rr%021). 

We  have  now  expressed  the  cost  of  the  can  in  terms  of  the  dimensions 
r  and  A,  but  we  wanted  to  express  c  in  terms  of  r  alone.  We  therefore 
write  a  formula  for  h  in  terms  of  r.  Since  the  volume  of  the  can  is 
54tt  cubic  inches,  itr-h  =  54?r  and  hence  h  —  54/r2.  Now  replace  h 
in  Equation  11-1  by  54/r2  to  obtain  the  equation 

11-2  c  =  /19$l\  (.012)  +  (2tt/-2)(.021). 
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From  this  equation,  we  can  calculate  the  cost  of  the  can  if  the  base 
radius  is  1  inch,  2  inches,  3  inches,  or  4  inches,  as  4.21  cents,  2.57 
cents,  2.54  cents,  and  3.13  cents.  A  question  often  asked  in  a  course 
in  calculus  is,  "For  what  value  of  r  is  c  least?"  That  is,  "What  are 
the  dimensions  of  the  cheapest  can?"  In  the  present  case,  the 
answer  would  be  a  radius  of  2.49  inches.  The  cost  of  such  a  can  is 
2.45  cents. 

Illustration  11-6.  Consider  the  function  /  whose  domain  is  the  set 
of  positive  integers  and  whose  rule  of  correspondence  is,  "To  each 
positive  integer  n  let  correspond  the  digit  in  the  nth  decimal  place 
of  the  infinite  decimal  representation  of  the  number  7r."  Since 
tt  =  3.14159  .  .  .  ,  we  have  /(I)  =  1,  /(2)  =  4,  /(3)  =  1,  /(4)  =  5, 
/(5)  =  9,  and  so  on.  The  rule  of  correspondence  is  easy  to  state, 
but  there  is  no  simple  algebraic  formula  that  defines  the  function  for 
all  positive  integers  n. 

Problems  11 

1.  Let/ be  the  function  defined  by  the  equation/(x)  =  |#|  +  x.  Find  the 
following  numbers: 

(a)/(2)  (d)/(-|) 

(b)/(-2)  (e)/(V2) 

(c)/(|)  (0    2/(-l) 

2.  Let/  be  the  absolute  value  function  (/(*)  =  |x|).  Which  of  the  follow- 
ing statements  are  true  for  all  numbers  in  the  domain  of/? 

(a)/(**)  =  [/(*)?  (c)/(M)  =  l/MI 

(b)  /(*  +  y)  =  /(,)  +  J{y)  (d)  /(2a-)  =  2/(.v) 

3.  If/  denotes  the  identity  function,  which  of  the  statements  in  Problem  2 
are  true? 

4.  If/  denotes  the  greatest  integer  function,  which  of  the  statements  in 
Problem  2  are  true? 

5.  A  rectangular  area  of  3000  sq  ft  is  to  be  fenced  on  three  sides  with 
fencing  costing  30^  per  ft,  and  on  the  fourth  side  with  fencing  costing 
50^  per  ft.  If  x  denotes  the  length  of  the  fourth  side  and  C  denotes  the 
corresponding  cost  of  the  fence  in  cents,  express  C  in  terms  of  x.  What 
is  the  domain  of  the  resulting  function? 

6.  A  ship  is  steaming  due  north  at  12  mph.  At  midnight  a  lighthouse  is 
sighted  at  a  distance  of  3  miles  directly  west  of  the  ship.  If  the  distance 
between  the  ship  and  the  lighthouse  t  hours  later  is  d  miles,  find  a 
formula  that  expresses  d  in  terms  of  /. 
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7.  An  airplane  leaves  an  airport  at  noon  flying  due  north  at  200  mph. 
At  1  p.m.  another  plane  leaves  the  airport  and  flies  due  east  at  250  mph. 
If  the  distance  in  miles  between  the  two  planes  /  hr  after  noon  is  denoted 
by  d,  find  a  formula  that  expresses  d  in  terms  of  t. 

8.  A  snowball  is  melting  at  a  rate  that  decreases  its  radius  1  in.  per  hr. 

If  the  ball  has  a  radius  of  25  in.  at  a  certain  time,  find  a  formula  for  its 

/  .     4-rrr3  \ 

volume,   V  cu  in.,  t  min  later.     (  The  volume  of  a   sphere  is  — - —  J 

What  is  the  domain  of  the  associated  function? 

9.  An  open  box  is  to  be  made  from  a  rectangular  piece  of  tin  10  in.  long 
and  8  in.  wide  by  cutting  pieces  x  in.  square  from  each  corner  and 
bending  up  the  sides.  Express  the  volume,  V  cu  in.,  of  the  box  in  terms 
of  x.     What  is  the  domain  of  the  associated  function? 

10.  An  open  box  with  a  square  base  is  to  be  made  of  wood  costing  Ai  per 
sq  ft  for  the  sides  and  5^  per  sq  ft  for  the  bottom.  The  volume  of  the 
box  is  to  be  10  cu  ft.  If  the  bottom  of  the  box  is  to  be  x  ft  by  x  ft,  express 
the  cost,  C  cents,  in  terms  of  x. 


12      CARTESIAN  COORDINATES  AND  THE  DISTANCE  FORMULA 

In  Section  3,  we  discussed  the  manner  in  which  real  numbers  are 
associated  with  points  on  a  line.  In  this  section,  we  will  consider 
the  same  procedure  in  two  dimensions. 


Figure  12-1 
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Let  us  begin  by  drawing  two  number  lines  meeting  at  right  angles 
at  (heir  origins  with  the  positive  direction  upward  on  one  line  and 
to  the  right  on  (he  other  (see  Fig.  12-1).  These  number  lines  arc 
called  coordinate  axes.  The  horizontal  line  is  the  x-axis,  and  the 
vertical  line  is  the  i/-axis.  Let  P  be  any  point  of  the  plane  and  con- 
struct lines  through  P  that  are  perpendicular  to  the  axes.  If  x  is 
the  number  represented  by  the  foot  of  the  perpendicular  to  the 
v-axis  and  y  is  the  corresponding  number  on  the  jy-axis,  then  the  pair 
of  numbers  (x,y)  is  associated  with  P.     Conversely,  let  (x,ji)  be  any 
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pair  of  numbers.  Then  construct  a  line  perpendicular  to  the  x-axis 
at  the  point  x,  and  construct  a  line  perpendicular  to  the  jy-axis  at  the 
point  y.  The  intersection  of  these  two  lines  will  determine  exactly 
one  point  P  to  be  associated  with  the  pair  of  numbers  (,v,jy).  In 
summary,  with  each  point  in  the  plane  is  associated  a  pair  of  numbers 
(x,y)  and  with  each  pair  of  numbers  is  associated  a  point  P  in  the 
plane.     The  numbers  a-  and  y  are  the  coordinates  of  P. 

We  have  just  described  a  cartesian  coordinate  system  (named 
after  the  seventeenth-century  French  philosopher  and  mathematician, 
Rene  Descartes).      We  have  established  a  correspondence  between  a 
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geometric  system  (points)  and  an  algebraic  system  (pairs  of  numbers). 
This  correspondence  makes  it  possible  to  solve  certain  geometric 
problems  algebraically  and  certain  algebraic  problems  by  means  of 
geometry.  We  sometimes  ignore  the  logical  distinction  between  a 
point  and  its  coordinates,  and  no  confusion  will  arise  if  we  speak  of 
the  "point"  (x,y). 

The  points  (3,1),  (  —  2,3),  (  —  2,-1),  and  (4,-2)  are  shown  in 
Fig.  12-2.  Note  carefully  that  the  first  number  of  the  number  pair 
(a,b)  is  the  ^-coordinate,  and  the  second  is  the  ^-coordinate.  The  two 
axes  divide  the  plane  into  four  regions  or  quadrants.  These  quad- 
rants are  numbered  I,  II,  III,  and  IV,  as  shown  in  Fig.  12-2.  For 
example,  the  point  (  —  2,3)  is  in  the  second  quadrant. 

We  have  seen  that  the  distance  between  the  points  on  the  number 
scale  that  represent  the  two  real  numbers  a  and  b  is  given  by  the 
expression  \a  —  b\.  We  can  also  calculate  the  distance  between 
two  points  in  the  plane. 

Example  12-1.  The  point  A  has  coordinates  (  —  2,-1)  and  the  point 
Pi  has  coordinates  (2,2).     Find  the  distance  P\P2  between  these  points. 

Solution.  The  points  Pi  and  P2  are  plotted  in  Fig.  12-3.  Let  P3  be 
the  point  whose  coordinates  are  (2,-1).  It  is  apparent  that  the 
points  Pi,  P2,  and  P3  are  the  vertices  of  a  right  triangle,  with  right 
angle  at  P3.  Since  the  points  P2  and  P3  lie  on  the  same  vertical  line, 
you  can  easily  see  that  the  distance  between  them  is  3  units.     Similarly, 


P2(2,2) 


Figure  12-3 


t-**x 
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the  distance  P1P3  =  4.     Now  according  to  the  Pythagorean  Theorem, 


/yy  =  zvy  +  /yy  =  16  +  9  =  25. 


It  follows  that  PiP2  =  5. 

The  concept  of  distance  between  two  points  is  so  important  that 
we  shall  develop  a  formula  for  it.  The  arguments  we  use  are  the 
same  as  the  ones  we  applied  to  Example  12-1.  Before  deriving  the 
general  distance  formula,  we  first  consider  a  special  case. 

If  two  points  Qi  and  Q2  have  the  same  x-coordinate,  then  the  distance 
Q\Q2  is  the  absolute  value  of  the  difference  of  the  y-coordinates  of  these  points. 
In  symbols,  if  Q\  is  the  point  (#o,J>i)  and  Q2  is  the  point  (#o,Jk)>  then 
Q1Q2  —  \j>2  —  jVi  I  -  To  verify  this  fact,  we  note  that  the  statement 
that  two  points  have  the  same  ^-coordinate  means  that  the  line  pass- 
ing through  the  two  points  is  parallel  to  the  y-axis  (examine  the  points 
P2  and  P3  in  Fig.  12-3).  It  follows  that  the  distance  between  the 
points  (xo,yi)  and  (x0,y2)  is  the  same  as  the  distance  between  the  points 
yx  and  y2  on  the  number  scale  used  for  the  j-axis.  We  have  already 
seen  that  this  distance  is  \y2  —  yi\. 

You  should  be  able  to  convince  yourself  that  when  two  points  have 
the  same  y-coordinate,  the  distance  between  them  is  the  absolute  value  of  the 
difference  of  the  x-coordinates  of  the  points  (examine  the  points  Pi  and  P3 
in  Fig.  12-3). 

With  the  aid  of  the  results  we  have  collected  from  these  special 
cases,  we  can  now  derive  the  general  distance  formula. 

Theorem    12-1.     Let   P\   and  P2   with   coordinates    (#i,jVi)    and   (#2,^2)) 
be  any  two  points  in  the  plane.      Then  the  distance  PiP2  is  given  by  the  formula 


12-1  PXP2  =  V(x2  -*i)a+  0-2   -  yd 2- 

Proof.  As  in  Example  12-1,  the  auxiliary  point  P3  with  coordinates 
(x2,yi)  is  introduced  (see  Fig.  12-4)  in  such  a  way  that  the  points 
Pi,  P2,  and  P3  form  a  right  triangle  with  right  angle  at  P3.     The 


lengths  of  the  legs  of  this  triangle  are  the  distances  PiP3  and  P2Pz, 
while  the  length  of  the  hypotenuse,  P1P2,  is  the  distance  we  wish  tor 
find.     Again,  according  to  the  Pythagorean  Theorem, 


12-2  P.P.    =  PiP3   +  P2Ps. 
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Now  the  points  Pi  and  P3  have  the  same  jy-coordinate,  so  we  have 


P1P3  =  I #2  —  Xi\,  and  hence 
-2 


P 1*3      ~     \%2    —    ^l|       —    (#2  xl) 


Similarly, 


PiPz   =  \y%  -yA2  =  (n  -yd2. 


We  can  therefore  write  Equation  12-2  as 

PJ?  =  (*2  -  *02  +  (j2  -yi)2, 
which  is  equivalent  to  Equation  12-1. 


P2(x2,y2) 


•-  x 


Figure  12-4 


You  will  use  the  distance  formula  so  often  that  you  should  mem- 
orize it. 


Example  12-2.  Find  the  distance  between  the  points  (  —  3,2)  and 
(2,-3). 

Solution.  You  should  realize  that  it  makes  no  difference  which  point 
is  designated  Pi.  If  the  first  point  is  labeled  P2  and  the  second  Pi, 
the  distance  formula  yields 


P1P2  =  V(-3  -  2)2  +  (2  +  3)2  =  5  V2. 
Example  12-3.     Find  the  distance  of  the  point  (xyy)  from  the  origin. 
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Solution.     Let  Pi  be  the  point  (0,0)  and  P2  be  the  point  (x,y)  and  apply 
the  distance  formula.     The  distance  turns  out  to  be 

V(x  -  0)2  +  {y  -  0)2  =  W2  +  f. 

An  important  property  of  distance  is  that,  if  Pi,  P2,  and  P3  are  any 
three  points,  then 


12-3 


P.Ps  <  P1P2  +  PzP, 


and  the  equality  sign  holds  if,  and  only  if,  the  three  points  are  col- 
linear;  that  is,  if  they  lie  in  a  straight  line.  This  property  of  distance 
is  called  the  triangular  inequality  for  reasons  that  will  be  obvious 


Figure  12-5 


to  you  from  a  glance  at  Fig.  12-5.  The  truth  of  this  property  becomes 
apparent  if  we  consider  the  geometry  of  the  situation,  but  we  can 
prove  it  by  using  Formula  12-1  and  considerable  algebraic  manip- 
ulation. 

Problems  12 

t.  Sketch  the  following   pairs  of  points  in  .1  cartesian  coordinate  s\si<in 
and  find  the  distance  between  them. 


(a)  (1,2)  and  (3,7) 

(b)  (2,1)  and  (-2,6) 

(c)  (1,1)  and  (-3,-2) 


(d)  (-f,i)  and  (0,0) 

(e)  (-V2,2)  and  (V5,5) 
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2.  Find  the  distance  between  the  following  points. 

(a)  (a  +  b,a  —  b)  and  (b  —  a.,b  +  a) 

(b)  (0,0)  and  (Va+1,  Va^Tb) 

(c)  (ail2,b112)  and  {-a"\-b^) 

3.  Use  the  distance  formula  to  determine  if  the  triangle  whose  vertices  are 
(1,1),  (3,2),  and  (2,12)  is  a  right  triangle. 

4.  Show  that  the  triangles  with  the  following  points  as  vertices  are  isosceles 
triangles. 

(a)  (3,-6),  (8,-2),  (-1,-1) 

(b)  (3,1),  (4,3),  (6,2) 

5.  Two  vertices  of  a  square  are  (  —  3,2)  and  (  —  3,-5).     Find  two  sets  of 
other  possible  vertices. 

6.  Without  using  the  distance  formula,  find  the  point  midway  between  the 
points  (  —  7,-1)  and  (3,-1). 

7.  Find  the  area  of  the  triangle  whose  vertices  are  the  points  (—1,2),  (3,2) 
and  (-4,6). 

8.  The  point  (x,2)  is  5  units  from  the  point  (2,6).     Find  the  number  x. 

9.  Find  the  point  on  the  #-axis  that  is  equidistant  from  the  points  (0,-2) 
and  (6,4). 

10.  Prove  that  the  point  ( V  2,2)  lies  on  the  circle  whose  center  is  at  the 
origin  and  which  passes  through  the  point  (  — l,v  5). 

11.  Use  the  distance  formula  to  determine  whether  or  not  the  points  listed 
are  collinear.     Sketch  the  points  to  check  your  answer. 

(a)  (4,-3),  (-5,4),  and  (0,0) 

(b)  (2,-3),  (-4,2),  and(-U) 

(c)  (3,2),  (-|,f),  and  (6,3) 

12.  Draw  a  cartesian  coordinate  system  and  shade  the  region (s)  in  which 
the  point  (x,y)  can  be  found  if  the  following  is  known. 

(a)  x  >  0  andjy  <  0  (e)  - 1  <  x  <  0  andy  >  0 

(b)  x  >  0  or  y  <  0  (f)  -  1  <  x  <  0  or  jy  >  0 

(c)  0  <  x  <  2  and  2  <  y  <  3  (g)  |*|  >  2  and  |y|  >  1 

(d)  0  <  x  <  2  or  2  <  y  <  3  (h)  |*|  >  2  or  \y\  >  1 

13      GRAPHS  OF  FUNCTIONS 

A  coordinate  system  allows  us  to  construct  geometric  representations 
of  functions.  With  each  number  in  the  domain  of  a  function  there 
is  associated  a  number  in  the  range.     This  pair  of  numbers  can  be 
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represented  as  a  point  in  the  plane.  For  example,  let  /  be  the  fune- 
tion  determined  by  the  equation /(.v)  =  a'2  —  1.  This  equation  as- 
sociates with  the  number  2  the  number  /(2)  =  3.  Then  the  pair  of 
numbers  (2,3)  may  be  plotted  as  a  point  in  the  cartesian  plane. 
If  this  same  procedure  is  followed  for  every  number  in  the  domain 
of/,  the  resulting  collection  of  points  forms  the  graph  of  the  function  /. 

Definition  13-1.  The  graph  of  a  function  f  consists  of  all  points  (x,f(x)), 
where  x  is  in  the  domain  of  f  and  fix)  is  the  corresponding  number  in  the  range. 

Example  13-1.  What  is  the  graph  of  the  function/ whose  domain  is 
the  set  of  integers  {1,2,3,4},  whose  range  is  the  set  of  integers  {4,5,6}, 
and  whose  rule  of  correspondence  is  stated  by  the  equations /(l)  =  5, 
/(2)  =  4,/(3)  =  4,  and/(4)  =  6? 

Solution.  Since  the  domain  consists  of  only  four  numbers,  this  function 
is  easy  to  graph.     There  are  only  four  points  of  the  form   (*,/(*))> 

and  they  are  (1,5),  (2,4),  (3,4),  and 
(4,6).  These  four  points  comprise  the 
graph  of/,  which  is  shown  in  Fig.  13-1. 

o  In  many  cases  the  domain  of  a  function 

0  does  not  consist  of  merely  a  finite  num- 

(,,5)  ber  of  points,  as  was  the  case  in  Example 

(2,4)  (3,4)  13-1.     For  example,  the  function  /  de- 

termined by  the  equation  f(x)  =  x2  has 
for  its  domain  the  set  of  all  real  numbers. 
For  each  number  of  the  domain  there  is 
,      ,      i       i     .  x  a  number  in  the  range,  and  hence  a  point 

of  the  graph  of  /.      The  graph  of  /  there- 
fore  consists   of  an    infinite    number    of 
Figure  13-1  points,  and  when  a  graph  consists  of  an 

infinite  number  of  points  it  is  clearly  im- 
possible to  plot  them  individually.     We 
take  what  appears  to  be  a  representative  sample  of  the  points  on  the 
graph  and  plot  them.     We  obtain  the  remaining  points  of  the  graph 
by  joining  those  already  plotted. 

Example  13-2.  Sketch  the  graph  of  the  function/ determined  by  the 
equation  f(x)  =  x2. 
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Solution.  If  x  =  2,  then  /(2)  =  4.  Thus  the  point  (2,4)  is  on  the 
graph  of/.  We  can  obtain  a  number  of  other  points  on  the  graph 
in  the  same  way.  The  table  for  Fig.  13-2  gives  the  calculated  points 
from  which  the  graph  of/  shown  in  Fig.  13-2  is  sketched. 
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Example  13-3.  Sketch  the  graph  of  the  function  determined  by  the 
equation /(#)  =  [*]. 

Solution.  First,  we  make  up  a  table  showing  a  few  points  of  the  graph 
of  this  function,  and  then  we  plot  these  points.  It  is  then  an  easy 
matter  to  convince  yourself  that  Fig.  13-3  really  does  represent  the 
graph  of  the  greatest  integer  function. 


In  each  of  the  examples  given  in  this  section,  we  have  considered  a 
graph  as  a  picture  of  a  given  function.  Many  times  it  is  useful  to 
reverse  the  situation  and  use  a  graph  to  define  a  function.  In  order 
to  construct  the  graph  in  Fig.  13-4,  several  measurements  of  the  vapor 
pressure  of  helium  at  very  low  temperatures  were  taken  and  the  ap- 
propriate points  were  plotted  and  joined  by  a  curve.  The  pressure 
is  measured  in  centimeters  of  mercury  and  the  temperature  in  degrees 
on  the  absolute  temperature  scale.  In  addition  to  the  measured 
values  shown  in  the  table,  you  can  now  use  the  graph  to  find  vapor 
pressures  corresponding  to  other  temperatures. 
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Figure  13-3 

Once  we  obtain  an  experimental  curve  such  as  the  one  shown  in 
Fig.  13-4,  we  often  try  to  "fit  a  formula  to  it."  We  try  to  express 
the  relation  between  the  quantities  in  terms  of  an  equation.  This 
equation  determines  a  function  and  the  graph  of  this  function  should 
be  the  same,  or  very  nearly  the  same,  as  the  experimentally  deter- 
mined graph.  A  correctly  chosen  formula  can  help  in  determining 
values  between  and  beyond  measured  ones.  It  is  not  at  all  difficult 
to  find   any  number  of  functions  determined   by  equations   whose 
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graphs  contain  a  given  set  of  experimentally  determined  points;  the 
problem  facing  a  scientist  is  to  select  the  right  one.  The  physicists 
who  presented  the  data  for  the  table  accompanying  Fig.  1  3-4  chose 
the  function  determined  by  the  equation 

ft    _     ^2.208    .    |Ql.217-3.024/r 

In  the  graph  of  Fig.  13-4,  the  units  of  distance  along  the  two  axes 
are  not  the  same.  This  difference  was  almost  unavoidable  in  this 
case.  Unless  otherwise  mentioned,  however,  the  units  of  distance 
along  the  two  axes  will  be  the  same  throughout  this  book. 

Problems  13 

1.  Graph  the  functions  in  the  first  problem  of  Problems  10  for  positive 
integers  n  such  that  1  <  n  <  5. 

2.  Plot  seven  points  of  the  graphs  of  the  functions  defined  by  the  following 
equations  and  sketch  what  appears  to  be  the  graph. 

(a)/W  =  *  (d)  g(x)  =   \x\ 

ft)  f(x)  =  -3  (e)   h(x)  =  l-x2 

(c)   F(x)  =  -3a: +  1  (f)    <f>(x)  =  l/x 

3.  Plot  the  graphs  of  the  functions  /  and  g  determined  by  the  equations 
f(x)  =  —i(x—  1)  andg(x)  =  —x—  1,  using  the  same  coordinate  axes. 
From  your  figure,  locate  a  point  that  lies  on  both  the  graph  of/  and 
the  graph  of  g.     Check  your  answer  algebraically. 

4.  Plot  five  points  of  the  graph  of  the  function/  if/(#)  =  V  4  —  x2.  Show 
that  these  points  all  lie  on  a  semicircle  with  a  radius  of  two  units  and 
with  its  center  at  the  origin.  Show  that  any  point  of  the  graph  of/ 
lies  on  this  semicircle. 

5.  Let/  be  the  function  defined  by  the  equation /(*)  =  V x  for  values  of  x 
that  satisfy  the  inequalities  0  <  x  <  4.  Graph  this  function  as  well  as 
you  can  and  try  to  determine  the  following  numbers  from  your  graph. 

(a)  VlT5  (c)   21'4 

(b)  Vw  (d)  V5/2 

6.  If  g  is  the  function  defined  by  the  equation  g(x)  =  2x2  +  1,  what  is 
the  distance  between  the  points  on  the  graph  of  g  that  correspond  to 
the  values  x  =  1  and  x  =  2? 

7.  How  are  the  graphs  of  the  functions/,  g,  and  h  related  if/(x)  =  x2. 
g(x)  =  x2  +  3,  and  h(x)  =  x2  -  2? 
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8.  Let  h  be  the  function  defined  by  the  equation  h(x) 
To  construct  the  graph  of  h,  draw  the  graphs  of  the  two  functions/ 
and  g  that  are  defined  by  the  equations /(.v)  =  .v2  and  g(x)  =  Zx  —  1, 
and  note  that  h{x)  =  /(*)  +  g(x). 

9.  Let  the  function/  be  defined  by  the  equation /(a:)  =  Vr  +  1.  If  the 
point  (a, b)  is  on  the  graph  of/,  which  of  the  following  points  are  on 
the  graph  of/  ? 

(a)   (b,a)   "  (b)   (-a,b)  (c)   (-a-b) 

10.  When  a  certain  rocket  has  a  velocity  of  v  fps,  it  encounters  an  air 
pressure  of  p  lb.  For  a  certain  fixed  air  density,  it  is  found  experi- 
mentally that  p  =  6  when  v  =  100,  p  =  13  when  v  =  200,  p  =  23 
when  v  =  300,  and  p  =  38  when  y  =  400.  Sketch  a  graph  of  the 
associated  function  and  estimate  the  value  of  p  when  v  =  350. 

14     GRAPHS  OF  EQUATIONS 

We  have  used  either  the  letter  y  or  the  symbol  f(x)  to  denote  the 
number  in  the  range  of  a  function  /  that  corresponds  to  the  number  x 
in  the  domain  of/.  The  fact  that);  and  f(x)  represent  the  same  num- 
ber is  expressed  by  the  equation  y  =  f(x).  A  point  (a,b)  is  on  the 
graph  of  the  function  /  if  and  only  if  b  =  f(a),  that  is,  if  and  only  if 
the  equals  sign  is  valid  when  x  is  replaced  by  a  and  y  by  b  in  the  equa- 
tion y  =  f(x).  The  graph  of  the  equation  y  =  f(x)  consists  of  all 
points  whose  coordinates  have  this  property.  Clearly  the  graph  of 
the  equation  y  =  f(x)  and  the  graph  of  the  function  /  are  identical. 
Later  you  will  encounter  graphs  of  equations  that  are  not  of  the  form 
y  =  /(#)•  For  example,  the  graph  of  the  equation  x2  +  y2  =  1  con- 
sists of  all  points,  such  as  (1,0),  (  —  V2/2,  V2/2),  and  so  on,  whose 
coordinates  satisfy  the  given  equation. 

Example  14-1.  Let/ be  the  function  defined  by  the  equation  f(x)  = 
x2  —  3*  +  2.  Are  the  points  (1,0)  and  (2,3)  on  the  graph  of  the 
equation  jy  =/(*)? 

Solution.  The  equation^  =/(#)  isjy  =  at  —  3.v  +  2.  The  point  (1,0) 
is  on  the  graph  of  this  equation  since  0  =  1  —  3  +  2,  while  the 
point  (2,3)  is  not  on  the  graph  since  3  ^  4  —  6  +  2. 

Example  14-2.     Graph  the  equation  y  =  |.v|  +  x. 


§14 


FUNCTIONS 


57 


Solution.  We  construct  the  table  for  Fig.  14-1  by  choosing  various 
values  for  *  and  calculating  the  corresponding  values  of  y.  Thus  if 
x  =  —  1,  then  y  =  |  — 1|  +  (  —  1)  =  0,  and  so  forth.  We  plot  and 
join  the  resulting  points  to  construct  the  graph  shown. 
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A  function  consists  of  two  sets  of  numbers  (the  domain  and  the 
range)  and  a  rule  of  correspondence  that  associates  a  number  of  the 
range  with  each  given  number  of  the  domain.  It  is  convenient  to 
have  this  correspondence  determined  by  a  simple  formula  that  applies 
to  all  numbers  in  the  domain  of  the  function.  There  is  no  reason 
why  a  correspondence  should  be  given  by  a  single  formula,  however. 
We  merely  need  a  set  of  rules  that  assigns  a  number  of  the  range  to 
each  number  of  the  domain. 


Example  14-3.  Let/  be  the  function  whose  domain  is  the  set  of  all 
real  numbers  and  for  which  the  correspondence  is  determined  by  the 
following  set  of  rules: 

(i)  If  x  <  0,  then/(*)  =  -2x 

(ii)  If*  >  0,  then/(*)  =  3*. 

Find/(3)  and/(  — 1)  and  sketch  the  graph  of/. 
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Figure  14-2 

Solution. 
definite. 


The  rule  of  correspondence  for  this  function  /  is  perfectly 
It  associates  a  number  of  the  range  of/  with  each  number 
of  the  domain  of/.  When  a  num- 
ber is  chosen  from  the  domain  we 
merely  have  to  notice  whether  it  is  a 
positive  or  a  negative  number  and 
choose  the  appropriate  expression 
for  /(*)•  Thus  /(3)  =  3-3  =  9, 
and  /(-l)  =  (-2)  •  (-1)  =  2. 
The  graph  is  shown  in  Fig.  14-2. 

Example  14-4.  Let  /  be  the  func- 
tion whose  domain  is  the  set  of  all 
positive  numbers  and  for  which  the 
correspondence  is  determined  by  the 
following  rules: 

(i)   /(a)  =  x  if  x  is  not  an  integer 
and 

(ii)  /(a)  =   —.y  if  a  is  an  integer. 

Figure  14-3  Find /Q  ),/(*■),  and/(3)  and  skeuh 

the  graph  of  the  equation^  —/(a). 

Solution.  To  find /(J)  and/(7r),  we  use  Rule  (i)  since  h  and  tt  are  not 
integers.  Therefore  /(J)  =  \  and  f(ir)  =  tt.  Since  3  is  an  integer, 
we  use  Rule  (ii)  and  obtain /(3)  =  —  3.     The  domain  was  specified 
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as  the  set  of  positive  numbers  and  therefore  symbols  such  as  f(0)  and 
/(  — 7r)  have  no  meaning  here.  Figure  14-3  shows  the  graph  of  the 
equation  r  —  fix). 

Problems  14 

1.  Determine  which  of  the  following  points  lie  on  the  graph  of  the  equation 
y  =  Vl  +  X: 

(3,2),  (8,-3),  (1,2),  (9,4). 

2.  Determine  which  of  the  following  points  lie  on  the  graph  of  the  equation 

y     —     xl\1     _     X- 

(1,0),  (-1,0),  (4,4),  (9,17). 

3.  Determine  which  of  the  following  points  lie  on  the  graph  of  the  equa- 
tion y  =  (*_1  +  x)~l\ 

(1,1),  (2,|),  (if),  (-1,J). 

4.  Determine  which  of  the  following  points  lie  on  the  graph  of  the  equation 

~  U2  +  *i/2J   : 


y 


U^^,{2,2+^^i^) 


5.  Graph  the  following  equations: 

(a)  y  =  \x\  -  x  (d)  y  =  2|>] 

(b)  y  =  |2  -  x\  (e)  y  =  [2*] 

(c)  y  =  2  -  |*|  (f)  j,  =  x  -  £xj 

6.  Construct  the  graph  of  the  equation  y  =  f(x)  if /(*)  is  given  by : 

(a)  /(*)  =  x\x\  (c)   If*  <  0,/W  =  E2*] 

(b)  If  *  <  0,/(*)  =  \x\  +  x  Ux>  0,/(x)  =  2|>] 
If*  ><),/(*)  =  |*|  -x        (d)/(*)  =  |0] | 

7.  Compare  the  graphs  of  the  equations  jy  =  f(x)  andjy  =   -/(*)• 

8.  If  the  point  (a,b)  is  on  the  graph  of  the  equation  y  =  3/x,  determine 
which  of  the  following  points  are  on  the  graph: 

(b,a),  (-a,b),  (-a,-b),  (a,-b),  (-b,-a). 

9.  If  the  point  (a,3)  is  on  the  graph  of  the  equation  y  —  \x  —  1 1  +  2, 
what  can  you  say  about  the  number  a? 

10.  Graph  the  equation^  =  v4  —  x2  and  then  use  this  graph  to  find  the 
graph  of  the  following  equations. 

(a)  y  =  iV4  -  x2  (c)  y  =  -\A  -  x2 

(b)  y  =   2V4  -  x2 
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11.  How  are  the  graphs  of  the  equations y  =  f(x)  and  y  =  |/(.v)|  related? 

12.  A  resisior  of  4  ohms  is  connected  across  the  terminals  of  a  12  v  battery. 
The  number  of  amp  /  (hat  will  flow  when  the  internal  resistance  of  the 
battery  is  r  ohms  is  given  by  the  equation  /  =  12/(4  +  r).  Graph  this 
equation  for  numbers  r  that  satisfy  the  inequalities  0  <  r  <  5. 

15      DIRECT  VARIATION 

Among  the  simplest  types  of  functions  are  those  determined  by  equa- 
tions of  the  form  y  =  mx,  where  m  is  a  given  number.  Many  appli- 
cations of  such  functions  are  found  in  science:  distance  =  rate  X  time 
(constant  rate),  work  =  force  X  distance  (constant  force),  force  = 
mass  X  acceleration  (constant  mass),  energy  =  mass  X  c2  (c2  is  a 
constant),  and  many  others. 

Definition  15-1.  To  say  that  y  is  directly  proportional  to  x  or  that  y 
varies  directly  as  X  means  that  there  is  a  number  m  such  that  y  =  mx  for 
all  numbers  x.      The  number  m  is  called  the  constant  of  proportionality. 

Example  15-1.  Express^  in  terms  of  *  \i y  is  directly  proportional 
to  x  and  \{y  =  2  when  x  =  3. 

Solution.  We  are  told  thatjy  is  directly  proportional  to  x  and  therefore, 
from  Definition  15-1,  we  know  thatjy  =  mx,  so  the  problem  is  to  find 
the  number  m.  If  we  substitute  3  for  x  and  2  for  y  in  the  equation 
y  =  mx,  we  find  that  2  =  3m,  and  hence  m  =  f .  It  follows  that  the 
equation  defining  y  is  y  =  f#. 

If  /  is  a  given  function,  we  cannot  assume  that  f(2x)  and  2f(x) 
are  the  same  number  for  every  number  x.  Nor  is  it  generally  true 
that  f(2  +  3)  and  /(2)  +  /(3)  are  the  same.  We  will  now  prove 
that  both  these  statements  are  true  for  a  function  /  that  is  defined  by 
an  equation  of  the  form  f(x)  =  mx. 

Theorem  15-1.  If  m  is  a  given  number  and  the  function  f  is  defined  by  the 
equation  y  =  mx,  then  f{ax)  =  af(x)  for  any  two  numbers  a  and  x. 

Proof.     Since  /(#)  =  mx  we  have 

f(ax)  =  m(ax)  =  a(mx)  =  af(x). 
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Theorem  15-1  states  that  if/(#)  =  mx,  then  / (ax)  =  af(x)  for  any  two 
numbers  a  and  x.  Conversely,  if  /  is  a  function  such  that  f(ax)  = 
af(x),  then  we  can  show  that/  is  defined  by  an  equation  of  the  form 
fix)  =  mx  (indeed  m  =  /(l)).  If y  —  mx,  then  doubling,  tripling,  or 
halving  x,  doubles,  triples,  or  halves  y. 


Theorem  15-2.  If  m  is  a  given  number  and  the  function  f  is  defined  by 
the  equation  f(x)  =  mx,  then  f(xi  +  x2)  =  f(x{)  +  f(x2)  for  any  two  num- 
bers Xi  and  x2. 

Proof.     Since  fix)  =  mx  we  have 

fixi  +  x2)  =  mixi  +  x2)  =  mxi  +  mx2  =  f(xi)  +  fix2). 

No  other  function  you  are  likely  to  encounter  has  the  property 
described  in  Theorem  15-2. 

Just  because  y  increases  when  x  increases  does  not  mean  that  y  is 
necessarily  directly  proportional  to  x.  You  may  easily  convince 
yourself  that  if  y  =  x*  +  x,  then  y  increases  when  x  does ;  but  y  is 
not  directly  proportional  to  x.  Nevertheless  when  a  scientist  knows 
only  that  two  quantities  are  so  related  that  one  increases  when  the 
other  does,  he  is  likely  to  guess  that  one  is  directly  proportional  to 
the  other  because  direct  variation  is  such  a  simple  relationship.  He 
then  tests  the  accuracy  of  his  guess  by  performing  experiments.  For 
example,  we  can  stretch  a  steel  rod  by  subjecting  it  to  a  pulling  force. 
By  increasing  the  force,  we  can  increase  the  stretch.  It  is  then  nat- 
ural to  guess  that  the  amount  of  stretch  is  proportional  to  the  pulling 
force,  and  experiments  show  that  this  guess  is,  for  practical  purposes, 
correct.     (See  Illustration  11-4.) 

Example  15-2.  The  velocity  of  a  body  falling  from  rest  is  directly 
proportional  to  the  time  it  falls.  If  a  body  attains  a  speed  of  48  feet 
per  second  after  falling  1 J  seconds,  how  fast  will  it  be  falling  2  seconds 
later? 

Solution.  If  the  body  reaches  a  velocity  of  v  feet  per  second  at  the  end 
of  t  seconds,  then,  by  the  assumption  of  direct  proportionality,  v  =  mt. 
Since  v  =  48  when  t  =  f ,  we  have  48  =  3r?i/2  and  hence  m  =  32. 
Therefore  v  =  32/  and  from  this  equation  we  find  v  =  112  feet  per 

7 
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The  terminology  of  direct  variation  is  also  associated  with  the 
function  determined  by  the  equation  y  =  mx2.  In  this  case,  y  is 
directly  proportional  to  x2,  or  y  varies  directly  as  x2.  A  common  example 
of  this  type  of  variation  is  found  in  area  formulas.  The  area  A  of  a 
circle,  for  instance,  is  directly  proportional  to  the  square  of  its  radius  r. 
Thus  A  =  mr2.  If  we  measure  the  radius  in  certain  units  (inches, 
yards,  and  so  forth)  and  the  area  in  square  units  of  the  same  type 
(square  inches,  square  yards,  and  the  like),  then  the  constant  of 
proportionality  is,  of  course,  w.  We  also  use  the  language  of  varia- 
tion if  y  is  a  multiple  of  powers  of  x  other  than  1  or  2.  For  example, 
y  is  directly  proportional  to  x112  or  to  the  square  root  of  x  if  y  =  mx112. 

Problems  15 

1.  The  point  (2,3)  is  on  the  graph  of  the  equation^  =  f(x)  andy  is  directly 
proportional  to  x.     Find  the  formula  for/(#). 

2.  Letjy  be  directly  proportional  to  x,  and  let  j^  =  f{x). 

(a)  Show  that  f(xi)/f(x2)  =  *i/*2  for  any  two   numbers  xi  and  xi 

(*2   *   0). 

(b)  Does/(l/a)  -  l//(fl)? 

(c)  Does  f(ab)  =f(a)f(b)? 

(d)  Doesjf(a  +  l)  -/(*)  +  1? 

(e)  Does/(*2)  =  [/(*)?? 

(f)  Find  the  quotient^ +  ^~/M- 

3.  An  automobile  travels  115  miles  in  2  hr  and  40  min.  Assuming  constant 
velocity: 

(a)  How  far  will  it  go  in  3  hr? 

(b)  How  long  will  it  take  to  make  a  trip  of  200  miles? 

4.  If  an  automobile  travels  1  mile  at  30  mph  and  1  mile  at  40  mph,  what 
is  its  average  velocity? 

5.  Uy  varies  directly  as  x2  andy  =  f(x),  does f (ax)  =  af(x)? 

6.  The  surface  area  of  a  sphere  is  directly  proportional  to  the  square  of  the 
radius.  If  a  sphere  of  radius  3  in.  has  a  surface  area  of  36ir  sq  in., 
deduce  the  formula  for  the  surface  area  of  a  sphere. 

7.  The  amount  of  money  a  worker  earns  is  directly  proportional  to  the 
number  of  hours  he  works.  What  does  the  constant  of  proportionality 
represent  in  this  case?  If  a  man  earns  $96  in  a  40  hr  work  week,  how 
long  would  he  have  to  work  to  earn  $200? 
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8.  A  body  on  the  surface  of  the  earth  is  acted  on  by  a  gravitational  force 
that  is  directly  proportional  to  its  mass.  If  a  mass  of  1  g  encounters 
a  force  of  980  dynes,  what  is  the  formula  relating  gravitational  force 
and  mass? 

9.  The  number  of  gallons  of  gasoline  used  by  an  automobile  traveling  at 
constant  speed  is  directly  proportional  to  the  number  of  miles  traveled, 
while  the  number  of  miles  traveled  is  in  turn  directly  proportional  to 
the  number  of  hours  of  driving.  Can  you  conclude  that  the  number  of 
gallons  of  gasoline  used  is  directly  proportional  to  the  time  driven? 

10.  If  u  is  directly  proportional  to  x  and  v  is  directly  proportional  to  x, 
what  can  you  say  about: 

(a)   uv?  (b)   u/v?  (c)   u  +  v? 

11.  The  total  pressure  exerted  by  the  wind  on  the  wall  of  a  house  is  directly 
proportional  to  the  square  of  the  velocity  of  the  wind.  The  pressure 
is  250  lb  when  the  velocity  of  the  wind  is  10  mph.  What  will  be  the 
pressure  on  the  wall  when  the  wind  velocity  is  40  mph? 

12.  Kepler's  third  law  states  that  the  time  it  takes  a  planet  to  revolve  about 
the  sun  varies  directly  as  the  f  power  of  the  maximum  radius  of  its 
orbit.  Using  93  million  miles  as  the  maximum  radius  of  the  Earth's 
orbit  and  142  million  miles  as  the  maximum  radius  of  Mars'  orbit,  how 
many  days  does  it  take  Mars  to  make  one  revolution  about  the  sun? 

16      LINEAR  FUNCTIONS 

A  function  defined  by  an  equation  y  =  mx  +  b,  where  m  and  b  are 
given  numbers,  is  called  a  linear  function.  In  the  last  section,  we 
considered  functions  defined  by  equations  of  the  form  y  =  mx,  which 
are  simply  linear  functions  for  which  b  =  0.  Linear  functions  are 
so  named  because  the  graph  of  a  linear  function  is  a  straight  line. 
The  proof  of  this  assertion  may  be  easier  to  follow  if  we  first  consider 
an  example. 

Example  16-1.  Suppose  the  function/  is  defined  by  the  equation 
y  =  2x  —  3.  Choose  any  three  points  on  the  graph  of/  and  show 
that  they  lie  on  a  line. 

Solution.  We  were  asked  to  choose  any  three  points,  so  let  us  arbitrarily 
set  x  —  0,   x  =  \,   and   x  =  2   to   find   the   three   points   Pi  (0,-3), 
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P,  (1,-1),  and  P3(2,l)  on  the  graph  of/  (see  Fig.  16-1).  The  points 
will  lie  on  a  line  if  the  distance  P\P,\  is  equal  to  the  sum  of  the  distances 
P1P2  and  P2P.\.     (The  shortest  path  between  2  points  is  a  straight  line; 

see  Inequality  12-3.)     Now 

PJ\  =  V22  +  42  =  V20  =  2V5, 
P^  =  Vl2  +  22  =  V5, 
P^  =  Vl2  +  22  =  V5, 
and  therefore  P\PZ  =  T\P2  +  iVV 

We  shall  now  apply  the  same  argu- 
ment to  the  general  linear  function. 

Theorem  16-1.      The  graph   of  a    linear 
function  f  is  a  straight  line. 

Proof.     Since  /  is  a  linear  function,  it 
is  defined  by  an  equation  of  the   form 
y  =  mx  +  b.     We   have   to   show    that 
any   three   points   on    the    graph    of  / 
lie  on   a  line,   so  suppose   that   xh   x2, 
and   #3   are   three  numbers    such    that 
xi  <  x2  <  *3  and    consider    the   corres- 
ponding  three   points   on   the   graph  of  /.     These  three  points  are 
Pi (#1,772*1  +  b),  P2(x2,mx2  +  b),  and   P^x^mxz  +  b)    (see   Fig.    16-2). 
These  points  lie  on  a  straight  line  if  the  distance  P1P3  is  equal  to  the 
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sum  of  the  distances  P\P%  and  ZW     Now 


PxPz  =  V  (*,  -  *i)2  +  [(/72X3  +  b)  -  (rnxx  +  b) 


=  V  (#3  —  *i)2  +  m2(*3  —  *i) 

=    \/(*8    "   *l)2(l    +m2) 


=  V(*8  -  ^)2  Vl  +  m\ 


Since  #3  >  #i,  *3  —  #i  is  positive,  and  hence  V  (i3  —  ^)2  =  *3  —  #,, 
We  therefore  have 


PiP3  =  (*3  -  *)  Vi  + 

In  exactly  the  same  way  we  could  calculate 


P1P2  =  fa  -  *i)  v7!  +  m\  and 


pap3  =  (*8  -  x2)  Vl  +  m\ 


We  can  therefore  write 


P1P2  +  PzPs  =  (*i  -  *i)  vT+m2  +  (i«  -  x2)  Vl  +  m2 


=  [fa- 3d)  +  fe-^)]Vl  +m2 

=  (*a  -  *i)  Vl  +m2  =  PA, 
and  the  theorem  is  proved. 

Example-16-2.     Sketch  the  graph  of  the  equation^  =  3x  —  5. 

Solution.  The  graph  in  question  is  a  straight  line  and  therefore  it  is 
only  necessary  to  find  two  points  on  the  graph  in  order  to  draw  it. 
Two  points  are  (2,1)  and  (1,-2),  and  the  graph  is  shown  in  Fig.  16-3. 


Example  16-3.     What  can  be  said  about  a  linear  function/  if /(3)  = 
/(l)  +/(2)? 

Solution.  Since/ is  a  linear  function,  it  must  be  defined  by  an  equation 
of  the  form  y  =  mx  +  b.  Therefore  /(3)  =  2>m  -\-  b,  /(l)  =  m  +  b, 
and/(2)  =  2m  +  b.     The  equation  /(3)  =/(!)  +/(2)  is  valid  only 
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if  3W  +  b  =  (m  +  b)  +  (2m  +  ft);  that  is,  if  3m  +  b  =  3m  -f  26. 
But  this  equal  ion  means  that  /;  =  2/?,  and  hence  6  =  0.  Therefore 
the  function  f  is  defined  by  an  equation  of  the  form  y  —  mx. 

Example  16-4.  If  the  temperature  of  a  body  is  G  degrees  centigrade 
and  if  the  corresponding  Fahrenheit  temperature  is  denoted  by  F, 
then  the  relation  between  these  numbers  is  a  linear  one.     Find  it. 


Solution.  Since  we  are  given  that  the 
relation  is  linear,  we  know  that  F  = 
mC  +  b,  so  our  problem  is  to  determine 
the  numbers  m  and  b.  Now  F  =  32 
when  C  =  0,  and  F  =  212  when  G  =  100; 
and  therefore  32  =  b  and  212  = 
100/72  +  b.  Thus  212  =  100m  +  32  and 
we  see  that  m  =  f .  The  formula  con- 
necting these  two  units  of  temperature 
measurement  is  therefore  F  =  §  G  +  32. 

The  numbers  (if  any)  in  the  domain  of 
a  function  /  that  satisfy  the  equation 
fix)  =  0  are  called  the  zeros  of  the  func- 
tion. To  find  the  zeros  of  the  linear 
function  defined  by  the  equation  /(#)  = 
mx  +  b  we  must  solve  the  equation  mx  +  b  =  0,  so  such  equations 
are  called  linear  equations.  A  linear  function  for  which  m  ^  0  has 
only  one  zero,  x  =  —b/m.  From  the  geometric  viewpoint,  a  zero 
of  a  function  is  the  x-coordinate  of  a  point  at  which  the  graph  of  the 
function  meets  the  *-axis. 
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Figure  16-3 


Example  16-5.     Find  the  zeros  of  the  function/  defined  by  the  equa- 
tion/^) =  3*  —  5. 


Solution.     The  solution  of  the  equation  /(*)  =  3*  —  5  =  0  is  #  =  | 
and  this  number  is  the  only  zero  of/  (see  the  graph  of /  in  Fig.  16-3). 


Problems  16 

1.  The  graph  of  a  linear  function/  contains  the  points  (1,1)  and  (2,4). 
What  is  the  formula  for/(x)? 
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2.  What  can  we  say  about  a  linear  function/  if  we  know  that: 

(a)  2f(x)  =  f(2x)  for  every  number  x? 

(b)  f(x  +  1)  =  /(*)  -f  1  for  every  number  x? 

(c)  f(2x  +  1)  =  2f(x)  +  1  for  every  number  x? 

(d)  /(3)  =  2? 

(e)/(3)  =  2and/(-l)  =  1? 

(f)  /(2)  =  -4and/(-l)  =  -/(2)? 

3.  Let/  be  a  linear  function. 

(a)  Is  the  function  g  defined  by  g(t)  =  f(6t  +  1)  linear? 

(b)  Find/(*  +  ^~/W,  h  *  0. 

4.  Graph  the  function/  if: 

(a)  /(*)  =  -2*  +  3  (c)  /(*)  =  .01*  +  .2 

(b)  /(*)  =  1-5* 

5.  Find  the  zeros  of/. 

(a)  /(*)  =  1-4*  (c)  /(*)  =  2(x  -  1)  +  5 

(b)  /(*)  =  6*  +  |  (d)  3/W  -  17  =  2*  -  4 

6.  Two  linear  functions,  /  and  g,  are  determined  by  the  equations  /(#)  = 
2a:  +  3  and  £(#)  =  §(#  +  3).  Find  the  point  at  which  their  graphs 
intersect. 

7.  A  projectile  fired  straight  upward  attains  a  velocity  of  v  fps  after  t  sec 
of  flight,  and  the  relation  between  the  numbers  v  and  t  is  a  linear  one. 
If  the  projectile  is  fired  at  a  velocity  of  100  fps  and  reaches  a  velocity  of 
36  fps  after  2  sec  of  flight,  find  the  formula  for  v  in  terms  of  t.  At  what 
time  does  the  projectile  reach  its  highest  point? 

8.  If  the  temperature  h  ft  above  the  surface  of  the  earth  is  T°,  then  for 
practical  purposes  the  associated  function  can  be  assumed  to  be  linear. 
Suppose  the  temperature  on  the  surface  of  the  earth  is  70°  and  the 
temperature  at  3000  ft  is  61°.     What  is  the  temperature  at  6000  ft? 

9.  Graph  the  two  equations  y  =  2x  +  3  andj;  =  2x  —  2.  Can  you  con- 
vince yourself  that  the  resulting  two  lines  are  parallel? 

10.  If  the  total  accumulation  (principal  +  interest)  of  an  investment  of  $50 
at  5J%  simple  interest  at  the  end  of  t  years  is  A  dollars,  then  the  asso- 
ciated function  is  linear.  Find  a  formula  for  A  and  determine  how  long 
it  will  take  to  double  the  investment. 

11.  If  the  quantity  of  heat  in  calories  required  to  change  1  g  of  solid  ice  at 
0°  centigrade  to  water  at  T°  centigrade  is  denoted  by  Q,  then  the  as- 
sociated function  is  linear  when  0  <  T  <  100.  If  Q  =  90  when 
T  =  10,  and  Q  =  150  when  T  =  70,  what  is  the  quantity  of  heat 
required  to  transform  the  ice  into  0°  water? 
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17      INVERSE  VARIATION 

In  Section  15  we  noted  that  direct  variation  is  a  simple  relationship 
which  describes  many  situations  in  which  one  quantity  increases 
when  another  quantity  does.  If  two  quantities  are  so  related  that 
one  decreases  when  the  other  increases,  we  might  guess  that  they  are 
connected  by  a  linear  relationship  y  =  mx  -\-  b,  where  m  is  a  negative 
number.  For  example,  if  y  =  —  x  +  5,  then  y  decreases  when  x 
increases. 

There  are  many  practical  situations,  however,  in  which  an  increase 
in  one  quantity  leads  to  a  decrease  in  the  other  that  are  not  described 
by  a  linear  relationship.  The  centrifugal  force  on  an  automobile 
rounding  a  curve  at  a  given  speed  can  be  expressed  in  terms  of  the 
radius  of  the  curve.  An  increase  in  the  radius  of  the  curve  produces 
a  decrease  in  the  centrifugal  force,  but  the  relationship  is  not  linear. 
If  air  in  a  cylinder  is  kept  at  a  constant  temperature  and  is  com- 
pressed by  a  piston,  the  air  pressure  increases  as  the  volume  de- 
creases, but  again  the  relationship  is  not  linear.  Both  of  these 
examples,  and  many  others,  can  be  described  in  terms  of  inverse 
variation,  which  we  shall  now  consider  in  its  mathematical  context. 

Definition  17-1.  To  say  that  y  is  inversely  proportional  to  x  or  that 
y  varies  inversely  as  x  means  that  there  is  a  number  k  such  that  y  =  k/x 
for  all  numbers  x  {except  x  =  0). 

Example  17-1.  Express  y  in  terms  of  x  if  y  is  inversely  proportional 
to  x  and_>>  =  2  when  x  =  3. 

Solution.  Since  we  are  told  that  y  is  inversely  proportional  to  x,  we 
know  from  Definition  17-1  thatjy  =  k/x.  Our  problem  will  be  solved 
when  we  determine  the  number  k.  If  we  substitute  3  for  x  and  2  for y 
in  the  equation^  =  k/x,  we  find  2  =  k/3  and  hence  k  =  6.  It  follows 
that  the  equation  defining  y  isy  =  6/x. 

Example  17-2.  The  electrical  resistance  of  a  wire  of  given  length  and 
material  is  inversely  proportional  to  its  cross-sectional  area.  The  re- 
sistance in  a  circuit  composed  of  wire  that  has  a  cross  section  of  82 
sq  mm  is  210  ohms.  What  would  the  resistance  have  been  if  the  wire 
had  a  cross  section  of  70  sq  mm? 
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Solution.  Let  R  denote  the  resistance  in  ohms  corresponding  to  wire 
with  a  cross-sectional  area  of  A  sq  mm.  Then  R  =  k/A.  Now 
R  =  210  when  A  =  82,  so  210  =  k/S2  and  hence  k  =  82  •  210.  The 
equation  determining  R  is  therefore  R  —  82  •  2\0/A.  It  is  now  clear 
that  R  =  82  •  210/70  =  246  when  ^  =  70. 


Example  17-3. 
f(x)  =  2/x. 


Sketch  the  graph  of  the  equation  y  —  f(x),    where 


Figure  17-1 
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Solution.  The  graph  is  shown  in  Fig.  17-1  and  is  an  example  of  an 
equilateral  hyperbola.  Note  the  appearance  of  the  graph  when  x  is  near 
0  (x  cannot  be  0,  since  §  is  not  defined).  What  can  you  say  about 
|/(V)|  when  |*|  is  very  large? 


The  terminology  of  inverse  variation  is  also  applied  to  functions 
that  are  determined  by  equations  of  the  type  y  =  k/xp.  Thus  if 
y  =  k/x2  we  say  that  y  is  inversely  proportional  to  the  square  of  x ; 
if  y  =  k/\/x  we  say  that  y  is  inversely  proportional  to  the  cube 
root  of  x,  and  so  on. 
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Example  17-4.     Sketch  the  graph  of  the  equation  y  —  1/x2. 

Solution.     The  graph  is  shown  in  Fig.  17-2. 
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Figure  17-2 


Problems  17 

1.  \i y  is  inversely  proportional  to  x  and  the  graph  of  the  equation  y  =  f(x) 
contains  the  point  (1,5),  what  is  the  formula  that  defines /(at)? 

2.  If  jv  is  inversely  proportional  to  x  and  ifjy  =/(*): 

(a)  Show  that/(*i)//"(#2)  =  Xt/x\  (assume  that  neither  x\  nor  #2  is  0). 

(b)  Does/(l/a)  =  l//(a)? 

(c)  Does/(*i  +  *2)  =  /(*0  +/(**)? 

3.  If  y  is  inversely  proportional  to  xz  and  if  the  graph  of  the  equation  jy  =  f(x) 
contains  the  point  (2,3),  find  the  formula  for/(x). 

4.  The  current  in  a  certain  circuit  varies  inversely  as  the  resistance  in  the 
circuit.  If  the  current  is  10  amp  when  the  resistance  is  24  ohms,  what 
will  the  current  be  when  the  resistance  is  increased  to  30  ohms?  What 
values  of  the  resistance  will  insure  that  the  current  is  less  than  1  amp? 

5.  The  force  of  attraction  of  two  oppositely  charged  bodies  is  inversely 
proportional  to  the  square  of  the  distance  between  them.  If  the  two 
bodies  are  10  cm  apart,  the  attractive  force  is  40  dynes.  How  far  apart 
should  the  bodies  be  moved  to  make  the  force  of  attraction  16  dynes? 
What  is  the  attractive  force  when  they  are  1  m  apart? 
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6.  The  number  of  oscillations  per  sec  of  a  pendulum  varies  inversely  as  the 
square  root  of  its  length.  If  a  pendulum  8  ft  long  makes  1  oscillation 
every  3  sec  (that  is,  f  oscillation  per  sec)  what  length  pendulum  will  make 
1  complete  oscillation  per  sec? 

7.  If y  varies  inversely  as  x,  show  that  \/y  varies  directly  as  x. 

8.  If  P  denotes  the  amount  of  work  required  to  bring  a  unit  electrical  charge 
from  a  great  distance  to  within  r  cm  of  a  certain  charged  body,  then  P 
is  inversely  proportional  to  r.  If  a  certain  amount  of  work  is  required  to 
bring  the  charge  to  within  10  cm  of  the  body,  how  close  could  the  charge 
be  brought  if  twice  as  much  work  were  expended? 

9.  A  light  on  a  lamp  post  h  ft  high  is  placed  on  top  of  a  wall  6  ft  high.  A 
man  6  ft  tall  stands  4  ft  from  the  base  of  the  wall.  Show  that  the  length 
of  his  shadow  is  inversely  proportional  to  h,  and  calculate  h  if  his  shadow 
is  12  ft  long. 


Review  Problems,  Chapter  Two 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  Let/  be  a  function  whose  domain  is  the  set  of  all  real  numbers.     Which 
of  the  following  statements  are  surely  true? 

(a)/(3  -  2)  =/(3)  -/(2)  (d)/(|-3|)  =/(3) 

(b)  /(3  -  2)  =41)  (e)  /(2)  -/(3)  =/(6) 

(c)  /(V2)  =  V/(2) 

2.  The  graph  of  a  function/  is  shown  in  Fig.  II-l. 

(a)  What  is  the  domain  of/?       (c)   Find/(2)  and/(7r) 

(b)  What  is  the  range  of/?  (d)  If/(*)  =  2,  what  is  x? 
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Figure  II-l 
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3.  Let  a:  be  a  number  such  that  |#|  <  1  and  y  be  a  number  such  that 
\y\  <  2.     What  can  you  say  about  the  location  of  the  point  (x,y)? 

4.  The  graph  of  a  linear  function/  contains  the  points  (0,1)  and  (2,5). 
Find  a  formula  that  determines/. 

5.  The  perimeter  of  a  Norman  window  (rectangle  surmounted  by  a  semi- 
circle) is  240  in.  The  vertical  side  of  the  window  is  h  in.  Find  a 
formula  that  expresses  the  area  A  in  sq  in.  in  terms  of  h. 

6.  Use  the  graphs  of  the  equations^  =  x  and  j>  =  \/x  to  sketch  the  graph 
of  the  equation  y  =  x  +  (1/*)- 

7.  Sketch  all  points  (x,y)  for  which y  =  3x  +  1  and  \y\  <  2. 

8.  If  u  is  directly  proportional  to  x  and  v  is  inversely  proportional  to  x, 
what  can  you  say  about  the  product  uv. 

9.  \iy  is  directly  proportional  to  x,  is  x  directly  proportional  to^>?  If  z  is 
inversely  proportional  to  x,  is  x  inversely  proportional  to  z? 

10.  What  are  the  zeros  of  the  function  defined  by  the  equation  y  = 
|*-l|-2? 

11.  Define  the  function  F  as  follows:  With  the  page  number  of  each  of  the 
first  10  pages  of  this  book,  associate  the  number  of  letters  in  the  first 
complete  word  in  the  text  on  the  page.  What  is  the  domain  of  this 
function?     What  is  its  range?     Plot  its  graph. 

12.  If  x  is  a  real  number  and  if  P  denotes  the  corresponding  point  on  the 
graph  of  the  equation  y  =  x2,  find  an  expression  for  the  distance  d 
between  the  origin  and  the  point  P. 

13.  Denote  by  f(i)  the  length  in  ft  of  an  object  that  is  i  in.  long.  What  is 
the  relation  between  the  numbers  i  and /(*')? 


Miscellaneous  Problems,  Chapter  Two 

These  exercises  are  designed  to  test  your  ability  to  apply  your  understanding  of  this 
chapter  to  somewhat  more  difficult  problems. 

1.  What  can  you  say  about  the  location  of  the  point  (x,y)  if  you  know  that 
x  <y? 

2.  If  a  number  of  electrical  resistances  are  connected  in  parallel,  then  the 
reciprocal  of  the  resistance  of  the  entire  circuit  is  the  sum  of  the  recipro- 
cals of  the  individual  resistances.  If  resistances  of  5,  10,  and  x  ohms  are 
connected  in  parallel,  find  a  formula  for  the  resulting  resistance  R. 
Sketch  a  graph  of  the  equation  for  x  >  0.  What  can  you  say  about  R 
if  a:  is  a  very  small  number?     A  very  large  number? 
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3.  At  a  temperature  of  0°,  the  length  of  an  iron  bar  is  Z,0  in.,  and  at  a 
temperature  of  t°  its  length  is  L  in.  If  the  ratio  of  the  change  in  length 
of  the  bar  to  its  original  length  is  directly  proportional  to  the  temper- 
ature t,  what  is  the  formula  for  12 

4.  A  man  is  in  a  boat  6  miles  from  the  nearest  point  on  a  straight  shore, 
and  he  wants  to  reach  a  point  12  miles  up  the  shore.  He  can  row  4  mph 
and  walk  5  mph.  If  he  rows  straight  to  a  point  on  the  shore  x  miles 
from  the  nearest  point  and  then  walks  the  rest  of  the  way  to  his  destina- 
tion, it  will  take  /  hr.     Express  t  in  terms  of  x. 

5.  The  points  (1,-2),  (#,2),  and  (5,6)  lie  on  a  line.  Use  the  distance 
formula  to  find  x. 

6.  Graph  the  equation y  —  x  +  \x  —  lj  +  \x  — '  2|. 

7.  The  graphs  of  two  functions/  and  g  are  shown  in  Fig.  II-2.  Solve  the 
following  equations  graphically. 

(a)  g(x)  =/(2) 

(b)  f(x)  =  £(3) 

y 


4- 


Figure  II-2 


y  =  f(x) 


8.  Instead  of  defining  both  direct  and  inverse  variation,  it  would  be  more 
economical  to  say  that  the  statement  "y  varies  as  xp  "  means  that  there 
is  a  number  k  such  that  y  =  kxp. 

(a)  If  y  varies  as  xp  and  y  is  directly  proportional  to  x,  what  is  the 
value  of/?? 

(b)  If  y  varies  as  ~xp  and  y  is  inversely  proportional  to  x,  what  is 
the  value  of/?? 

(c)  If  j?  varies  as  xp  andy  is  inversely  proportional  to  the  cube  root  of 
x,  what  is  the  value  of/?? 

(d)  If  y  varies  as  xp  and  p  <  0,  thenjy  varies  inversely  as  what? 
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9.  A  baseball  club  sells  tickets  at  $1  apiece  if  they  are  purchased  in  lots 
of  5  or  less.  If  a  person  buys  6  tickets,  the  price  per  ticket  is  95^,  if  he 
buys  7,  the  price  per  ticket  is  90<t,  and  so  on,  the  price  per  ticket  being 
reduced  by  Si  as  the  number  of  tickets  purchased  increases  until  the 
price  per  ticket  reaches  75<zf.  From  this  point  on,  all  tickets  cost  75^ 
each.  If  x  tickets  cost  d  dollars,  plot  the  graph  showing  the  relation 
between  x  and  d. 

10.  Let  f(x)  =  \x\  and  g(x)  =  [*].     Find  the  numbers  (if  any)  for  which 
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Under  favorable  conditions,  a  single  cell  of  the  bacterium 
Escherichia  coli  will  divide  into  two  about  once  every  20  minutes. 
If  a  plate  contains  3000  of  the  organisms  at  a  certain  time,  we  can 
expect  to  find  2  •  3000  organisms  if  we  inspect  the  plate  20  minutes 
later,  2  •  (2  •  3000)  =  3000  •  22  organisms  40  minutes  later,  2  • 
(3000  •  22)  =  3000  •  23  organisms  60  minutes  later,  and  so  on.  If  t 
represents  the  number  of  20-minute  periods  after  our  initial  observa- 
tion, the  equation  N  =  3000  •  2l  gives  the  number  N  of  bacteria 
present  at  the  end  of  t  periods.  The  number  of  bacteria  at  time  / 
is  given  by  the  number  originally  present  times  a  factor,  2\  in  which 
t  appears  as  an  exponent.     Equations  of  the  form  N  =  kb*  describe 
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many  kinds  of  growth — dollars  invested  at  compound  interest,  charges 
on  an  electrical  condenser,  grams  of  a  decaying  radioactive  substance, 
and  so  forth. 

The  function/  that  is  defined  by  the  equation  f(t)  =  2l  is  called  an 
exponential  function.  Such  functions,  and  the  closely  related  logarithmic 
functions,  form  the  subject  of  this  chapter. 

18     EXPONENTIAL  FUNCTIONS  AND  THEIR  GRAPHS 

Suppose  that  a  function  /  is  defined  by  the  equation  f(x)  =  2X. 
Whenever  a  function  is  defined  in  terms  of  a  formula,  we  assume 
that  the  domain  of  the  function  consists  of  all  the  numbers  to  which 
the  formula  may  be  applied.  In  the  present  case,  then,  the  domain 
of/  consists  of  all  the  numbers  that  can  be  used  as  exponents  of  2. 
Therefore  the  domain  includes  all  the  rational  numbers,  for  we  saw  in 
Chapter  One  that/(4)  =  24  =  16,/(-3)  =  2"3  =  £,/(£)  =  21/2  =  V2, 
/(0)  =  2°  =  1,/(1.41)  =  21-41  =  (V2)141,  and  so  on.  But  irrational 
numbers,  such  as  7r  and  V  2,  are  not  to  be  considered  in  the  domain 
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of/ until  we  can  reach  an  agreement  about  the  value  of  such  symbols 
as  2*  and  2V~2. 

A  detailed  discussion  of  irrational  exponents  is  wholly  out  of  place 
here.  Instead,  we  shall  be  content  to  state  a  few  of  the  pertinent 
facts  about  such  exponents.  If  b  is  a  positive  number  and  if  x  is  any 
real  number,  then  a  positive  real  number  can  be  assigned  to  the 
symbol  bx  in  such  a  way  that  all  the  laws  of  exponents  remain  valid. 
In  particular,  bx  •  by  =  bx+y,  {bx)y  =  bxy,  and  b~x  =  l/bx. 

To  construct  the  graph  of  an  exponential  function  (for  example, 
the  graph  of  the  equation  y  =  2X),  we  make  a  table  of  values  as  usual 
and  plot  the  points  we  obtain. 
If  we  plot  enough  points,  there 
will  seem  to  be  just  one  "natu- 
ral" way  we  can  join  them  to 
form  a  curve.  Exponents  are 
defined  in  such  a  way  as  to 
make  this  curve  the  graph  of  « 

the  equation  y  =  2X.  We  may 
use  the  graph  to  find  the  value 
of  a  number  like  2Vs.  We  see 
from  Fig.  18-1  that  2V~3  =  3.3 
(approximately) .  \ 

Definition  18-1.  If  bis  a  pos- 
itive number  and  f  is  the  function 
defined  by  the  equation  f(x)  ==  bx, 
then  f  is  called  an  exponential 
function.  The  number  b  is  called 
the  base  of  the  exponential  func- 
tion f. 

If  b  >  1,  the  graph  of  the 
exponential  function  with  base 
b    looks    very   much   like    the  Figure  18-2 

graph  of  Fig.  18-1.  Note  that 
for  x  <  0,  bx  <  1,  and  for 
x  >  0,  bx  >  1.     If  xi  <  x2,  then  bn  <  bx\ 

If  b  <  1,  the  graph  of  the  equation  y  =  bx  will  have  a  different 
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appearance.  A  typical  example  is  the  case  in  which  b  =  § .  The 
^raph  of  the  equation  y  =  (§)*  is  shown  in  Fig.  18-2.  Let  g  be 
the  function  defined  by  the  equation  g(x)  =  (*)x.  Then  for  x  <  0, 
g(x)  >  1;  g(0)  =  1;  and  for  #  >  0,  g(.v)  <  1.  Further,  whenever 
xi  <  x2,  theng(xi)  >  g(x2). 

Since  (|)x  =  3~x,  we  can  also  say  that  the  graph  of  Fig.  18-2  is  typ- 
ical of  the  graph  of  an  equation  of  the  form  y  =  b~x,  where  b    >    1 . 

All  exponential  functions  possess  an  important  property  that  results 
from  the  laws  of  exponents. 

Theorem  18-1.     Iff  is  an  exponential  function,  then 

/(*i  +  «0  =  /(*>)  •  fM 

for  any  two  real  numbers  X\  and  x2. 

Proof.  By  hypothesis,  f(x)  =  bx  for  some  positive  number  b. 
Hence 

f(xi  +  ^2)  =  ^1+X2  =  i-  •  b*>  =  f(Xl)  •  /(*,). 

The  exponential  function  is  the  only  function  you  are  likely  to  en- 
counter that  has  this  property. 

Example  18-1.  The  graph  of  an  exponential  function/  contains  the 
point  (2,9).     What  is  the  base  of/? 

Solution.  Since  /  is  an  exponential  function,  f(x)  =  bx,  where  b  is  a 
positive  number.  We  are  given  /(2)  =  9,  and  hence  b2  =  9.  It 
follows  that  b  =  3. 

Example  18-2.  A  certain  radioactive  salt  decays  at  such  a  rate  that 
at  the  end  of  a  year  there  is  only  f  §-J  times  as  much  as  there  was  at 
the  beginning  of  the  year.  If  there  are  50  milligrams  of  the  salt  at 
a  certain  time,  how  much  will  be  left  t  years  later? 

Solution.  Let  m{t)  be  the  number  of  milligrams  at  the  end  of  /  years. 
Then  m(0)  =  50,  m(l)  =  (f^)50,  m(2)  =  (|o^)(foo)50  -  (f^)250, 
and  so  on.     It  is  then  clear  that  m{t)  =  (Jg?)'50-     Thus  m(t)  =  50bl 

with  b  =  m- 

Problems  18 

1.  Why  is  the  base  b  in  Definition  18-1  restricted  to  positive  numbers0 
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2.  Discuss  the  exponential  function  if  the  base  is  1 . 

3.  From  the  graph  of y  =  2X  shown  in  Fig.  18-1,  find  approximate  values 
for  the  following  numbers: 

(a)  2V2  (c)   2-/2  (e)   21-? 

(b)  2V™  (d)  27/9  (f)    <&2 

4.  Sketch  the  graph  of  the  equation  y  =  3*  and  use  it  to  find  approximate 
values  for  the  following  numbers: 

(a)  3V~2  (c)   3-  (e)   34/5 

(b)  3v5  (d)  3-91  (f)    </!> 

5.  Sketch  the  graph  of  the  equation  y  =  —  2X.  Describe  the  graph  of 
y  =  —  bx  in  terms  of  the  graph  of  y  =  bx. 

6.  From  the  graph  of  y  =  2X  (Fig.  18-1),  find  the  approximate  values  of  x 
whenjy  =  2,y  =  5,y  =  .5.     Can  you  find  an  x  such  thatjy  =  —2? 

7.  Draw  approximate  graphs  of  the  following  equations. 

(a)  y  =  ttx  (b)  y  =  (y/2)x 

8.  The  gas  in  a  balloon  is  escaping  at  such  a  rate  that  at  the  end  of  any 
min  the  volume  of  the  balloon  is  .6  of  what  it  was  at  the  beginning  of 
the  min.  If  the  volume  of  the  balloon  is  3000  cu  ft  at  1  p.m.,  find  a 
formula  for  the  volume  of  the  balloon  /  min  after  1  p.m.  What  is  the 
volume  of  the  balloon  at  1 :05  p.m.? 

9.  Radium  A  with  an  at.  wt  214  undergoes  radioactive  decay  at  such  a  rate 
that  at  the  end  of  any  min  there  is  only  .8  as  much  as  there  was  at  the 
beginning  of  the  min.  Write  a  formula  giving  the  amount  that  is  left 
from  Nq  grams  after  t  min  of  disintegration. 

10.  The  half  life  period  of  a  radioactive  substance  is  the  time  required  for 
one  half  of  the  active  material  present  at  any  time  to  decay.  Sketch  a 
graph  of  the  function  obtained  in  Problem  9,  and  find  the  approximate 
half  life  period  of  Radium  A. 

19      DEFINITION  OF  THE  LOGARITHM 

Figures  18-1  and  18-2  show  the  two  possible  forms  of  the  graph  of  the 
equation  y  =  bx,  where  b  is  a  positive  number  not  equal  to  1.  In 
either  case,  a  horizontal  line  through  a  given  point  on  the  positive 
Kaxis  will  intersect  the  graph  at  exactly  one  point.     Hence  if  N  is  a 

given  positive  number  and  b  is  a  given  base,  there  is  just  one  solution  to  the 
equation  N  —  bx.  It  is  the  ^-coordinate  of  the  point  of  intersection 
of  the   graph   with   a   horizontal   line    through    N.     The   equation 
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N  =  bx  can  be  solved  by  inspection  for  a  few  special  values  of  b 
and  N;  for  example,  the  equation  8  =  2X  has  the  solution  x  =  3. 
Most  exponential  equations  are  not  this  easy  to  solve.  To  find  that 
x  =  .3010  is  the  solution  to  the  equation  2  =  10x,  we  must  use  tables, 
which  we  shall  study  later. 

The  exponent  that  satisfies  the  equation  bx  =  N  is  called  the 
logarithm  of  N  to  the  base  b,  and  we  write  x  =  logb  N.  We  state 
this  definition  more  formally  as  follows. 

Definition  19-1.  The  equation  logb  N  =  x  is  equivalent  to  the  equation 
bx  =  N. 

We  always  assume  that  the  base  b  is  a  positive  number  different  from  1 . 
Since  bx  >  0  for  any  real  number  x,  the  equation  bx  =  N  does  not 
have  a  solution  when  N  <  0.  Thus,  neither  the  logarithm  of  zero  nor 
the  logarithm  of  any  negative  number  is  defined. 

Example  19-1.     Find  log2  8  and  logio  2. 

Solution.  According  to  Definition  19-1,  we  must  solve  the  equations 
2x  =  8  and  10*  =  2.  The  solutions  to  both  these  equations  are  found 
in  the  first  paragraph  of  this  section;  and  hence  log2  8  =  3,  and 
logio  2  =  .3010. 

Example  19-2.     If  log3  N  =  2,  find  X. 

Solution.  According  to  Definition  19-1,  the  equation  log:i  A'  =  fe)is 
equivalent  to  the  equation  32  =  N.     Hence  X  =  9. 

Example  19-3.     Find  log9  (^T)- 

Solution.  The  desired  number  satisfies  the  equation  9x  =  ^j.  Since 
9  =  32  and  ^T  =  3-3,  this  last  equation  may  be  written  32j  =  3-3. 
Therefore  2x  =  —  3,  so  x  =  —  -§. 

Example  19-4.     Find  the  base  b  for  which  logb  16  =  log6  36. 

Solution.     According   to  Definition    19-1,    the   number   log6  36   is   the  j 
solution  to  the  equation  6X  =  36,  and  hence  log6  36  =  2.     The  given 
equation   is   therefore  logb  16  =  2.     But   this  equation   is  equivalent 
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to  the  equation  b2  =  16,  and  hence  b  =  4  or  b  =  —  4.     Since  only  a 
positive  number  can  be  a  base,  b  =  4. 

Since  we  have  defined  the  number  log6  N  as  the  solution  to  the 
equation  bx  =  N,  we  can  replace  x  by  log6  iV  in  this  equation  to 
obtain 

19-1  blog6*  =  N. 

This  relation,  which  is  valid  for  any  base  b  and  any  positive  number 
N,  has  many  uses,  and  you  should  be  sure  that  you  understand  it. 

Example  19-5.     If  a  is  a  positive  number  and  x  is  any  number,  express 
a  and  ax  as  powers  of  10. 

Solution.     According  to  Equation  19-1,  we  have  a  —  10logioa,  and  there- 
fore ax  =  lO^io")*. 

It  should  not  be  difficult  for  you  to  use  the  definition  of  a  logarithm 
to  show  that  the  following  equation  is  true  for  any  base  b. 

19-2  logb  b  =  1 

Problems  19 

1.  Write  the  following  equations  in  logarithmic  form: 

(a)  34  =  81  (b)  10°  =  1  (c)   Mk  =  5 

2.  Find  the  number  x  for  which  the  following  equations  are  true: 

(a)  log5  x  =  3  (d)  log9  3  =  x 

(b)  log8  a:  =  i  (e)   log,  16  =  4 

(c)  logB-25  =  x  (f)    log,  10  =  3 

3.  What  can  you  say  about  the  number  x  if: 

(a)  log&  x  =  0  (c)   log,  x  =  1 

(b)  log.l  =  0  (d)  xl°z*5  =  5 

4.  Use  the  graph  of  y  =  2X  shown  in  Fig.  18-1  to  estimate  the  values  of  the 
following: 

(a)  log2  3  (b)  log2  6  (c)  log2  .75 

5.  Why  are  logarithmic  bases  never  1? 

6.  If  logb  x  =  2,  logi/6  x  =  ? 

7.  If  log6*  =  2,  logb  (1  A)  =  ? 

8.  Prove  that  logi/&*  =  log6  (!/*)• 
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9.  Solve  for  x. 

(a)  2l°&*  =  5  (c)    5lo&7  =  7 

(b)  3l0^5  =  x  (d)  x1^   =  9 

10.  Solve  for  x. 

(a)  log5  53  =  x  (c)   log6  x1  =  7 

(b)  log6  5-  =  3  (d)  log,  5?  =  7 

11.  Show  that  for  every  real  number  x,  Sx  =  10xl0^105. 

12.  Show  that  for  any  base  b,  logb  bp  =  p.     (Note  that  this  equation  is  a 
generalization  of  Equation  19-2). 

20     FUNDAMENTAL  PROPERTIES  OF  LOGARITHMS 

There  are  two  basic  relations  involving  logarithms  that  can  be  de- 
rived from  the  laws  of  exponents.  We  state  them  here  in  the  follow- 
ing two  theorems. 

Theorem  20-1.     If  M  and  N  are  positive  numbers  and  b  is  any  base,  then, 

20-1  logb  M    N  =  logbM  +  logb  N. 

Proof.     In  accordance  with  Formula   19-1,  we  have  M  =  b]o"b  u 
and  N  =  blo-bN.     Therefore 

M  •  N  =  b]ogb  M  blog>b  N  =  ba°EbM+logbN). 

This  last  equation  means  that  the  number  x  =  logb  M  +  log6  N 
satisfies  the  equation  bx  =  M  •  N,  and  hence  (Definition  19-1), 
logb  M  ■  N  =  \ogb  M  +  logb  N. 

Theorem  20-2.  If  AT  is  a  positive  number,  p  is  any  real  number,  and  b 
is  any  base,  then 

20-2  logb  N*  =  p  logb  N. 

Proof.     Since  N  =  blogbN  we  have 

The  number  x  -  p  logb  N  therefore  satisfies  the  equation  b*  =  Nw 
and  so  (Definition  19-1)  Logb  A'''  =  plogb  N. 

Example  20-1.     If  logb  2  =  -69   and   logb  3  =  1.10,    find   logb  6   and 
logb  8. 
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Solution.     According  to  Theorem  20-1, 

log,,  6  =  log,  2  +  log/,  3  -  .69    I    1.10  -  1.79. 

According  to  Theorem  20-2, 

log,  8  =  log,  23  =  3  log,  2  =  3(.69)  =  2.07. 

Example  20-2.     Using  the  information  given  in  Example  20-1,  find 
log,  (1/V3)  and  log,  (V7!^). 

Solution.     According  to  Theorem  20-2, 

iog»Y^=)  =  log».3"*»  -  -|log!,3  =  (-|)(1.10)  =  -.55. 

According  to  Theorem  20-2, 
log,  (^16)  =  log,  2^  =  (|)  log6  2  =  (4)(.69)  =  .92. 

Example  20-3.     Derive  the  identity  log,  f  —J  =  —log,  N. 
Solution.     According  to  Theorem  20-2, 

log,  (J^j  =  log,  iV-i  =  (-1)  log,  N  =  -log,  N. 

The  following  theorem,  which  stems  directly  from  Theorems  20-1 
and  20-2,  is  frequently  useful. 

Theorem  20-3.     If  M  and  N  are  positive  numbers  and  b  is  any  base,  then 

M 
20-3  logh  jj  =  logb  M  -  logb  N. 

Proof.     From  Theorems  20-1  and  20-2  we  have 

M 
log,  —  =  log,  M N~l  =  log,  M  +  log,  N'1  =  log,  M  —  log,  N. 

The  logarithms  of  numbers  to  a  few  particular  bases  have  been 
tabulated.  A  table  of  logarithms  of  numbers  to  the  base  10  is  pro- 
vided at  the  end  of  this  book.  Using  just  one  such  table,  we  can  find 
the  logarithm  of  any  positive  number  to  any  other  base  by  means 
of  a  formula  that  we  shall  now  derive. 
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Theorem  20-4.     If  a  and  b  are  two  liases  and  if  X  is  any  positive  numbem 
then 

20-4  logaN  =  ^  | 

logb  a 

Proof.  We  may  write  N  =  al0SaN.  Hence  log6  N  =  log6  (a]ogaN). 
According  to  Theorem  20-2,  this  last  equation  may  be  written 
logb  N  =  (log„  N)  (log/,  a),  and  this  equation  is  equivalent  to  Equa- 
tion 20-4. 

Example  20-4.     Show  that  loga  b  = 


logb  a 

Solution.     If  we  let  N  =  b,  Equation  20-4  hecomes 

loga  b 

loga  b  =  r-2 

logb  a 

But  logb  b  is  1,  so  we  have  the  result  we  wanted. 

Example  20-5.     If  logio  2  =  .3010  and  logio  3  =  .4771,  find  log3  2. 

Solution.     Here  we  let  2  =  X,  3  =  a,  and  10  =  b  in  Equation  20-4  ^ 
to  obtain 

.        .       logio2       .3010 

log32  =  io^=^77i  =  -63°9- 

You  can  avoid  some  common  misunderstandings  if  you  keep  clearly 
in  mind  the  fact  that  a  logarithm  is  a  number.  In  particular,  Equa- 
tion 20-4  says  that  the  number  log0  N  is  obtained  by  dividing  the 
number  logb  N  by  the  number  logb  a- 

The  laws  of  logarithms  are  frequently  used  to  change  the  form  of  j 
an  equation  that  involves  logarithms. 

Example  20-6.     If  \  log3  M  +  3  logs  iV  =  1,  express  M  in  terms  of  X. 

Solution.     The  given  equation  can  be  written  as 

logs  M  +  6  log3  X  =  2. 

Thus    logs  M  +  log3  A'6  =  2,    or    log3  MX6  =  2.     Hence,    from    the 
definition  of  a  logarithm,  AfXe  —  32  =  9,  and  therefore  M  =  9X~6. 
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Problems  20 

1.  Formula  20-1  may  be  generalized  to  apply  to  a  product  of  any  number 
of  factors.     Prove  that 

logo  (xix2xz)  =  logo  xi  +  logo  x2  +  logo  xs. 

2.  Given  logo  2  =  .69,  logo  3  =  1.10,  logo  5  =  1.61,  and  logo  7  =  1.95, 
find  the  following  numbers: 

(a)  logo  f  (h)  log6  30 

(b)  (log6  2)/(log6  3)  (i)  logo  90 

(c)  logfc22  (j)  logo  350 

(d)  (logo  2)2  (k)  logo*  _ 

(e)  logo  9  (1)  logoff 

(f)  logb15  (m)  logoff 

(g)  logo  24  (n)  logo  70/ b 

3.  Simplify  the  following  expressions: 

(a)  logo  *3  —  logo  V  x  (c)   logo  x  —  .75  logo  x  +  logo  3* 

(b)  logo  (*2  -  1)  -  logo  (x  -  1)        (d)  logo  (b/Vx)  -  logo  Vxjb 

4.  If  logo  2  =  .69  and  logo  x  =  1.22,  find  the  following  numbers: 

(a)  log2  b  (b)  log2  x 

5.  If  logio  5  =  .6990  and  log10  x  =  .2330,  then  what  is  x? 

6.  Solve  the  following  equations  for  #: 

(a)  loge  -V8-  +  loge  -V0-  -  loS«  f  =  loS«  x 

(b)  2  logo  x  =  2  logo  (1  -  a)  +  2  logo  (1  +  a)  -  logo  f  -  -  a  J 

a2ba 

(c)  logo  x  =  2  -  a  +  logo  -T£-' 

7.  If  log,  /  =  -  (R/L)t  +  loge  70,  show  that  7  =  he~WL)K 

8.  If  logojv  =  i  l°g6  ■*  H~  ^5  show  that  y  =  bcv  x. 

9.  Given  logi0  2  =  .3010  and  log10  3  =  .4771,  find  the  logarithms  of  the 
numbers  4,  5,  6,  8,  and  9.      {Hint:   logio  10  =  1) 

10.   If  y  is  directly  proportional  to  xp,  show  that  the  relation  between  the 
numbers  logo  y  and  logo  x  is  linear. 

21      LOGARITHMIC  FUNCTIONS  AND  THEIR  GRAPHS 

According  to  Definition  19-1,  the  exponential  equation  TV  =  bx  and 
the  logarithmic  equation  x  =  logo  N  are  equivalent.  Hence  there 
might  seem  to  be  no  reason  to  study  both  exponents  and  logarithms 
since  whenever  we  are  dealing  with  one  we  are  at  the  same  time 
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concerned  with  the  other.  But  there  are  some  cases  in  which  the 
exponential  form  of  an  equation  seems  more  "natural"  and  other 
instances  in  which  the  logarithmic  form  seems  more  appropriate.  If 
the  plates  of  a  charged  electrical  condenser  are  connected  by  a  wire 
with  a  certain  resistance,  the  condenser  will  discharge  at  a  rate  de- 
pending on  the  resistance  in  the  wire  and  certain  characteristics  of 
the  condenser.  When  calculus  is  used  to  compute  the  charge  q  on 
one  plate  of  the  condenser  /  seconds  after  the  circuit  is  made,  the 
equation  that  arises  "naturally"  is  loge  q  —  loge  q0  =  —  kt,  where  qQ 
represents  the  original  charge  on  the  plate,  k  is  a  positive  number 
associated  with  the  circuit,  and  e  is  a  logarithmic  base.  The  ex- 
ponential form  of  this  equation  is  q  =  q§e~k\  and  in  this  form  it  is 
easier  to  see  how  q  depends  on  t.  To  solve  a  problem  such  as  this 
one,  we  must  understand  both  exponential  and  logarithmic  functions 
and  the  relation  between  them. 

We  saw  in  Section  18  that  some  of  the  properties  of  an  exponential 
function  depend  on  whether  the  base  is  a  number  greater  than  1  or 
less  than  1.  The  same  is  true  for  logarithmic  functions.  To  avoid 
discussing  two  cases,  we  shall  assume  in  the  remainder  of  this  chapter 
that  every  logarithmic  base  is  a  number  greater  than  7.  The  logarithmic 
bases  that  are  used  most  often  are  greater  than  1 . 

Definition  21-1.  The  function  f  defined  by  the  equation  f(x)  =  logb  x  is  a 
logarithmic  function  with  base  b.  ( The  domain  off  is  the  set  of  all  pos- 
itive numbers.) 

Example  21-1.     If/  is   the  logarithmic   function   with    base   4,    find 
/(4),/(>),  and/(8). 


Solution.     By   definition,  f(x)  =  log4  x   and    hence  /(4)  =  log4  4  =  1, 
/(I)  =  log4  I 1,  and/(8)  =  log4  8  =  |. 


We  obtain  the  graph  of  the  logarithmic  function  with  base  I 
by  graphing  the  equation  y  =  log^  x.  Now  according  to  Definition 
19-1,  the  equations 

21-1  y  =  log,,  .v     and 

21-2  x  =  b* 

arc  equivalent,  which  will  simplify  our  graphing  problem.      In  Sec- 
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tion  18,  wc  saw  the  graph  of  a  typical  equation  of  the  form 

21-3  y  =  b*. 

We  can  obtain  the  equation  x  =  b"  from  the  equation  y  =  bx  by 
interchanging  x  and  y  and  therefore  we  obtain  the  graph  of  Equation 
21-2  from  the  graph  of  Equation  21-3  merely  by  relabeling  the  axes. 
In  the  same  fashion  we  can  obtain  the  graph  of  the  equation  x  =  2y 
from  the  graph  of  the  equation  y  =  2X,  as  shown  in  Fig.  18-1.  The 
result  appears  in  Fig.   21-1.     To  get  the  axes  in   their  customary 
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Figure  21-1 


position,  we  must  rotate  the  figure  about  the  origin  and  then  "turn 
it  over."  Once  we  have  done  this  (see  Fig.  21-2),  we  have  the  graph 
of  the  equation  x  =  2y  and  hence  the  graph  of  the  equivalent  equa- 
tion y  =  log2  x. 

Although  Fig.  21-2  shows  the  graph  of  the  logarithmic  function 
with  the  particular  base  2,  it  is  representative  of  the  graph  of  a  log- 
arithmic function  to  any  base  greater  than  1.  The  graph  illustrates 
a  number  of  the  characteristics  of  such  a  logarithmic  function 


(i)   If  x  <  1,  then  logb  x  <  0. 
(ii)   If  x  >  1,  then  \ogb  x  >  0. 
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(iii)  If  X]  <  #2,  then  logb  X\  <  log/,  *2,  and  conversely.  Thus,  for 
example,  if  b  is  any  base  (greater  than  1),  then  log/,  3  >  log/,  2. 

(iv)  Any  line  parallel  to  the  *-axis  cuts  the  curve  at  exactly  one 
point.  Thus  for  a  given  number  y  there  is  just  one  number  x 
such  that  logbX  =  y  (namely,  x  =  by).  If,  therefore,  we  know 
that  logb  Xi  =  logb  #2,  then  we  can  conclude  that  x\  =  x%. 

(v)  The  curve  is  very  "steep"  when  x  is  small,  but  when  x  is  large 
the  curve,  although  rising,  does  so  much  more  slowly. 


Figure  21-2 


For  computational  purposes  the  number  10  is  used  as  a  logarithmic 
base,  but  a  certain  irrational  number  is  a  more  suitable  base  to  use 
in  problems  that  involve  calculus.  This  number  is  denoted  by  the 
letter  e  (just  as  we  use  the  letter  w  to  denote  an  irrational  number 
that  arises  naturally  in  certain  geometry  problems).  Fig.  21-3  shows 
a  graph  of  the  equation  y  =  loge  x. 

Example  21-2.  From  the  graph  in  Fig.  21-3,  find  as  well  as  you  can 
(a)  loge  1.5,  (b)  loge  .5,  (c)  the  number  x  for  which  loge  x  =1.5,  and 
(d)  the  value  of  e. 


Solution.  We  see  from  Fig.  21-3  that  the  answers  to  (a),  (b),  and  (c) 
are  .4,  —.7,  and  4.5.  The  number  e  satisfies  the  equation  loge  x  =  lj 
From  the  figure,  it  appears  that  e  =  2.7  (actually,  to  5  decimal  places, 
e  =  2.71828). 
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Figure  21-3 
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Problems  21 

1.  Use  the  graph  shown  in  Fig.  21-2  to  estimate  the  following  numbers: 

(a)  log2  3  (b)  log2  4.5  (c)  log2  § 

2.  On  the  same  set  of  axes,  sketch  the  curves  y  =  log2  x  and  y  =  log3  x. 
From  the  graph,  determine  whether  log3  x  or  log2  x  is  larger  in  the 
following  cases: 

(a)  x  >  1,  (b)  x  =  1,  or  (c)  x  <  1. 

3.  Use  the  curves  of  Problem  2  to  find  x  if  log2  x  =  loga  J. 

4.  Sketch  the  graph  of  the  equation  y  =  bx  for  some  convenient  value  of  b 
on  paper  you  can  see  through.  Turn  the  paper  over  and  by  using  only 
what  you  can  see  through  the  paper,  sketch  the  graph  of  the  equation 
y  =  logbx. 

5.  For  some  convenient  value  of  b,  sketch  the  graphs  of  the  equations 
y  =  bx  and  y  =  log*,  x  on  the  same  set  of  axes.  Do  you  notice  any 
symmetry?  Can  you  find  a  way  to  fold  the  paper  so  that  the  two 
graphs  coincide? 

6.  Sketch  the  graph  of  the  equation^  =  ex  (e  —  2.718). 

7.  Using  the  rules  of  logarithms,  can  you  suggest  a  way  to  obtain  the  graph 
of  the  equation  y  =  log2  2x  from  the  graph  of  the  equation  y  =  logs  x? 

8.  Using  the  rules  of  logarithms,  can  you  suggest  a  way  to  obtain  the  graph 
of  the  equation^  =  log2  y  x  from  the  graph  of  the  equation^  =  log2  .v? 
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9.  If /  is  the  logarithmic  function  with  base  8,  find  the  following  numbers: 
(a)/(64)  (c)/(4)_ 

(b)  /(i)  (d)  f(</2) 

10.  If  the  graph  of  a  logarithmic  function  contains  the  point  (100,2),  what 
is  the  base? 

11.  If  /  is  a  logarithmic  function  and/(7)  =  1,  what  is  the  base? 

12.  Let/  be  the  logarithmic  function  defined  by /(#)  =  loge  x.     With  the 
aid  of  Fig.  21-3,  solve  graphically  the  equation  2f(x)  =  2f(e2)  —  3. 

22      LOGARITHMS  TO  THE  BASE  10 

To  increase  your  understanding  of  the  theory  of  logarithms,  we  shall 
make  a  rather  detailed  study  of  the  system  of  logarithms  to  the  base  10. 
Logarithms  to  the  base  10  are  called  common  logarithms,  and  the 
subscript  denoting  the  base  is  often  omitted.  In  this  book,  log  N 
means  logio  N. 

To  find  the  logarithm  of  a  positive  number  N  to  the  base  10,  we 
must  solve  the  equation  10x  =  Ar.  We  can  solve  the  equation  easily 
only  for  certain  values  of  N;  for  example,  N  =  100  =  102,  N  = 
Yo  =  10-1,  and  so  forth.  For  other  values  of  N  we  must  use  tables. 
We  shall  first  show  that  only  logarithms  of  numbers  between  1  and  10 
need  to  be  tabulated;  logarithms  of  other  numbers  can  be  found 
from  the  same  table. 

As  a  result  of  the  decimal  notation  we  use  in  writing  numbers, 
to  any  number  N  there  corresponds  a  number  n,  where  1  <  n  <  10, 
and  an  integer  c  (which  may  be  positive,  negative,  or  zero)  such  that 

22-1  N  =  n  ■  10'. 

For  example,  if  N  =  238,  then  n  =  2.38  and  c  =  2,  since  238  = 
(2.38)  •  102.  If  JV  =  .00238,  then  n  =  2.38  and  c  =  -3,  since 
.00238  =  (2.38)  •  10~3.  When  we  write  a  number  in  the  form  shown 
in  Equation  22-1,  we  say  that  it  is  expressed  in  scientific  notation. 
The  number  n  lists  the  digits  used  in  writing  iV  and  the  integer  c 
locates  the  decimal  point.  Shifting  the  decimal  point  corresponds 
lo  changing  c  by  an  integral  amount. 

If  we  write  a  number  JV  in  scientific  notation,  as  in  Equation  22-1, 
then 

log  iV  =  log  n  •  10c  =  log  n  +  log  10c  =  log  n  +  c. 
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Wc  therefore  see  that  the  logarithm  to  the  base  10  of  any  positive  number  N 
can  be  written  as  the  sum  of  a  logarithm  of  a  number  between  1  and  10  and 
an  integer  c.  We  ean  easily  find  the  integer  c  by  writing  N  in  scientific 
notation  and  choosing  the  exponent  of  10  that  results.  The  number 
log  n  can  be  found  from  Table  I  on  pages  393-394. 

Since  1  <  n  <  10,  it  follows  that  log  1  <  log  n  <  log  10,  and 
hence  0  <  log  n  <  1 .     If  we  write  m  =  log  n,  we  see  that 

22-2  log  N  =  m  +  c, 

where  m  is  a  number  between  0  and  1  (the  positive  decimal  part  of 
log  N),  and  c  is  an  integer  (which  may  be  positive,  negative,  or  zero). 
The  integer  c  is  called  the  characteristic  of  log  N,  and  the  number  m 
is  termed  its  mantissa.  For  example,  the  characteristic  of  log  238  is 
2,  and  the  mantissa  is  log  2.38;  the  characteristic  of  log  .00238  is  —3, 
and  the  mantissa  is  log  2.38.  When  log  N  is  written  as  in  Equation 
22-2,  it  is  in  standard  form. 

Now  let  us  illustrate  the  use  of  Table  I  and  Formula  22-2.  Ac- 
cording to  the  table,  log  2.38  =  .3766,  and  therefore 

22  log  238  =  log  2.38  +  2  =  .3766  +  2  =  2.3766,.    and 

log  .00238  =  log  2.38  -  3  =  .3766  -  3  =  -2.6234. 

You  should  note  that  .3766  -  3  =  -2.6234  and  not  -3.3766.  It 
is  frequently  convenient  to  leave  this  number  in  standard  form  rather 
than  in  the  form  —2.6234. 

Example  22-1.     Find  x  if  10*  =  3. 

Solution.     According  to  Definition  19-1,  we  can  write  the  equation  as 
x  =  log  3.     From  Table  I  we  find  that  x  =  .4771. 

Example  22-2.     Find  x  if  10r  =  .4. 

Solution.     From  Table  I  we  have  x  =  log  .4  =  .6021  —  1  =  —.3979. 

The  inverse  problem— namely,  finding  the  number  N  whose  loga- 
rithm is  a  given  number  x — is  equivalent  to  finding  the  number  10x, 
since  by  definition  log  N  =  x  if,  and  only  if,  N  =  10*.  The  first 
step  in  solving  this  problem  is  to  express  the  given  number  x  in  stand- 
ard form,  x  =  log  N  =»  m  +  c,  where  c  is  an  integer  and  m  is  a  number 
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between  0  and  1  ;  that  is,  m  is  a  positive  decimal.  Then  the  number  V 
is  given  by  the  equation 

N  =  10w+c  =  10m  •  10c  =  n  •  10c, 

where  we  have  written  n  =  10m.  The  equation  n  =  10TO  is  equivalent 
to  the  equation  log  n  =  m,  and  hence  n  is  the  number  whose  logarithm 
is  m.  We  find  the  number  n  directly  from  Table  I,  since  0  <  m  <  1 . 
Since  c  is  an  integer,  multiplying  n  by  10c  amounts  to  shifting  the 
decimal  point. 

Example  22-3.     If  log  N  =  MIX,  find  N. 

Solution.  The  number  log  A^  is  already  in  standard  form  with  c  =  0. 
From  Table  I,  we  find  that  the  number  whose  logarithm  is  .4771  is  3. 
Thus  N  =  3. 

Example  22-4.     If  log  N  =  6.8904,  find  N. 

Solution.  In  standard  form,  log  N  =  .8904  +  6.  If  log  n  =  .8904,  we 
find  from  Table  I  that  n  =  7.77.  Thus  A'  =  n  •  106  =  (7.77)  •  10fi 
=  7,770,000. 

Example  22-5.     Find  the  number  106-8904. 

Solution.  If  N  =  106-8904,  then  log  N  =  6.8904  by  definition,  so  this 
problem  is  the  same  as  the  one  in  Example  22-4. 

Example  22-6.     Find  N  if  log  N  =  -1.6180. 

Solution.  We  note  first  that  —1.6180  is  not  the  same  as  .6180  —  1. 
Instead,  —1.6180  =  —.6180  —  1,  and  this  number  is  not  in  standard 
form,  since  —.6180  is  not  a  number  between  0  and  1.  To  put  this 
number  in  standard  form  we  simply  add  1  and  subtract  1.  The 
motivation  for  this  procedure  is  the  fact  that  —.6180  +  1  is  a  positive 
decimal.     Thus 

-.6180  -1  =  1-  .6180  -  1  -  1  =  (1  -  .6180)  -  2  =  .3820  -  2. 

Now  we  may  write 

log  N  =  .3820  -  2. 

From  Table  I  we  find  that  log  2.41  =  .3820,  so 

N  ■>  (2.41)  •  10-2  =  .0241. 
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(c)  log  .0000912 

(d)  1  -  log  4.61 

(d)  10*  =  rffc 

(e)  10*  =  4010 


(c)  log  a:  =  .4014 

(d)  log*  =  9.49 


(c)  ^10^ 


Problems  22 

1.  Evaluate  from  Table  I: 

(a)  log  72,900 

(b)  log  36.2 

2.  Solve  for  x. 

(a)  10*  =  8.91 

(b)  10*  =  273 

(c)  10*  =  .0171 

3.  Solve  for  x: 

(a)  log*  =  5.1903 

(b)  log*  =  3.9053 

4.  Compute  the  following  numbers: 

(a)   101-™  (b)  10-2-et 

5.  Solve  the  following  equations  for  N: 

(a)  log  N  =  .6580  -  3  (e)   log  N  =  J(1.6702) 

(b)  logN  =  2.9309  -  1  (f)    log  N  =  1.3145  +  2.3631 

(c)  logiV=  -1.1232  (g)  logN  =  \  +  3.1160 

(d)  log  N  =  -4.5317  (h)  log  N  =  f  -  2.4478 

6.  Using  Table  I,  we  can  evaluate  log  f  in  two  ways. 

(i)    logf  =  log  2.5  =  .3979 

(ii)  logf  =  log  5  -  log  2  =  .6990  -  .3010  =  .3980 
Why  do  we  get  two  different  answers? 

7.  Use  the  two  procedures  indicated  in  Problem  6  to  find  the  following 
logarithms  and  compare  your  answers. 

(a)  log*  (d)log^ 

(b)  logf.  (e)   log^ 

(c)  logf  (f)    logioi 

8.  Use  Theorem  20-4  and  Table   I   to  find  the  following  numbers   (see 
Example  20-5): 

(a)  log610  (c)   log72 

(b)  log5  6  (d)  log8  3.07 

9.  Use  the  rules  of  logarithms  and  Table  I  to  solve  for  x. 

(a)   10*  =  ^123  (b)  10*  =  (1.42)(7.89) 


23      INTERPOLATION 


from  Table  1,  we  can  immediately  find  the  logarithm  of  2.34  and 
the  number  whose  logarithm  is  .7168.     But  the  logarithm  of  2.347 
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and  the  number  whose  logarithm  is  .1234  are  not  listed  in  Table  I, 
and  we  shall  now  try  to  find  such  non-listed  numbers. 

The  simplest  way  to  find  the  logarithm  of  a  number  N  that  is  not 
listed  in  Table  I  is  to  use  the  logarithm  of  the  number  that  we  get 
by  "rounding  off"  the  number  N.  If  N  is  written  in  scientific  form 
as  n  -  10c,  then  the  number  of  digits  in  n  is  called  the  number  of 
significant  digits  of  N.  In  order  to  use  Table  I  directly  to  find 
log  n,  we  must  first  round  off  n  to  three  significant  digits  by  choosing 
the  number  nearest  n  that  has  three  significant  digits.  For  example, 
instead  of  log  2.347,  we  could  use  log  2.35.  When  we  are  in  doubt 
about  which  number  to  choose  in  the  rounding  off  process,  we  adopt 
the  convention  that  the  rounded  number  should  be  even.  For 
example,  1.415  is  rounded  to  1.42,  and  7.465  is  rounded  to  7.46. 
If  we  are  given  a  positive  decimal  x  that  is  not  listed  in  the  body  of 
Table  I  and  are  asked  to  find  the  number  N  for  which  log  N  =  x,  we 
could  choose  the  number  whose  logarithm  is  the  number  in  Table  I 
nearest  to  x.  We  might  say  that  the  solution  to  the  equation  log  N  = 
.1234  is  N  =  1.33,  because  log  1.32  =  .1206  and  log  1.33  =  .1239, 
and  .1239  is  nearer  to  .1234  than  .1206  is. 

A  more  sophisticated  (and  more  accurate)  way  to  approximate 
non-listed  values  is  by  the  method  of  linear  interpolation.  Al- 
though we  shall  apply  this  method  to  the  table  of  logarithms  here, 
we  may  also  use  it  with  other  tables.  We  present  the  explanation 
in  geometrical  terms  to  increase  your  understanding  of  the  use  of 
graphs. 


Figure  23-1 


2.347 


Suppose  we  wish  to  find  log  2.347.  In  Fig.  23-1,  that  part  of  the 
graph  of  the  equation  y  =  log  x  for  which  2.34  <  x  <  2.35  is  drawn. 
The  number  we  wish  to  find,  log  2.347,  is  the  jy-coordinate  of  the 
point  on  this  arc  whose  ^-coordinate  is  2.347.  The  only  points  on 
the  arc  whose  coordinates  we  know  (from  Table  I)  are  the  end  points 
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(2.34,  .3692)  and  (2.35,  .3711).  A  straight  line  joining  these  points 
closely  approximates  the  arc,  and  in  addition,  it  is  easy  to  find  the 
^-coordinate  of  any  point  on  this  line  whose  x-coordinate  is  known. 
If  y0  is  the  ^-coordinate  of  the  point  on  the  line  whose  ^-coordinate 
is  2.347,  it  appears  that  yo  is  a  good  approximation  of  the  desired 
value  of  log  2.347,  and  we  shall  now  calculate  this  number  y0.  If 
we  let  d  =  y0  —  log  2.34  =  y0  —  .3692,  we  see  from  the  similar  tri- 
angles in  Fig.  23-1,  that 

d  .0019 


.007 


.01 


and  hence  d  =  .7(.0019)  =  .0013  (to  four  decimal  places).  Then 
y0  =  log  2.34  +  d  =  .3705,  so  we  write  log  2.347  =  .3705.  Actu- 
ally, the  curve  in  Fig.  23-1  is  somewhat  exaggerated;  the  logarithmic 
curve  is  more  nearly  a  straight  line.  Our  value  of  .3705  is  really  the 
value  of  log  2.347  correct  to  four  decimal  places. 

The  inverse  procedure  is  similar.  If  we  are  asked,  for  example, 
to  find  the  number  x  such  that  log  x  =  .1234,  we  first  note  from 
Table  I  that  log  1.32  =  .1206  and  log  1.33  =  .1239.     Figure  23-2 


»-x 


Figure  23-2 

shows  a  graph  similar  to  the  one  in  Fig.  23-1  for  those  values  of  x 
that  are  involved  in  this  problem. 

The  number  x  we  want  to  find  is  the  ^-coordinate  of  the  point  on 
the  graph  whose  ^-coordinate  is  .1234,  and  we  can  see  that  the 
^-coordinate  of  the  point  on  the  line,  call  it  x0,  whose  ^-coordinate  is 
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.1234,  is  a  fair  approximation  of  the  number  x.  We  ean  find  the 
number  *0  quite  easily.  For  if  we  let  d  —  v()  —  1.32  and  use  similar 
triangles, 

d      =     .01 
.0028       .0033 

Hence  d  =  (.01) (if)  =  -008,  sox0  =  1.320  +  d  =  1.328.     We  there- 
fore say  that  the  solution  to  the  equation  log  x  =  .1234  is  x  =  1.328. 
In  actual  practice,  we  do  not  construct  a  graph  each  time  we  wish 
to  interpolate.     Let  a  and  b  be  numbers  listed  in  Table  I  and  let  n 


\ 


[T 

log  n-log  a 

1 

. n  — a  . 

1 

log  b-log  a 


Figure  23-3 

be  a  number  that  satisfies  the  inequalities  a  <  n  <  b.  If  we  assume 
that  the  graph  of  the  logarithmic  function  joining  known  points  is  a 
straight  line  and  use  similar  triangles  (see  Fig.  23-3),  we  get  the  fol- 
lowing equation : 

23_i  log  n  -  log  a  =  n  -  a 

log  b  —  log  a       b  —  a 

With  a  little  practice  you  should  be  able  to  perform  mentally  most 
of  the  calculations  involved  in  linear  interpolation. 


Example  23-1.     Use  linear  interpolation  to  find  log  5.723. 

Solution.  If  we  let  a  =  5.72,  b  =  5.73,  and  n  =  5.723,  we  see  im- 
mediately that  (n  —  a)/(b  —  a)  =  .3.  Using  Table  I,  we  find  log  5.72 
=  .7574,  and  log  5.73  =  .7582,  so  Equation  23-1  yields 

log  5.723  =  .7574  +  .3(.0008)  =  .7576  (approximately). 
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Example  23-2.     Solve  the  equation  log  n  —  .7133. 

Solution.  From  Table  I  we  find  that  log  5.16  =  .7126  and  log  5.17 
=  .7135.  Letting  a  =  5.16  and  b  =  5.17,  we  see  immediately  that 
(log  n  —  log  a) /(log  b  —  log  a)  =  J.  It  then  follows  from  Equation 
23-1  that 

n  =  5.16  +  $(.01)  =  5.168  (approximately). 

Linear  interpolation  yields  the  best  results  when  the  graph  of  the 
function  involved  does  approximate  a  straight  line  for  the  values 
under  consideration.  If  /  is  the  function  defined  by  the  equation 
f(x)  =  x2  —  1,  then  the  graph  of/  is  not  even  approximately  linear, 
for  —  1  <  x  <  1 .  If  we  use  linear  interpolation  here  to  argue  that 
since  0  is  half-way  between  —  1  and  1 ,  then  /(0)  is  half-way  between 
/(—  1)  =  0  and/(l)  =  0,  we  would  conclude  that  /(0)  =  0  when  in 
fact  /(0)  =  —  1.  This  simple  example  shows  that  although  linear 
interpolation  is  a  useful  tool,  we  must  not  use  it  indiscriminately. 

Problems  23 

1.  Write  the  following  logarithms  in  standard  form: 

(a)  log  9.017  (d)  log  (1.697)  •  104 

(b)  log  .001372  (e)   log  (3.726)  •  10~6 

(c)  log  2476  (f)    log* 

2.  Find  the  number  x  correct  to  4  significant  digits. 

(a)  \o$x  =  .5521  (c)   log*  =  4.7182  -  5 

(b)  log*  =  3.9286  (d)  log*  =  -1.8347 

3.  Find  the  number  x. 

(a)  10*  =  .3976  (c)    10*  =  23.14 

(b)  10*  =  e  (d)  10c  =  .006723 

4.  Write  as  a  decimal  number: 

(a)  10-395  (d)  ^160 

(b)  10-1  (e)   10-* 

(c)  A^IO  (f)    10--0013 

5.  We  know  that  log2  8  =  3  and  that  log2  16  =  4.  Use  linear  interpolation 
to  find  log2  10.     Is  your  approximate  value  too  large  or  too  small? 

6.  Use  the  tabulated  values  of  log  1  and  log  1.2  and  interpolate  to  find 
log  1.1.  Interpolate  to  find  log  9.9  by  using  the  listed  values  of  log  9.8 
and  log  10.  Compare  your  answers  with  the  tabulated  values  and  dis- 
cuss your  findings. 


98  EXPONENTIAL   AND   LOGARITHMIC   FUNCTIONS        §24 

7.  Using  V 16  =  4  and  V 25  =  5  and  linear  interpolation,  find  V 18. 
Discuss  the  accuracy  of  your  result. 

8.  If /(a-)  =  2x  -  3,  thcn/(2)  =  1  and/(3)  =  3.  Use  linear  interpolation 
to  find /(2. 5).     Discuss  the  accuracy  of  your  result. 

9.  Let/(#)  =  1/x2.  Use  linear  interpolation  to  find /(l. 5)  from  the  values 
of/(l)  and/(2).  Also  use  linear  interpolation  to  find  /(4. 5)  from  the 
values  of/(4)  and/(5).     Discuss  the  accuracy  of  your  results. 

24      COMPUTATIONS  WITH  LOGARITHMS 

At  one  time,  logarithms  were  studied  mainly  because  they  were 
helpful  in  simplifying  long  numerical  computations.  Today  the 
widespread  use  of  desk  calculators  and  computing  machines  has  re- 
moved the  necessity  of  doing  complicated  computations  by  hand. 
This  development  does  not  mean  that  logarithms  are  no  longer 
important,  only  that  they  are  important  for  different  reasons.  Basic 
logarithmic  computations  still  have  some  practical  value,  and  it  will 
increase  your  mastery  of  the  theory  of  logarithms  if  we  work  a  few 
arithmetical  problems  with  them.  There  are  a  number  of  conven- 
tions and  short  cuts  that  speed  up  logarithmic  computations,  but  we 
won't  consider  them  here.  If  you  ever  have  to  learn  them,  you  can 
in  a  relatively  short  time. 

n*  ,      r,  i     i                      i_      (3480)(1265) 
Example  24-1.     Calculate  the  number  

Solution.     One  way  to  proceed  is  to  write 

(3480)(1265)  =  (3.48)  •  103(1.265)  •  103  =  (3.48)(1.265)109 
.00143  (1.43)10-3  1.43 

,     i  u      xr       (3.48)(1.265) 

and  then  to  calculate  the  number  N  = 7— -^ 

1.43 

According  to  the  rules  of  logarithms, 

log  A^  =  log  (3.48)0.265)  -  log  (1.43) 

=  log  3.48  +  log  1.265  -  log  1.43. 

From  Table  I  we  have 

log  X  =  .5416  +  .1021  -  .1553  =  .4884. 
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Also  from  Table  I  we  find  that  N  =  3.079  and  so 

«p .  <,„„„.. 

We  would  have  had  no  great  difficulty  in  carrying  out  the  calcula- 
tion in  Example  24-1  without  using  logarithms.  We  could  not  work 
the  following  examples,  however,  without  using  logarithms. 

Example  24-2.     Find  ^20. 

Solution.     Let  N  =  ^20  =  201/5.     Then 

log  iV==l9g20  =  L3010  =  <2602< 

Thus 

N  =  -^20  =  1.82. 

Example  24-3.     Find  V^2. 

Solution.     Let  N  =  (.2)1/5.     Then 

.       Ar       log  .2       .3010  -  1 
lo^=      5      =  5 

If  we  proceed  with  the  arithmetic  at  this  point,  we  shall  find  that 

—  .6990 
log  N  = =  —.1398.     But  this  last  number  must  be  written  in 

standard  form  before  we  can  solve  for  N.  It  is  easier  to  replace  the 
number  (.3010  —  1)  with  its  equivalent  expression  (.3010  —  1  + 
4  -  4)  =  (4.3010  -  5).     Then 

Here  log  N  is  expressed  in  standard  form  and  we  can  use  Table  I  to 
find  that  N  =  VH  =  .7248. 

Logarithms  also  provide  us  with  a  convenient  way  of  obtaining  an 
idea  of  the  size  of  numbers  that  are  quite  large. 

Example  24-4.  We  mentioned  earlier  that  under  favorable  conditions 
a  single  cell  of  the  bacterium  Escherichia  coli  divides  into  two  about 
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every  20  minutes.  If  this  same  rate  of  division  is  maintained  for  10 
hours,  how  many  organisms  will  be  produced  from  a  single  cell? 

Solution.  The  10-hour  interval  may  be  divided  into  30  periods  of  20 
minutes  each.  At  the  end  of  the  first  period  there  are  2  bacteria,  at 
the  end  of  the  second  there  are  2  •  2  =  22,  at  the  end  of  the  third 
there  are  23,  and  so  on.  At  the  end  of  the  30th  period  there  will  be  230 
bacteria,  which  we  will  call  N,  the  number  we  were  seeking.  Now 
log  N  =  log  230  =  30  log  2  =  30(.3010)  =  9.0300.  From  the  table  of 
logarithms,  we  see  that  N  =  (1.072)109  =  1,072,000,000,  so  a  single 
cell  is  potentially  capable  of  producing  about  a  billion  organisms  in  a 
10-hour  period. 

Problems  24 


1.  Use  logarithms  to  make  the  following  computations: 

J375)0^1L  (c)  JL 

W   (4,678) (.001 2)  (C>  ^Y\ 

(-431)(22)  (d)  (2«)"" 


(t)  681  (e)   17-" 

2.  Solve  for  x: 

(a)   10-  =  Iff  (b)  10'  =  2 

3.  Determine  which  number  is  larger: 

(a)  257'6  or  2810/9  (c)   321  or  955 

(b)  5'  or  157  (d)  3v20r2v3 

4.  The  radioactive  isotope  G11  decomposes  rapidly.  If  at  one  instant  there 
is  1  microgram  of  C11,  then  t  min  later  there  will  be  A  micrograms,  where 
A  =  (|) t,2Q.  Find  the  amount  of  G11  that  will  be  present  at  the  end  of 
10,  20,  and  30  min. 

5.  If  you  invest  p  dollars  at  3%  interest  "compounded  annually,"  at  the 
end  of  n  years  you  will  have  accumulated  a  sum  of  A  dollars.  Express  A 
in  terms  of  p  and  n.  If  you  invest  $18.75,  how  much  will  you  have  in 
your  account  at  the  end  of  10  years? 

6.  An  angstrom  (A)  is  a  unit  of  length  equal  to  10-8  cm  (1  cm  is  .3937  in.). 
The  wave  length  of  a  certain  gamma  ray  is  .6241  A.  Use  logarithms  to 
compute  the  wave  length  in  inches. 

7.  The  time  required  for  a  simple  pendulum  L  ft  long  tu  make  one  complete 
oscillation  is  /  sec,  where  t  =  27rv  L/32.16.  Use  logarithms  to  find  the 
period  of  a  pendulum  3.617  ft  long.  (The  period  is  the  time  required 
for  one  complete  oscillation.) 
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8.  The  volume  of  a  sphere  is  given  by  V  —  4rr3/3.     What  is  the  radius  of  a 
sphere  thai  has  a  volume  of  1  cu  ft? 


25      EXPONENTBAL  AND  LOGARITHMIC  EQUATIONS 

We  have  already  observed  that  Table  I  may  be  considered  as  a  table 
of  solutions  for  equations  of  the  type  10x  =  N,  where  N  is  a  given 
positive  number.  For  example,  the  solution  to  the  equation  10x  =  2 
is  given  in  the  table  as  log  2  =  .3010.  The  equation  10*  =  2  is  of 
the  form  ax  =  b,  where  a  and  b  are  given  positive  numbers.  Of 
course,  the  solution  to  the  equation  ax  =  b  can  be  written  as  x  = 
loga  b,  but  we  must  go  a  little  farther  to  get  a  more  meaningful 
answer.  To  evaluate  this  quantity  by  using  Table  I,  we  must  recall 
that  loga  b  =  log  b/log  a  (see  Theorem  20-4). 

Instead  of  memorizing  the  formula  relating  loga  b  and  log  b,  we 
can  solve  the  equation  ax  —  b  directly.  Simply  take  logarithms  (to 
the  base  10)  of  both  sides  of  the  equation  to  obtain  log  ax  =  log  b, 
and  therefore  (Theorem  20-2)  x  log  a  =  log  b.  It  follows  that  x  = 
log  b/log  a,  as  above. 

Example  25-1.     Solve  the  equation  2X  =  1  for  x. 

Solution.  By  taking  logarithms  of  both  sides  of  the  equation,  we  obtain 
the  equation  a:  log  2  =  log  7.  From  Table  I,  log  2  =  .3010  and 
log  7  =  .8451.     So  our  equation  becomes   .3010*  =  .8451.     Hence 

•8451  =  2.808. 


.3010 


Remark  1 .  Since  22  =  4  and  23  =  8,  it  should  be  obvious  at  the 
start  that  the  solution  to  the  equation  2X  =  7  is  a  number  between 
2  and  3. 

Remark  2.  Since  x  log  2  =  log  7,  it  follows  that  x  =  log  7/log  2. 
It  should  be  emphasized  that  the  expression  log  7/log  2  is  a  quotient. 
We  do  not  evaluate  this  quotient  by  looking  up  log  2  and  log  7  in  the 
table  and  subtracting;  we  look  up  the  two  numbers  and  divide.  We 
can  divide  with  the  aid  of  logarithms,  but  it  still  will  be  division. 

Example  25-2.     Solve  the  equation  2X  =  3T+1  for  x. 
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Solution.     We  take  logarithms  of  both  sides  of  the  equation  to  obta 
the  equation 

a:  log  2  =  (x+  l)log3. 

Hence 

x  log  2  —  x  log  3  =  log  3, 
or  in  other  words 

x  _  lQS  3 

log  2  -  log  3 

Using  Table  I  gives 

.4771  .4771 


=  -2.709. 


.3010  -  .4771        -.1761 

Example  25-3.     Solve  the  inequality  (.3)*  <  -§. 

Solution.  We  have  already  seen  in  Section  21  that  if  M  <  N,  then 
log?,  M  <  logb  N,  and  conversely.  Thus  (.3)x  <  %  if,  and  only  if, 
log  (.3)*  <  log  -|.  We  can  then  use  the  rules  of  logarithms  and  Table  I 
to  solve  the  inequality  in  the  following  manner. 

x  log  (.3)  <  log  4  —  log  3, 

x  (.4771  -  1)  <  .6021  -  .4771, 
-.5229a:  <  .1250, 
x  >  -.239. 


Example  25-4.     Solve  the  equation  /  =  —  (1  —  e~Rt/L)  for  t. 


Solution.     We  can  write  the  equation  as 


Then 


££  =  i  _  e-Rt/L    or    e-Rt/L  =  i  _  £H. 


iog«-»/L=iog(i  ~^y 


^loge  =  log(l-f). 
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-Rt 


t  = 


log* 


R  log  e 


If  we  use  logarithms  to  the  base  e,  the  expression  for  /  takes  the  simpler 
form 


=  -^loge(l-f)- 


Example  25-5.     Find  a:  if  2  log  *  —  log  10*  =  0. 

Solution.     We  can  use  the  fundamental  properties  of  logarithms  to 
reduce  the  problem  as  follows: 

2  log  x  —  log  10*  =  2  log  x  —  log  10  —  log  x  =  log  #—1=0. 

Therefore,  log  x  =.  1,  and  hence  x  —  10. 

Example  25-6.     Find  x  if  xlo%x  =  100*. 

Solution.     We  take  logarithms  of  both  sides  of  the  equation  to  obtain 
the  equation 

log  (xl°zx)  =  log  100*. 
But 

l0g(^logx)    =    (log  ,;)  (log*)    =    (log*)2, 

and 

log  100*  =  log  100  +  log  *  =  2  +  log  *. 

We  can  therefore  write  our  equation  as 

(log  *)2  =  2  +  log  *, 

and  therefore 

(log  *)2  -  log  *  -  2  =  (log  *  -  2)  (log  *  +  1)  =  0. 

Tt  follows  that 

log  *  —  2,     or     log  v  =       I , 
and  hence 

*  =  100,     or     *  =  A. 
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Problems  25 

1.  Solve  for  x. 

(a)  3X  =  2  (c)    5'  =  17 

(b)  4*  -  |  (d)  (.01)'  -  5 

2.  Solve  for  x. 

(a)  31-*  =  2  (c)    lO-2  =  5 

(b)  5*+2  =  7*-i  (d)  5'  =  3 

3.  Solve  for  #. 

(a)  log  (*  +  1)  -  log*  =  i        (b)  log  (*2  -  1)  -  log  (*  +  1)  -  2 

4.  Show  that  no  number  x  can  be  found  such  that  log  (x  —  4)  —  log  (x  +  1) 
=  log  6. 

5.  Use  the  data  in  Example  24-4  to  determine  how  long  it  would  take  a 
single  cell  of  E.  coli  to  produce  500,000  organisms. 

6.  A  function/ is  determined  by  the  equation  f(x)  =  N  •  \0kx.  What  are 
the  numbers  iVand  k  if  the  graph  of/ contains  the  points  (0,7)  and  (1,14)? 

7.  A  function  /  is  determined  by  the  equation  f(x)  =  N  log  kx.  If  the 
graph  of/  contains  the  points  (5,7)  and  (.5,0),  what  are  the  numbers 
k  and  N? 

8.  The  number  of  milligrams  of  radium  present  at  the  end  of  /  years  is  given 
by  the  formula  A  =  yl010— °00174*.  What  is  the  initial  amount  of  radium? 
How  long  will  it  take  a  given  sample  to  reduce  to  ^  its  original  size; 
that  is,  what  is  the  half-life  period? 

9.  At  what  interest  compounded  annually  must  we  invest  $100  if  we  want 
it  to  double  in  12  years? 

10.  The  intensity  /  of  an  x-ray  beam  after  passing  through  x  cm  of  a  certain 
material  is  given  by  /  =  1^^^  where  I0  is  the  intensity  as  the  beam 
enters  the  material,  and  k  is  a  constant  called  the  linear  coefficient  of 
absorption.  Calculate  k  if  the  material  absorbs  \  the  x-ray  beam  after 
penetrating  5  cm. 


Review  Problems,  Chapter  Three 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  Explain  why  the  equation  2X  =  —  4  does  not  have  a  solution. 

2.  Let/  denote  the  exponential  function  with  base  10,  and  let  g  denote 
the  logarithmic  function  with  base  10.  What  is  the  domain  of/,  the 
domain  of  g,  the  range  of/,  and  the  range  of  g?  Which  of  the  following 
equations  arc  true? 
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(a)  f(x  +j?)  =  f(x)f(y)  (e)  g(&)  =  pg{x) 

(b)f(xy)  =  f(x)  +f(y)  (0   f[g(x)\  =x 

(c)  g{x  +  r)  =  g(x)g(y)  (g)  £[/(*)]  =  -v 

(d)  5(^)  =  *(*)  +  *(,)  (h)  /(0)  =  *(10) 

3.  If  #  =  loge  10  and  y  =  log  £,  what  is  the  value  of  x/y? 

4.  How  many  digits  are  there  in  the  number  230? 

5.  Use  logarithms  to  compute  the  number  (.218)-6-2. 

6.  Which  number  is  larger,  e*  or  ire  ? 

7.  Solve  the  equation  (log  x)2  =  log  x2. 

8.  Solve  the  equation  log  [log  (log  x)]  =  0. 

9.  Sketch  the  graph  of  the  equation  y  =  log2  |#|. 

10.  For  what  numbers  x  is  [log  x\  =  log  |^|? 

11.  Show  that  log  xz  -  log  2x  +  log  (\/x)  =  log  (*/2). 

12.  If  i  log  M  —  log  N  =  2,  express  M  in  terms  of  N. 

13.  Sketch  the  graph  of  the  equation  y  =  log  1CK 

14.  If  6-6  =  4,  fmdlog46. 

15.  Express  n  in  terms  of  the  other  letters. 

(a)  S  =  a~arn  (b)  pv»  =  c  (c)  /'*  =  ^ 

16.  A  light  year  is  the  distance  traveled  by  light  in  one  year.  If  the  speed 
of  light  is  186,000  miles  per  second,  find  the  approximate  length  in 
miles  of  1  light  year. 


Miscellaneous  Problems,  Chapter  Three 

These  problems  are  designed  to  test  your  ability  to  apply  your  knowledge  of  ex- 
ponential and  logarithmic  functions  to  somewhat  more  difficult  problems. 

1.  If  a  and  iV  are  positive  numbers  and  b  is  a  logarithmic  base,  express  the 
quantity  a]°Sb  N  as  a  power  of  N. 

2.  Write  the  function  defined  by  the  equation y  =  (2e)x  as  an  exponential 
function  with  base  e. 

3.  Is  there  a  number  x  such  that  (log  x)~x  =  log  x~l? 

4.  If  0  <  log  X2  —  log  xi  <  1,  can  you  conclude  that  1  <  X2  —  *i  <  10° 

5.  When  we  write  log  2  =  .3010,  we  mean  that  .3010  is  the  best  four-place 
approximation  to  log  2.     Prove  that  log  2  is  not  exactly  equal  to  .3010. 
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6.  Let  the  equation  j'  =  2r  -\-  2~r  define  a  function  /.  Sketch  the  graph 
of/  and  show  that/(#)  >  2  for  all  real  numbers  x. 

7.  Sketch  the  graph  of  the  equation y  =  logi/2  x. 

8.  Can  the  equation  log  x  =  x  have  a  solution?  {Hint:  Look  at  the  graphs 
ofy  =  *  and  y  =  log  x.) 

9.  Suppose  p  dollars  are  invested  at  i  per  cent  (per  year)  interest  com- 
pounded semi-annually.  Let  A  denote  the  accumulated  sum  at  the 
end  of  n  interest  periods.  Express  A  in  terms  of/?,  t,  and  n.  In  how 
many  years  will  an  amount  of  money  double  if  it  is  invested  at  3% 
compounded  semi-annually?  At  what  per  cent  compounded  monthly 
should  money  be  invested  so  that  it  will  double  in  10  years? 

10.  Find  all  the  integers  x  andjy  for  which  log  (x  +  y)  =  log  x  +  logj>. 

11.  If  a2  +  b2  =  lab,  show  that  log  [(a  +  b)/3]  =  J(log  a  +  log  b). 

12.  Show  that  3  log  x  +  log  (x  —  3)  =0  when  x  is  a  real  number  that 
satisfies  the  equation  x4  —  3*3  —  1  =  0. 


CHAPTER  FOUR 

THE    TRIGONOMETRIC 
FUNCTIONS 


The  word  "trigonometry"  stems  from  the  Greek  words 
for  "triangle  measurement,"  and  the  subject  was  originally  developed 
to  solve  geometrical  problems  involving  triangles.  It  was  found  that 
certain  functions,  called  trigonometric  functions,  were  of  use  in  solving 
such  problems.  Each  trigonometric  function  was  defined  by  as- 
sociating with  an  acute  angle  a  number,  the  ratio  of  the  lengths  of 
certain  sides  of  a  right  triangle  containing  the  angle.  Thus  the 
domain  of  a  trigonometric  function,  as  it  was  originally  defined, 
consisted  of  acute  angles,  not  numbers.  But  the  trigonometric  func- 
tions have  since  been  extended  so  that  they  are  also  useful  in  situations 
in  which  angles  are  not  involved.     The  importance  of  these  applica- 
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tions  justifies  a  non-geometrical  approach  to  the  subject  of  trigonom- 
etry. 

The  trigonometric  functions  introduced  here  are  functions  in  the 
sense  we  have  already  described  in  Chapter  Two;  that  is,  with  each 
number  of  one  set  of  numbers  will  be  associated  a  number  of  another 
set.  If  you  have  already  studied  trigonometry  in  terms  of  angles, 
some  of  the  procedures  we  will  be  following  here  may  seem  artificial 
to  you.  In  a  sense  they  are,  for  they  are  motivated  by  geometrical 
concepts  that  we  will  not  discuss  until  Section  41.  Nevertheless, 
you  should  try  to  adopt  the  numerical  point  of  view  because  it  is 
the  basis  for  many  of  the  present  applications  of  trigonometry. 

26      THE  TRIGONOMETRIC  POINT 

Consider  a  circle  with  a  radius  of  1  and  with  its  center  at  the  origin 
of  a  cartesian  coordinate  system.  We  shall  call  this  circle  the  unit 
circle.  Let  t  be  any  real  number.  Starting  at  the  point  with 
coordinates  (1,0),  move  |/|  units  along  the  circumference  of  the  unit 
circle,  counter-clockwise  if  t  is  positive  and  clockwise  if  /  is  negative 
(see  Fig.  26-1).  You  will  arrive  at  a  point  on  the  unit  circle  that 
we  shall  call  the  trigonometric  point  P(t).  This  procedure  defines 
a  function  whose  domain  is  the  set  of  all  real  numbers  and  whose 
range  is  the  set  of  points  on  the  unit  circle.     Assuming  we  know  what 


Figure  26-1 
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\t\  units  along  the  circle  means,  then  it  should  be  clear  that  with 
every  real  number  /  there  is  associated  a  trigonometric  point  P(t). 

Let  us  now  try  to  calculate  a  few  "values"  for  the  function  we  have 
defined;  that  is,  let  us  find  some  particular  points,  for  example, 
P(0),  P(l),  and  so  on.  We  will  find  that  it  is  easier  to  determine 
the  coordinates  of  some  points  than  of  others.  The  trigonometric 
point  P(0),  for  instance,  is  obviously  the  point  (1,0),  but  to  find  the 
coordinates  of  the  point  P(\)  we  must  first  measure  1  unit  along  the 
arc  of  the  unit  circle — a  difficult  task  without  a  curved  ruler.  It  is 
more  convenient  to  use  tables  (which  we  discuss  later)  to  locate 
most  trigonometric  points,  in  particular  P(l).  But  with  some  knowl- 
edge of  the  geometry  of  the  circle,  we  can  locate  certain  particular 
points  directly. 

The  circumference  of  the  unit  circle  is  2w  =  6.2832  units.  There- 
fore, one-half  of  the  circumference  is  ir  units  and  one-quarter  of  the 
circumference  is  7r/2  units.  It  now  becomes  immediately  apparent, 
for  example,  that  P(ir)  is  the  point  (  —  1,0);  P(tt/2)  is  the  point  (0,1), 
and  P(3ir/2)  and  P(  —  tt/2)  both  represent  the  point  (0,-1).  It 
should  be  easy  for  you  to  locate  the  point  P(t)  if  t  is  any  integral 
multiple  of  7r/2,  for  example  77r/2,  —  137r/2,  and  so  forth. 


Figure  26-2 

If  /  is  any  number,  the  point  P(t)  is  one  unit  from  the  origin. 
Hence  if  (x,y)  are  the  coordinates  of  P(l),  it  follows  from  the  distance 
formula  that 
26-1  x*+  f  =  1, 
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From  this  equation  wc  see  that  if  we  know  one  of  the  coordinates 
of  /'(/),  wc  can  determine  the  other  coordinate  except  for  its  sign. 

Let  us  now  locate  the  trigonometric  point  P(w/4).  Since  ir/4  is 
one-eighth  of  the  circumference  of  the  unit  circle,  the  point  P(w/4) 
is  the  mid-point  of  the  arc  that  joins  the  points  (1,0)  and  (0,1)  (see 
Fig.  26-2).  It  is  clear  from  Fig.  26-2  that  the  point  P(w/4)  is  equi- 
distant from  the  x  and  y  axes;  hence  x  =  y.  Therefore,  from  Equa- 
tion 26-1  we  see  that 

x2  +  x2  =  2x2  =  1. 

It  follows  from  this  equation  that  x2  —  \,  and  since  x  is  clearly  posi- 
tive, x  =  1/V2  =  v2/2  =  y.  Therefore,  the  coordinates  of  P(ir/4) 
are  ( V  2/2,  V  2/2).  You  should  be  able  to  find  the  coordinates  of 
trigonometric  points  such  as  P(37r/4),  P(5t/4),  and  so  forth,  by  locat- 
ing them  on  the  unit  circle  and  observing  that  they  are  symmetrically 
placed  with  respect  to  P(w/4). 


Example  26-1 

P(-3tt/4). 


Find    the   coordinates    of   the    points    P(3ir/4)    and 


Solution.  We  use  the  obvious  symmetry  of  Fig.  26-3  and  the  known 
coordinates  of  P(ir/4)  to  find  that  P(3tt/4)  is  the  point  (-V2/2,V2/2) 
and  that  P(-3x/4)  is  the  point  (-V2/2,-  Vl/2). 


Figure  26-3 
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Figure  26-4 

We  can  also  locate  the  trigonometric  point  P{ir/3)  by  simple 
geometric  reasoning.  Let  (x,y)  be  the  coordinates  of  the  point 
P(t/3).  Since  the  points  P(w/3)  and  P(2w/3)  are  symmetrically 
located  with  respect  to  the  ;y-axis  (see  Fig.  26-4),  it  is  clear  that  the 
coordinates  of  P(2ir/3)  are  (  —  x,y).     It  is  also  clear  that  the  chords 

P  ( — )  P  I  — )  and  P  I  —  J  P(0)  are  equal  because  the  corresponding 

arcs  are  equal.     Hence, 


26-2 


p{T)p(v=p(5)m 


Now  ^>(~^~)^)(^)    =  (2a:)2  =  4a:2  and,  according  to  the  distance 
formula,  P  I-  J  P(0)    =  (x  —  l)2  +  y2.     Hence,  we  can  write  Equa- 


tion 26-2  as 

26-3  .       4.v''  -  (a?  -  l)2  +  y'; 


x  +  1   + 


II  we  use  Equation  26-1   to  simplify  Equation  26-3,  we  obtain  the 

equation  Ax1  =  2  —  2*,  and  so 


4*2  +  2x  -  2  =  2(2*  -  1)(*  +  1) 


0. 
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There  are  two  solutions  to  this  last  equation :  x  =  \  and  x  =  —\. 
A  glance  at  Fig.  26-4  shows  that  x  =  \  is  the  solution  we  are  seeking. 
Now  from  Equation  26-1  we  find 

yl  ■_   1    _  X*  =    1    _   1    =   I 

and  hence  y  =  V  3/2,  since  Fig.  26-4  shows  that  ^  is  positive.  Thus, 
(^,V/3/2)  are  the  coordinates  of  the  trigonometric  point  P(w/3). 

The  coordinates  of  P(ir/6)  also  can  be  found  by  an  algebraic 
method  like  the  one  we  have  just  used,  but  it  is  easier  to  use  the 
known  coordinates  of  P(ir/3)  as  follows.     In  Fig.  26-5  the  points 


Figure  26-5 


P(ir/3)  and  P(w/6)  are  shown  on  the  unit  circle.  It  is  clear  that 
the  arc  between  the  x-axis  and  P(t/6)  and  the  arc  between  the 
_y-axis  and  P(tt/3)  are  the  same  length.  It  then  follows  that  the  dis- 
tance between  P{ir/6)  and  the  x-axis  is  equal  to  the  distance  between 
P(w/3)  and  the  jy-axis.  In  other  words,  the  jy-coordinate  of  P(ir/6) 
is  equal  to  the  ^-coordinate  of  P(ir/3).  Similarly,  the  ^-coordinate 
of  P(w/6)  is  equal  to  the  jy-coordinate  of  P(ir/3).  Since  the  coordi- 
nates of  P(ir/3)  are  g,v3/2),  it  follows  that  the  coordinates  of 
P(w/6)  are  (v3/2,|).  You  should  now  be  able  to  find  the  coordi- 
nates of  trigonometric  points  such  as  P(5ir/6),  P(  —  t/6),  and  so  forth, 
by  locating  them  on  the  unit  circle  and  observing  that  they  are 
symmetrically  placed  with  respect  to  P(w/3)  and  P(ir/6). 
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Problems  26 

1.  Determine  the  coordinates  of  each  of  the  following  trigonometric  points: 

(a)  P(2tt)  (d)  P(7tt/2) 

(b)  P(-3tt)  (e)   P(-13tt/2) 

(c)  P(5tt/2)  (f)    P(21t) 

2.  Determine  the  coordinates  of  each  of  the  following  trigonometric  points: 

(a)  P(5x/4)  (c)  P(7x/4) 

(b)  P(-x/4)  (d)  P(-9x/4) 

3.  Determine  the  coordinates  of  each  of  the  following  trigonometric  points: 

(a)  P(2x/3)  (c)   P(4x/3) 

(b)  P(-2x/3)  (d)  P(-4x/3) 

4.  Determine  the  coordinates  of  each  of  the  following  trigonometric  points: 

(a)  P(-x/6)  (d)  P(-7x/6) 

(b)  P(5x/6)  (e)  P(-llx/6) 

(c)  P(llx/6)  (f)    P(7x/6) 

5.  Make  a  careful  drawing  of  the  unit  circle.     By  rotating  a  ruler,  or  using 
a  piece  of  string,  estimate  from  your  figure  the  coordinates  of  P(l). 

6.  For  each  of  the  following  points  determine  the  quadrant  in  which  it  lies: 

(a)  P(2)  (d)  P(4) 

(b)  P(3)  (e)  P(5) 

(c)  P(1.5)  (f)    P(6) 
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With  each  real  number  t  we  can  associate  a  pair  of  real  numbers 
(x,y),  the  coordinates  of  the  trigonometric  point  P(t).  For  example, 
with  t  =  0  we  associate  the  numbers  (1,0) ;  with  t  =  w/4  we  associate 
the  numbers  (v2/2,  Vz/2) ;  and  so  on.  This  association  leads  to 
the  definitions  of  the  six  trigonometric  functions.  These  functions 
are  called  the  cosine  function,  the  sine  function,  the  tangent  func- 
tion, the  cotangent  function,  the  secant  function,  and  the  cosecant 
function.  The  numbers  that  are  associated  with  a  given  real  num- 
ber t  by  these  functions  are  labeled  cos  t,  sin  t,  tan  t,  cot  t,  sec  t,  and 
esc  t.  They  are  expressed  in  terms  of  the  coordinates  (x,y)  of  the 
trigonometric  point  P(t)  by  means  of  the  following  defining  equations. 

Definition  27-1.  If  the  coordinates  of  the  trigonometric  point  P(t)  are 
(xyy),  then 
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COS  t   =   X,  COt  t   =   -   (if  V   ?*  0), 

27-1  sin  t  =  y,  sec  t  =  -  (if  \  ^  0), 

tant  =2  (jf  x  ^  o),         csct  =  -  (if  y  ^  (9). 

If  /  is  a  number  for  which  the  ^-coordinate  of  P(t)  is  0,  then  tan  t 
and  sec  t  are  not  defined;  that  is,  /  is  not  in  the  domain  of  either  the 
tangent  or  the  secant  function.  For  example,  the  ^-coordinate  of 
P(tt/2)  is  0,  so  7r/2  is  not  in  the  domain  of  either  the  tangent  or  the 
secant  function.  Similarly,  there  are  some  real  numbers  not  in  the 
domains  of  the  cotangent  and  cosecant  functions,  but  the  domain  of 
both  the  cosine  and  sine  functions  is  the  set  of  all  real  numbers. 


Example  27-1 .     Calculate  the  values  of  the  six  trigonometric  functions 

in  =  tt/3. 

Solution.  In  the  preceding  section,  we  saw  that  the  coordinates  of  the 
trigonometric  point  P(ir/3)  are  (i/V  3/2).  Hence,  according  to 
Equations  27-1 : 

7T  1  7T 

cos-  =  -,  sec  3  =  2, 

.        7T  V/3  7T  2 

sin  -  =  ^—5  esc  -  =   —p=* 

3  2  3        v/3 

7T  /-  7T  1 

tan  -  =  V  3,  cot  -  =  — ;=• 

3  3       V  3 

Example  27-2.  Calculate  the  values  of  the  six  trigonometric  functions 
if  t  =  -3tt. 

Solution.  To  locate  the  trigonometric  point  P(  —  3w)  we  must  proceed 
37r  units  around  the  unit  circle  in  a  clockwise  direction.  We  find 
lhal  the  coordinates  of  the  poinl  P(  hir)  ;\\c  (  1,0)  Hence,  from 
I ■.(  J 1 1. 1 1  inns  27-  1  : 

cos  (  — 3tt)  =   —  1,         tan  (  — 37r)  =  0, 

sin  (  —  3ir)  =  0,  sec  (—  3tt)  =  —  1. 
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Since  the  ^-coordinate  of  P(  —  3ir)  is  0,  the  symbols  col  (—  3tt)   and 
esc  ( —  37r)  are  not  defined. 

We  can  establish  certain  relations  among  the  various  trigonometric 
functions  directly  from  their  definitions.  If  (x-,y)  are  the  coordinates 
of  any  trigonometric  point  P(i),  then  x2  -f-  y2  —  1  (Equation  26-1). 
But  according  to  Equations  27-1,  x  =  cos  t  and  y  =  sin  t,  and  there- 
fore we  have  the  basic  relation 

27-2  cos2  t  +  sin2  t  =  1     for  any  number  t. 

Remark.  The  notation  we  used  in  Equation  27-2  is  a  shorthand 
method  that  avoids  the  use  of  parentheses.  We  use  the  symbol 
sin2 1  instead  of  (sin/)2.  This  convention  is  used  for  all  positive 
exponents  and  all  trigonometric  functions,  but  it  is  not  used  with 
negative  exponents.  Thus  we  do  not  abbreviate  (sin  t)~l.  This 
may  seem  to  be  an  arbitrary  decision  to  make  at  the  moment,  but  it 
will  avoid  confusion  in  your  later  work. 

Other  relations  we  can  derive  from  Equations  27-1  are 

27-3  tan  t 

27-4  cot  t 

27-5  cot  t 

27-6  sec  t 

27-7  esc  t 

sin  t 

We  can  prove  the  validity  of  these  equations  very  quickly.  For 
example,  tan  t  is  the  quotient  y/x,  where  (x,  y)  are  the  coordinates 
of  P(t).     But  y  =  sin  t  and  x  =  cos  t,  and  so 

y       sm  f 
tan  t  =  -  = 

x       cos  t 

We  can  prove  the  other  equations  in  the  same  way.  These  five 
equations,  together  with  Equation  27-2,  are  called  the  elementary 


sin 

t 

cos 

t 

cos 

t 

sin 

i 

1 

tan  { 

1 

cos 

t 

1 
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identities.     Each  is  true  for  all  values  of  /  for  which  both  sides  of 
ihr  equation  are  defined. 

Example  27-3.     Show  that  tan2 1  +  1  =  sec2 1. 

Solution.  This  equation  is  meaningless  if  the  ^-coordinate  of  P(t)  is  0, 
and  so  we  tacitly  assume  that  it  is  not.  In  other  words,  cos  t  ^  0 
for  those  values  of  t  in  which  we  are  interested.  Thus  we  may  divide 
both  sides  of  the  elementary  identity  sin2 1  +  cos2 1  =  1  by  cos2 1  and 
use  other  elementary  identities  to  obtain,  successively,  the  equations 

sin2  /  1 

cos"1 1  cosz  t 

and 

27-8  tan2  t  +  1  =  sec2 1. 

Example  27-4.     Show  that  tan  t  -\-  cot  /  =  esc  t  sec  t. 

Solution.     From  the  elementary  identities, 

sin  /    .    cos  t 

tan  t  +  cot  t  = f-  - — 

cos  t       sin  t 

sin2  /  -j-  cos2 1 
(sin  t)  (cos  0 

=  1 

(sin  /)(cos  t) 

=  esc  t  sec  /. 

Since  every  trigonometric  point  P(t)  lies  on  the  unit  circle,  neither 
of  its  coordinates  can  be  greater  than  1  in  absolute  value;  that  is, 
both  \x\  <  1  and  \y\  <  1.     Therefore, 

27-9  | cos  t\  <  1     and      |sin  t\  <  1,     for  all  numbers  /. 

It  then  follows  from  Equations  27-6  and  27-7  that 

27-10  |sec£|  >  1     and      |csc  t\  >  1,     for  all  numbers  t  in   the 

domains  of  these  functions. 

Using  the  language  of  Chapter  Two,  we  can  say  that  the  range  of 
both  the  sine  and  cosine  functions  is  the  set  of  numbers  y  that  satisfy 
the  inequality  \y\   <  1.     The  range  of  both  the  secant  and  cosecant 
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functions  is  the  set  of  numbers  y  that  satisfy  the  inequality  \y\  >  1. 
The  range  of  both  the  tangent  and  cotangent  functions  is  the  set  of 
all  real  numbers. 


Problems  27 

1.  Find  the  values  of  the  six  trigonometric  functions  if  the  coordinates  of  the 
trigonometric  point  are: 

(a)  (1/V5,  2/V5)  (c)   (-1/3,25/2/3) 

(b)  (1/V3,  -V2/3)  (d)  (.24,  .97) 

2.  Estimate  the  value  of  each  of  the  following  from  a  sketch  of  the  unit  circle. 

(a)  sin  1  (c)   cot  1.5 

(b)  cos  3  (d)  sec  6.2 

3.  Make  a  list  of  all  numbers  t  that  satisfy  the  inequalities  —  2ir  <  t  <  2w 
for  which: 

(a)  tan  t  is  undefined  (c)   esc  t  is  undefined 

(b)  cot  t  is  undefined  (d)  sec  t  is  undefined 

4.  Which  of  the  following  numbers  are  positive? 

(a)  sin  2  (c)   cos  1.5  (e)  cot  5 

(b)  tan  3  (d)  esc  4  (f)    sec  6 

5.  Show  that  1  +  cot2 1  =  esc2 1  for  any  number  /  in  the  domain  of  the 
cotangent  function  (see  Example  27-3). 

6.  Complete  the  following  table,  which  shows  the  algebraic  signs  of  the 
trigonometric  functions: 


0    <   t   <   \-E 

\ir  <  t  <  7T 

7T    <   t   <   37J-/2 

3tt/2  <  t  <  2 

Quadrant  in  which 

P(0lies:.                        I 

II 

III 

IV 

cos  t                                          + 

- 

sin  t                                      + 

+ 

tan  t                                    + 

- 

cot  t 

CSC  t 

sec  t 

7.  Show  that  each  of  the  following  expressions  has  the  value  of  1  for  all 
numbers  /  for  which  the  expressions  are  defined, 
(a)  |  (tan  t  esc  t  cos  t  +  cot  t  sec  t  sin  t) 
sec  /  esc  t 


(b) 

(c) 


tan  t  +  cot  / 
cos  /  -j-  sin2  /  sec  t 
sec  t 
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8.   Complete  the  following  table.      (We  will  make  use  of  this  table  later.) 


i 

cos  t 

sin  I 

tan  / 

cot  / 

CSC  t 

sec  I 

0 

1 

0 

0 

... 

1 

7T 

6 

IT 

4 

7T 

3 

1 

2 
.500 

v/3 
.866 

v'3 
1.732 

1           V3 

v'3     :     3 

.577 

2          2v  3 
v  3  "      3 
1.154 

2 

7T 

2 

0 

1 

0 

1 

2tt 
3 

3tt 
4 

V2 
2 

-.707 

V2 

2 

.707 

-1 

-1 

v72 
1.414 

-V2 

-1.414 

5tt 
6 

7T 

-1 

0 

0 

-1 

7tt 
6 

5tt 
4 

4tt 
3 

3vr 
2 

0 

-1 

0 

-1 

5tt 

3 

7tt 

4 

IItt 

6 
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28      TABLES 

We  have  located  the  trigonometric  point  P(t)  for  numbers  such  as 
/  =  0,  3tt/2,  —  7t,  7t/3,  and  so  forth,  by  using  geometric  reasoning. 
This  reasoning  enables  us  to  find  the  corresponding  values  of  the 
various  trigonometric  functions  from  the  defining  Equations  27-1. 
If  t  is  a  number  such  that  the  point  P(t)  is  not  easy  to  locate  by  ge- 
ometry, we  can  find  the  values  of  the  trigonometric  functions  from  a 
table.  Table  II  (pp.  395-398)  lists  values  of  the  trigonometric  func- 
tions for  numbers  /  such  that  0  <  t  <  1.60.  We  read  this  table  in 
much  the  same  way  as  we  read  the  table  of  logarithms.  In  particular, 
we  can  use  linear  interpolation  to  find  values  of  the  trigonometric 
functions  for  numbers  t  (0  <  t  <  1.60)  not  listed  in  Table  II. 

Example  28-1.     Find  sin  .827. 

Solution.  We  can  find  the  number  sin  .827  by  interpolating  between 
sin  .820  and  sin  .830.  From  Table  II,  we  see  that  sin  .820  =  .7311 
and  sin  .830  =  .7379.  Thus,  sin  .827  =  sin  .820  +  .7(.7379  -  .7311) 
=  .7311  +  .0048  =  .7359. 

Example  28-2.     Find  cos  1.262. 

Solution.  From  the  table,  we  see  that  cos  1.260  =  .3058  and  cos  1.270 
=  .2963.  Thus  cos  1.262  =  cos  1.260  +  .2(.2963  -  .3058)  =  .3058 
-  .0019  =  .3039.  You  should  note  that  .0019  is  subtracted,  not 
added,  here.  This  procedure  is  consistent  with  the  fact  that  if  0  <  t\ 
<  k  <  ir/2,  then  cos  h  >  cos  h.  This  fact  follows  directly  from  the 
definition  of  cos  t  as  the  ^-coordinate  of  the  trigonometric  point  P{t). 

Example  28-3.     Find  the  coordinates  of  the  trigonometric  point  P(.73). 

Solution.  If  we  use  (x,y)  to  denote  the  desired  coordinates,  then  x  = 
cos  .73  and  y  =  sin  .73.  With  the  aid  of  Table  II  we  find  that  the 
coordinates  of  P(.73)  are  (.7452,  .6669). 

There  is  only  one  solution  to  the  equation  log  x  =  .4771 — namely, 
x  =  3.  But  there  are  many  solutions  to  the  equation  sin  /  =  0 — 
for  example,  t  —  0,  7T,  —  7r,  27t,  and  so  forth.  It  is  often  true  that 
equations   involving   trigonometric   functions   have   manv   solutions. 
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and  in  Chapter  Ten  we  shall  diseuss  the  question  of  finding  all  solutions 
of  such  equations.  In  this  chapter,  however,  we  shall  ask  only  for 
a  solution  of  such  equations. 

Example  28-4.     Find  a  solution  to  the  equation  tan  t  =  V  3. 

Solution.  You  should  remember  that  (J,  \ V  3)  are  the  coordinates  of 
the  trigonometric  point  P(ir/3)  and  therefore  tan  7r/3  =  V  3.  Hence, 
a  solution  to  the  equation  is  t  =  7r/3.  Can  you  show  that  t  =  4ir/3 
is  also  a  solution? 

Example  28-5.     Find  a  solution  to  the  equation  cos  t  =  .6241. 

Solution.     From  Table  II  we  see  that 

cos  .89  =  .6294, 

cos*  =  .6241, 

cos  .90  =  .6216. 

Since  .6241  is  ff  =  .7  of  the  distance  from  .6294  to  .6216,  we  conclude 
that  a  suitable  choice  for  t  is  .897. 

We  end  this  section  with  an  example  that  can  be  solved  much 
more  easily  by  using  trigonometric  identities  than  by  using  tables. 

Example  28-6.     If  0  <  t  <  tt/2,  and  tan  t  =  V5/2,  find  cos  t. 

Solution.  One  way  to  find  cos  t  is  to  compute  first  the  decimal  repre- 
sentation of  v  5/2,  then  use  Table  II  and  the  given  value  of  tan  t  to 
determine  t,  and  finally  again  use  the  table  to  find  cos  /.  But  it  is 
much  easier  to  use  some  trigonometric  identities  to  solve  this  problem. 
From  Equation  27-8, 

sec2 1  =  1  +  tan2 1  =  1  +  f  =  |. 
Thus, 

cos2 1  =  1/sec2 1  =  |. 

Since  0  <  /  <  7r/2,  we  know  that  cos  /  >  0,  and  hence  it  follows  from 
the  last  equation  that  cos  t  =  f . 
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Problems  28 

1.  With  the  aid  of  Table  II  find  the  following  numbers: 

(a)  tan  .732  (d)  cot  & 

(b)  sec  .904  (e)  sin  f 

(c)  esc  1.301  (f)    cos  | 

2.  Which  is  larger,  cos  .333  or  cos  J? 

3.  What  can  you  conclude  from  Table  II  concerning  /,  sin  t,  and  tan  t  for 
numbers  t  that  satisfy  the  inequalities  0  <  t  <  .05? 

4.  How  do  you  explain  the  fact  that  Table  II  shows  that  the  value  of  sec  / 
is  the  same  for  all  numbers  t  that  satisfy  the  inequalities  0  <  t  <  .03? 

5.  Explain  why  the  values  of  the  cosine,  tangent,  cotangent,  and  secant 
functions  are  listed  in  Table  II  with  negative  signs  for  the  numbers  1.58, 
1.59,  and  1.60. 

6.  Find  a  number  t  that  will  satisfy  each  of  the  following  equations: 

(a)  sin  t  =  |  (d)  cot  t  =  1 5 

(b)  cost  =  |  (e)  sec  t  =  1.652 

(c)  tan/  =  .1716  (f)    esc  t  =  1 

7.  If  0  <  t  <  }7r,  and  sin  t  =  J,  find  cos  t. 

8.  H\tt  <t  <  ir,  and  cos  t  =  -V3/3,  find  tan  t. 

9.  Use  the  values  of  sin  .85  and  cos  .85  listed  in  Table  II  to  test  the  identity 
sin2 1  +  cos2 1  =  \. 

10.  WTith  the  aid  of  Table  II  find  the  value  of  each  of  the  following  ex- 
pressions. {Hint:  Use  elementary  identities  to  simplify  the  expression 
first.) 

(a)  V.l  -  cos2  .56  (dN  sec  .32 

'        (b)  Vsec2  .79  -  1  tan  '32  +  cot  '32 

(c)   (tan  1.4  cos  1.4  —  esc  1.4)  esc  1.4 

29     FUNCTIONAL  VALUES  FOR  ANY  NUMBER  t 

Just  as  we  were  able  to  find  the  logarithms  of  any  positive  number 
by  using  only  a  table  of  logarithms  of  numbers  between  1  and  f  0, 
so  we  can  find  all  values  of  the  trigonometric  functions  by  using  only 
a  table  of  values  corresponding  to  numbers  t  such  that  0  <  t  <  w/2. 
(Table  II  contains  values  of  t  between  0  and  1.60,  and  7r/2  =  1.5708 
approximately.) 
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Each  trigonometric  point  P(t)  is  joined  to  whichever  point  is 
closer  to  it — (1,0)  or  (  —  1,0) — by  an  arc  of  the  unit  circle  whose 
length  does  not  exceed  one-fourth  of  the  circumference  of  the  circle. 
In  other  words,  the  length  of  the  shorter  arc  of  the  unit  circle  that 
joins  P(t)  to  the  *-axis  is  never  greater  than  w/2.  We  shall  call  the 
length  of  this  arc  the  reference  number  associated  with  the  num- 


t,=  2TT-t 


Figure  29-1 

ber  t  and  denote  it  by  tY.  For  example  (see  Fig.  29-1),  if  t  =  2, 
then  h  =  W  —  t  =  1.14;  if  t  =  4,  then  h  =  4  —  w  =  .86;  if 
t  =  5,  then  t\  —  2ir  —  5  =  1.28,  where  we  have  used  the  approx- 
imation tt  =  3.14. 

Since  h  is  a  number  between  0  and  w/2,  its  trigonometric  point 
P(h)  lies  in  the  first  quadrant.     In  order  to  find  the  relationship 


X,         N. 

Pit, 

y, 

\t( 

I                  0 

y 

/t, 

x    y 

p(t) 

Figure  29-2 


between  ihr  coordinates  (\i,)i)  of  /Vi)  and  i\\c  coordinates  (\\r) 
o\'  /'(/),  lei  us  examine  (he  drawings  in  Fig.  29-2.  You  should  be 
able  to  convince  yourself  that  in  every  ease  either  v  —  X\  or  v  =  —  \i, 
and  that  either  y  =  yx  or  y  =  —yx.  We  can  summarize  the  relation- 
ships between   the  coordinates  of  the  points  P(t)   and  P(h)   by  the 
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equations 

29-1  |..v|  -  xi     and      \y\  =  v,. 

It  then  follows  from  these  last  equations  and  from  the  definitions 
of  the  trigonometric  functions  that  the  values  of  the  trigonometric  functions 
or  the  numbers  t  and  t\  are  the  same,  except  possibly  for  their  signs.  To  be 
precise, 

29-2  1 7(0 1  =  Tit,), 

where  T  may  stand  for  any  trigonometric  function.  To  show,  for 
example,  that  |tan  t\  =  tan  th  we  need  only  note  that  by  definition 
tan  t  =  y/x.     Hence, 

| tan  t\  =  m  =  y-  =  tan  tx. 

\x\         Xi 

The  values  of  the  trigonometric  functions  for  h  are  listed  in  Table  II, 
and  therefore  we  can  determine  the  absolute  values  of  the  trig- 
onometric functions  for  any  number  t  as  soon  as  we  find  the  reference 
number  t\.  To  find  the  actual  values,  we  need  only  notice  the 
quadrant  in  which  P(t)  lies  and  affix  the  proper  sign. 

Example  29-1.     Find  sin  4. 

Solution.  The  trigonometric  point  P(4)  lies  in  the  third  quadrant  so 
sin  4  <  0.  The  associated  reference  number  is  /i  =  4  —  7r  =  .86. 
According  to  Equation  29-2  and  Table  II, 

|sin4|  =  sin  .86  =  .7578. 

Therefore,  sin  4  =   —.7578. 

Example  29-2.     Find  sec  —  3l7r/4. 

Solution.  We  obtain  the  point  P(  —  31tt/4)  by  proceeding  3l7r/4  = 
1-k  +  37r/4  units  around  the  unit  circle  from  the  point  (1,0)  in  a 
clockwise  direction  (Fig.  29-3).  The  point  is  in  the  first  quadrant 
and  the  reference  number  is  tx  =  it/A.  Hence,  sec  (  — 3l7r/4)  = 
sec  tt/4  =  y/l. 

Our  method  for  finding  the  values  of  the  trigonometric  functions 
for  any  number  /  consists  of  four  steps : 
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(i)  Determine  the  quadrant  in  which  P(()  lies; 

(ii)  Find  the  reference  number  l\  associated  with  /; 

(iii)  Use  Table  II  to  find  T(h)  =  \T(t)\; 

(iv)  Affix  the  proper  algebraic  sign. 

If  £  is  a  number  between  —  2ir  and  2ir,  it  is  easy  to  locate  P(t).  If  t 
is  not  a  number  between  —  2ir  and  27T,  and  if  the  location  of  P{t)  is 
not  obvious,  we  might  proceed  in  the  manner  illustrated  by  the  fol- 
lowing two  examples. 


P(-7ir) 


Figure  29-3 


Example  29-3.     Locate  P(60),  find  the  reference  number  t\  associated 


with  t  =  60,  and  find  the  value  of  cos  60. 


Solution.  To  locate  the  trigonometric  point  P(60)  we  must  proceed 
60  units  around  the  unit  circle  in  a  counter-clockwise  direction  starting 
from  the  point  (1,0).  Since  the  circumference  of  the  unit  circle  is 
2ir  =  6.283  units,  it  is  apparent  that  we  will  traverse  the  entire  circum- 
ference a  number  of  times.  To  discover  the  exact  number  of  complete 
revolutions,  we  divide  60  by  2ir,  using  the  process  of  "long  division." 


6.283|60.000 

56.547 

3.453 

Thus  we  may  write  60  =  9  •  (6.283)  +  3.453.     This  result  means  that 
to  locate  the  point  P(60)  we  must  proceed  nine  times  around  the  unit 
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circle  and  then  3.453  units  in  a  counter-clockwise  direction.  It  follows 
that  the  point  P(3.453)  is  the  same  as  the  point  P(60).  It  is  clear 
that  P(3.453)  is  in  the  third  quadrant  so  h  =  3.453  -  tt  =  3.453 
-  3.142  =  .311.  With  the  aid  of  Table  II  we  find  that  cos  60  = 
-cos  .311  =  -.9520. 

Example  29-4.     Find  tan  ( -  26) . 

Solution.  The  first  step  in  locating  P(  —  26)  is  to  use  "long  division" 
to  write  —26  =  —4  •  (6.283)  —  .868.  This  result  means  that  we  are 
to  proceed  four  times  around  the  unit  circle  and  then  .868  units  in  a 
clockwise  direction.  The  point  P(  —  .868)  is  therefore  the  same  as  the 
point  P(— 26).  Since  -tt/2  =  —1.571,  we  see  that  P(-.868)  is  in 
the  fourth  quadrant  and  that  h  =  .868.  Thus,  we  have  tan  (  —  26)  = 
-tan  .868  =  -1.180. 

Problems  29 

1.  With  the  aid  of  Table  II  evaluate  the  following  (use  w  =  3.14): 

(a)  sin  3.56  (d)  cot  4.75 

(b)  cos  2.79  (e)  sec  -3.95 

(c)  tan  -5.41  (f)    esc  6.19 

2.  Evaluate  the  following: 

(a)cosl37r/3  (f)  tan  -27tt/4 

(b)  sin  177r/6  (g)  esc  437r/6 

(c)  cot227r/3  (h)  sin  -61tt/2 

(d)  cos  -35tt/6  (i)  tan  59tt/6 

(e)  sec4l7r/4  (j)  cos  71  tt/2 

3.  With  the  aid  of  Table  II  find  the  coordinates  of  each  of  the  following 
trigonometric  points  (use  tt  —  3.142  and  2w  =  6.283): 

(a)  P{2)  (f)  P(20) 

(b)P(3)  (g)  P(-i)_ 

(c)  P(4)  (h)  P(-V2) 

(d)  P(5)  (i)  P(Wl)_ 

(e)  P(6)  (j)  P(-3V3/2) 

4.  With  the  aid  of  Table  II  evaluate  the  following  (use  w  =  3.142  and 
2tt  =  6.283): 

(a)  tan  7  (e)  sec  45 

(b)  sin  -10  (f)  esc  -30 

(c)  cos  14  (g)  sin  60 

(d)  cot  21  (h)  cos  -45 
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5.  Determine  which  is  larger: 

(a)  cos  5  or  cos  6 

(b)  sin  5  or  sin  6 


(c)  tan  10  or  tan  11 

(d)  cos  10  or  cos  11 


6.  Find  a  number  /  such  that  w  <  t  <  3tt/2  and: 

(a)  cost  —  —\  (c)   sin/  =  —  \ 

(b)  tan  t  =  V?>  (d)  tan  t  =  \ 

7r  Find  a  number  /  such  that  3tt/2  <  t  <  2ir  and  3  sin  t  +  4  cos  t  =  0. 

8.  One  end  of  a  shaft  is  fastened  to  a  piston  that  moves  vertically.  The 
other  end  is  connected  to  a  point  P  on  the  rim  of  the  wheel  by  means  of 
prongs  as  shown  in  Fig.  29-4.     Let  the  radius  of  the  wheel  be  1  ft,  and 


Figure  29-4 


suppose  that  the  shaft  is  k  ft  long,  as  shown  in  the  figure.  Let  the  wheel 
rotate  counter-clockwise  at  the  rate  of  1  rps;  that  is,  P  moves  2w  fps 
around  a  unit  circle.  A  coordinate  system  is  introduced  as  shown  in 
the  figure. 

(a)  Find  a  formula  for  the  distance  d  ft  between  the  bottom  of  the 
piston  and  the  x-axis  T  sec  after  P  is  at  the  point  (1,0). 

(b)  Locate  the  piston  when  T  is  -|,  ^-,  and  13/tt. 

9.  A  piston  is  connected  to  the  rim  of  a  wheel  as  shown  in  Fig.  29-5.  The 
radius  of  the  wheel  is  1  ft  and  the  length  of  the  connecting  rod  PQ  shown 
in  the  figure  is  3  ft.  The  wheel  rotates  counter-clockwise  at  the  rate  of 
1  rps.     A  coordinate  system  is  introduced  as  shown  in  the  figure. 


Figure  29-5 


(a)  Show  that  T  seconds  after  the  point  P  is  at  the  point  (1,0),  the 
^-coordinate  of  the  point  Q  is  given  by  the  equation 

x  =  V9  ~  sitflirT  +  cos  2ttT. 
(Hint:    Find    the    distance   RQ    by    means    of   the    Pythagorean 
Theorem.) 

(b)  Find  the  position  of  the  point  Q  when  T  is  ^,  ^-,  and  f . 


30      GRAPHS  OF  THE  TRSGONOMETRIC  FUNCTIONS 

To  locate  the  trigonometric  point  P(t)  for  a  given  number  t,  we  start 
at  the  point  (1,0)  and  proceed  \t\  units  around  the  unit  circle  in  the 
appropriate  direction.  We  locate  the  point  P(t  +  2ir)  by  first  laying 
off  |/|  units  on  the  circumference  of  the  circle  and  then  proceeding 
2tt  units  (one  complete  revolution).  It  is  apparent  therefore  that 
P(t)  and  P(t  +  2tt)  represent  the  same  point.  It  follows  that  for  any 
number  t, 


30-1 


T(t  +  2tt)  =  T(t), 


where  T  may  represent  any  one  of  the  six  trigonometric  functions. 
For  example,  sin  (t  +  2ir)  =  sin  t.  From  Equation  30-1  it  follows 
that  the  graph  of  any  trigonometric  function  need  only  be  plotted 
for  values  of  t  in  an  interval  with  a  length  of  2t;  the  complete  graph 
will  consist  of  duplications  of  this  portion. 

To  plot  the  graph  of  the  sine  function  we  shall  first  choose  values 
of  t  between  and  including  0  and  2t.  (Any  other  interval  of  length 
2-k  would  do  just  as  well.)  From  the  values  of  the  sine  function  that 
we  calculated  in  Exercise  8  of  Problems  27,  we  can  find  17  points 
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on  this  portion  of  the  graph.  We  can  find  additional  points  from 
Table  II  by  using  the  methods  we  discussed  in  the  preceding  section. 
We  plot  a  number  of  these  points  and  join  them  smoothly  to  form  the 
heavy  portion  of  the  curve  shown  in  Fig.  30-1.  The  remainder  of 
the  graph  of  the  sine  function  consists  of  duplications  of  this  part 
of  the  graph. 


Figure  30-1 

We  can  plot  the  graph  of  the  cosine  function  in  the  same  way  that 
we  plotted  the  graph  of  the  sine  function.  The  graph  of  the  cosine 
function  is  shown  in  Fig.  30-2,  and  the  graph  of  the  cosecant  function 
in  Fig.  30-3.  Since  esc  t  =  1/sin  t,  we  have  drawn  a  dashed  line 
sine  curve  in  Fig.  30-3  to  show  how  it  is  related  to  the  cosecant  curve. 

There  is  a  fundamental  difference  between  the  graph  of  the  tangent 


Figure  30-2 

function  and  the  graphs  shown  in  Figs.  30-1,  30-2,  and  30-3.  Sup- 
pose we  plot  the  graph  of  the  equation  y  =  tan  t  for  values  of  t  in 
an  interval  of  length  2w — for  example,  from  t  =  —  |ir  to  t  =  3t/2. 
We  get  the  heavy  curve  shown  in  Fig.  30-4.  The  remainder  of  the 
graph  of  the  tangent  function  is  simply  a  reproduction  of  this  portion. 
But  it  is  obvious  from  the  figure  that  we  need  only  have  plotted  that 
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Figure  30-3 

portion  of  the  graph  that  corresponds  to  values  of  t  between  —  %w 
and  §7r.      The  graph  of  the  tangent  function  repeats  every  ir  units. 

Up  to  this  point  we  have  used  the  letter  t  rather  than  the  letter  x 
to  denote  a  number  in  the  domain  of  a  trigonometric  function  in 
order  to  avoid  confusion  with  the  x-coordinate  of  the  trigonometric 
point  P{t).  When  there  is  no  danger  of  such  confusion,  we  often 
use  the  letter  x  to  denote  a  number  in  the  domain.     In  particular 


Figure  30-4 
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we  frequently  use  the  letter  x  instead  of  /  when  dealing  with  graphs 
since  we  usually  label  (he  horizontal  coordinate  axis  as  the  .v-axis 
rather  than  the  /-axis. 

The  graphs  display  certain  properties  of  the  trigonometric  func- 
tions that  we  shall  study  analytically  in  a  later  section.  It  is  clear, 
for  example,  that  the  cosine  and  sine  curves  are  the  "same"  except 
for  their  positions  relative  to  the  jy-axis.  For  example,  if  we  "shift" 
the  sine  curve  ^t  units  to  the  left,  it  will  fall  directly  over  the  cosine 
curve. 

A  graph  is  symmetric  with  respect  to  the  i/-axis  if  for  each  point 
(x,y)  on  the  graph  the  point  (— x,y)  is  also  on  the  graph.  In  geo- 
metrical terms  this  statement  means  that  for  every  point  P  on  the 
graph  there  is  a  point  Q  on  the  graph  such  that  the  j-axis  is  the  per- 
pendicular bisector  of  the  segment  PQ.  When  a  graph  is  symmetric 
with  respect  to  the  j-axis,  we  say  that  the  part  of  the  graph  to  the 
left  of  the  j-axis  is  the  reflection  about  the  ^-axis  of  the  part  of  the 
graph  to  the  right.  Figure  30-2  shows  at  a  glance  that  the  graph 
of  the  cosine  function  is  symmetric  with  respect  to  the  jy-axis. 

A  graph  is  symmetric  with  respect  to  the  origin  if  for  each  point 
(x,y)  on  the  graph  the  point  (— x,  —  y)  is  also  on  the  graph.  Geo- 
metrically this  sentence  means  that  for  every  point  P  on  the  graph 
there  is  a  point  Q  on  the  graph  such  that  the  origin  is  the  mid-point 
of  the  segment  PQ.  Figures  30-1  and  30-4  show  clearly  that  the 
graphs  of  both  the  sine  and  tangent  functions  are  symmetric  with 
respect  to  the  origin. 

Figures  30-1  to  30-4  also  illustrate  some  properties  of  the  trigo- 
nometric functions  that  are  developed  in  a  course  in  calculus.  You 
should  become  familiar  with  the  graphs  shown  in  these  figures  and 
be  able  to  make  a  quick  sketch  of  the  graph  of  any  trigonometric 
function. 

Problems  30 

1.  Sketch  a  graph  of  the  secant  function. 

2.  Sketch  a  graph  of  the  cotangent  function. 

3.  Discuss  the  symmetry  of  the  graphs  of  the  cotangent,  secant,  and  co- 
secant functions. 

4.  Use  the  graphs  to  find  the  following  numbers: 

(a)  sin  5  (c)   tan  —  1 

(b)  cos  2  (d)  esc  2 
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5.  If  the  graph  of  the  equation  y  =  f(x)  is  symmetric  with  respect  to  the 
jy-axis,  how  are  the  numbers /(#)  and/(  —  x)  related? 

6.  If  the  graph  of  the  equation  y  =  f(x)  is  symmetric  with  respect  to  the 
origin,  how  are  the  numbers  f(x)  and/(  — #)  related? 

7.  From  Fig.  30-1  it  is  clear  that  the  sine  function  is  an  increasing  function 
if  0  <  t  <  7r/2.  That  is,  if  0  <  h  <  fa  <  \ie,  then  sin  h  <  sin  fa. 
Figure  30-2  indicates  that  the  cosine  function  is  a  decreasing  function 
for  the  interval  0  <  t  <  %t.  That  is,  if  0  <  h  <  fa  <  %ir,  then  cos  h  > 
cos  fa.  In  each  of  the  following  cases  determine  whether  the  function 
is  increasing  or  decreasing  for  the  interval  indicated: 

(a)  The  tangent  function  in  the  interval  0  <  /  <  J-zr, 

(b)  The  sine  function  in  the  interval  \ir  <  t  <  ir, 

(c)  The  cosine  function  in  the  interval  %tt  <  t  <  w, 

(d)  The  sine  function  in  the  interval  —  ir  <  t  <  —  \-k, 

(e)  The  cotangent  function  in  the  interval  0  <  t  <  \ir. 

8.  Determine  which  of  the  following  statements  are  true : 

(a)  If  —  \ir  <  h  <  h  <  i ^>  then  sin  h  <  sin  fa, 

(b)  If  0  <  h  <  h  <  7r,  then  cos  h  >  cos  t2, 

(c)  If  30tt  <hP<fa<  61tt/2,  then  sin  h  <  sin  t2, 

(d)  If  0  <  h  <  fa,  then  tan  fa  <  tan  fa. 

9.  Graph  the  equation^  =  sin  2x  in  the  interval  0  <  x  <  t. 

10.  Graph  the  equation  y  =  2  cos  x  in  the  interval  0  <  x  <  t. 

11.  Sketch  the  graph  of  the  equation y  =  cos  t  +  sin  t  by  plotting  the  graphs 
of  the  equations  y  =  cos  t  and  y  =  sin  t  on  the  same  axes  and  adding 
jy-coordinates. 

12.  Graph  the  equations  y  =  x  and  j>  =  sin  x  on  the  same  axes  to  convince 
yourself  that  sin  x  <  x  if  x  >  0. 

13.  Graph  the  equations  y  =  x  andjy  =  cos  a:  on  the  same  axes.  Find  an 
approximate  solution  to  the  equation  x  =  cos  x  by  finding  the  x- 
coordinate  of  the  point  of  intersection  of  the  two  graphs.  Check  your 
answer  by  using  Table  II.  . 

31     THE  ADDITION  FORMULAS 

If  /  is  a  given  function,  a  formula  relating  the  numbers  f(u),  f(v), 

and  f(u  +  v)  is  called  an  addition  formula.     For  the  function  /  that 

is  determined  by  the  direct  variation  formula /(.r)  =  rnx,  the  addition 

formula  is  f(u  +  v)  =  f(u)  +/(»).     If/  is  an  exponential  function, 

f(x)  =  bx,  the  addition  formula  is  f(u  +  v)  =  f(u)f(v).     In  this  sec- 

*    f  3 
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tion  we  will  begin   the  task  of  finding  addition  formulas  for  the 
trigonometric  functions. 

Let  u  and  v  be  any  two  numbers  and  P(u)  and  P(v)  be  the  corre- 
sponding trigonometric  points.  Figure  31-1  is  drawn  for  particular 
numbers  u  and  v,  but  the  following  argument  is  applicable  to  any 
pair  of  numbers.  With  the  number  u  —  v  is  associated  the  trigo- 
nometric point  P(u  —  v),  and  it  is  clear  that  the  arc  joining  the  points 
P(0)  and  P(u  —  v)  is  the  same  length  as  the  arc  joining  P(u)  and 
P(v)— namely,  \u  —  v\  units.  We  know  from  geometry  that  the 
corresponding  chords  are  therefore  also  of  equal  length.  The  lengths 
of  these  chords  may  be  expressed  in  terms  of  the  coordinates  of  their 
end  points  as  follows.     According  to  the  definitions  of  the  sine  and 


Figure  31-1 


cosine  functions,  the  coordinates  of  any  trigonometric  point  P{t) 
are  (cos  t,  sin  t).  Therefore  the  coordinates  of  P{u)  are  (cos  u,  sin  u), 
the  coordinates  of  P(v)  are  (cos  v,  sin  v),  and  the  coordinates  of 
P(u  —  v)  are  [cos  (u  —  v),  sin  (u  —  v)].  The  coordinates  of  P(0) 
are,    of  course,    (1,0).     Then    according    to    the   distance   formula, 


P{u)P{vy  =  (cosu 


=  cos^  u 


cos  v) 2  +  (sin  u  —  sin  v) 2, 
2  cos  u  cos  v  +  cos2  v  +  sin2  u 


2  sin  u  sin  v  +  sin2  v. 
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An  application  of  the  fundamental  identity  sin2  /  +  cos2 1  =  1  yields 


31-1  P(?i)P(v)    =  2  —  2  cos  u  cos  v  —  2  sin  u  sin  v. 

Similarly, 


P(0)P(u  -  v)    =  [cos  (u  -  v)  -  1  ]2  +  sin2  (u  -  v) 
=  cos2  (u  —  v)  —  2  cos  (u  —  v) 
+  1  +  sin2  (u  —  y), 


and  so 


31-2         P(0)P(u  -  vy  =  2  -  2  cos  (u  -  v). 

Since  the  two  chords  are  the  same  length,  we  can  equate  the  right- 
hand  sides  of  Equations  31-1  and  31-2  to  obtain  the  equation 

2  —  2  cos  (w  —  v)  =  2  —  2  cos  u  cos  v  —  2  sin  u  sin  v. 

A  slight  simplification  leads  to  the  identity 

31-3  cos  (u  —  v)  —  cos  u  cos  v  +  sin  u  sin  v. 

Note,  in  particular,  that  cos  (u  —  v)  is  not  the  same  as  cos  u  —  cos  v. 

Example  31-1.     Find  cos  tt/12. 

Solution.     We  can  write  tt/12  =  tt/3  —  tt/4  and  therefore  can  apply 
Equation  31-3  to  obtain 


7T 

cos  —  =  cos 


(f-.j) 


7T  7r.7T.7T 

=  cos  -  cos  -  +  sin  -  sin  - 

-®(^)'+(^)(f) 

V2(l  4-  V3) 


Equation  31-3  is  the  fundamental  formula  from  which  we  will 
derive  a  great  deal  of  information  about  the  trigonometric  functions, 
including  further  addition  formulas.  For  example,  since  the  formula 
must  be  valid  for  any  two  numbers  u  and  vs  it  must  be  valid  if  u  =  t/2. 
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Thus, 


[—  —  <>)  —  cos  —  COS 
\2  J  2 


71"      . 
V   -f     sill    -  Sill  /'. 


2 

We  already  know  that  cos  (tt/2)  =  0  and  sin  (ir/2)  =  1,  so  it  fol- 
lows that 


31-4  cos 


(S-) 


and  this  equation  is  true  for  any  number  v. 

A  similar  identity  is  valid  for  the  sine  function.  Let  u  be  any 
number  and  consider  the  number  sin  (ir/2  —  u).  According  to 
Equation  31-4  the  sine  of  a  number  v  is  the  cosine  of  ir/2  —  v.  Hence 
if  we  let  v  =  w/2  —  u,  then  sin  (ir/2  —  u)  =  cos  [ir/2  —  {ir/2  —  u)]. 
Since  w/2  —  (w/2  —  u)  =  u,  it  follows  that 

31-5  sin  (  —  —  u)  =  cos  u, 

and  this  equation  is  true  for  any  number  u. 

Example  31-2.     If  u  and  v  are  two  numbers  such  that  u  +  v  =  tc/2, 
show  that  sin2  u  -\-  sin2  v  =  \. 

Solution.     Since  u  +  v  —  ir/2,  v  =  -w/2  —  u.     Therefore  sin  v  =  cos  u 
(Equation  31-5),  and 

sin2  u  +  sin2  v  =  sin2  u  +  cos2  u  =  1 . 

We  have  seen  enough  examples  of  functions  to  know  that  for  a 
given  function  /,  f(—x)  and  —/(#)  do  not  necessarily  represent  the 
same  number.     In  the  case  of  the  sine  function,  however,  they  do. 

31-6  sin  (  —  v)  ==   —sin  v,     for  every  number  v. 

The  proof  of  this  assertion  follows  readily  from  the  identities  we  have 
just  studied.     From  Equations  31-4  and  31-3  we  see  that 


sin  (  —  v)  =  cos 


!-<-.) 


=  cos 


(■+i)— Hx>] 


—  7T      .        .  .        — 7T 

=  cos  v  cos  — —  ■+■  sin  v  sin 

2  2 
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But  since  cos  (  —  w/2)  =  0  and  sin  (— w/2)  =  —  1,  this  last  equation 
reduces  to  Equation  31-6. 

In  Section  30  we  observed  that  the  graph  of  the  sine  function  was 
symmetric  with  respect  to  the  origin.  Equation  31-6  is  the  analytic 
statement  of  this  fact.  For  if  the  point  (x,y)  is  on  the  graph  of  the 
sine  function — that  is,  if  y  =  sin  x — then  sin  (  —  x)  =  —  sin  x  =  — y 
so  that  the  point  (  —  x,  —  y)  is  also  on  the  graph  (see  Exercise  6  of 
Problems  30). 

But  cos  (  —  v)  and  —cos  v  are  in  general  not  the  same  number; 
indeed, 

31-7  cos  (  —  v)  =  cos  V     for  every  number  v. 

This  fact  is  established  by  setting  u  =  0  in  Equation  31-3  to  obtain 

cos  (0  —  v)  =  cos  (  —  v)  =  cos  0  cos  v  +  sin  0  sin  v. 

Since  cos  0=1  and  sin  0  =  0,  this  last  equation  reduces  to  Equa- 
tion 31-7. 

In  geometric  terms,  Equation  31-7  tells  us  that  the  graph  of  the 
cosine  function  is  symmetric  with  respect  to  the  j>-axis.  For  if  the 
point  (x,y)  is  on  the  graph  of  the  equation  y  =  cos  x,  then  the  point 
(  —  x,y)  is  also  on  the  graph  since  cos  (  —  x)  =  cos  x  =  y  (see  Exercise  5 
of  Problems  30). 

Example  31-3.     What  is  the  relation  between  the  numbers  tan  v  and 
tan  (-»)? 

Solution.     We  have 

,       v        sin  ( —  v)        —  sin  v 

tan  (  —  v)  .=  : r  =  =   —tan  v. 

cos  {  —  v)         cos  v 

Problems  31 

1.  Show  that  the  following  equations  are  true  for  any  number  t. 

(a)  cos  (it  —  t)  =  —cos  t  (c)   cos  (t  —  ir)  =  —cos  t 

(b)  cos  (2ir  —  t)  =  cos  / 

2.  Let  t  be  a  number  such  that  0  <  t  <  2ir.  Let  t\  be  (he  reference  number 
associated  with  t  (see  Section  29).  Using  the  results  of  Problem  1 
show  that  cos /i  =   |cos  t\. 

3.  Discuss  the  equation  that  results  when  you  let  v  =  u  in  Equation  31 

4.  Use  Equation  31-3  to  find  a  formula  for  cos  (u  +  |7r). 


-  •). 
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5.  Utilizing   the  fact   that   ir/12  =  tt/4  —  ir/6,   find   the  exact  value  of 
cos  ir/ 12.     Compare  your  result  with  the  result  of  Example  31.-1. 

6.  Compute  the  exact  value  of  cos  bir/12. 

7.  Show  that  esc  (§7r  —  u)  =  sec  u  and  that  tan  {\ir  —  u)  =  cot  u. 

8.  Find  the  relation  between  the  numbers  cot  t  and  cot  (  — /),  sec/  and 
sec  (  —  t),  and  esc  /  and  esc  (  — /). 

9.  Use  Equation  31-5  to  find  the  exact  value  of  sin  5ir/12. 

10.  Show  that  |sin  t\  =  |sin  \t\\.  Will  the  equation  be  valid  if  we  replace 
the  sine  function  with  any  trigonometric  function;  that  is,  does  |  T(t)  \  = 
I^XM)|j  where  T  can  be  any  trigonometric  function? 

11.  Show  that  cos  (u  —  §7r)  =  sin  v  for  any  number  v.  From  this  equation 
what  can  you  say  about  the  graphs  of  the  sine  and  cosine  functions? 

12.  Show  that  the  graph  of  y  =  sin  x  cos  x  is  symmetric  with  respect  to  the 
origin. 

13.  Show  that  the  graph  of  y  =  sin  x  +  cos  x  is  not  symmetric  with  respect 
to  either  thejy-axis  or  the  origin. 

14.  Use  Equations  31-5  and  31-6  to  show  that  sin  (u  —  ^ir)  =  —cos  u. 

15.  Let  u  and  v  be  numbers  such  that  u  +  v  —  tt.  Compute  the  value  of 
each  of  the  following  expressions: 

(a)  cos  u  -{-  cos  v  (b)  sin2  u  +  cos2  v 

16.  Find  a  solution  to  each  of  the  following  equations: 

(a)  cos  7r/6  =  sin  x 

(b)  cos  (iw  —  t)  =  cos  \tt  —  cos  t 

(c)  cos  2x  =  sin  t/3 

(d)  sin  \x  ~  cos  § 

17.  A  function/ such  that /(— #)  =/(*)  for  all  numbers  x  in  the  domain  of 
/  is  called  an  even  function.  For  example,  the  cosine  function  is  an 
even  function.  Determine  which  of  the  following  equations  define 
even  functions. 

(a)  f{x)  =  esc  x  (c)  f(x)  =  x*  (e)  f(x)  =  x*  +  x 

(b)  f\x)  =  sec  x  (d)  /(*)  =  *»  (f)  f{x)  =xsinx 

18.  A  function  /  with  the  property  that  /(  — x)  =  — /(#)  for  all  numbers  x 
in  the  domain  of/  is  called  an  odd  function.  For  example,  the  sine 
function  is  an  odd  function.  Determine  which  of  the  following  equa- 
tions define  odd  functions. 

(a)  f(x)  =  tan  x  (c)  /(*)  =  x3  (c)  /(x)  =  x  cos  x 

(I))  /(x)  -  esc  x  (d)  /(x)  -  x3  -f  x  (f)  f{x)  =  sin  (cos  x) 
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19.  What  can  you  say  about  the  symmetry  of  the  graph  of  an  even  function? 
An  odd  function? 


32      FURTHER  ADDITION  FORMULAS 

With  the  aid  of  the  results  we  found  in  the  preceding  section, 
we  can  derive  further  addition  formulas.  Since  cos  (u  +  v)  = 
cos  [u  —  (  —  #)L  we  may  apply  Equation  31-3  to  this  latter  expres- 
sion and  obtain  the  equation 

cos  (w  +  v)  =  cos  [u  —  (  —  »)]  =  cos  u  cos  (  —  v)  +  sin  u  sin  (  —  v). 
We  already  know  that  cos  (  —  v)=  cos  v  and  sin  (  —  v)  =  —sin  v,  so 
32-1  cos  (u  +  f)  =  cos  u  cos  V  —  sin  u  sin  v. 

We  expand  sin  (u  +  v)  by  first  noting  from  Equation  31-4  that 

sin  (u  +  v)  =  cos    -  —  (u  +  v)     =  cos  \  (  —  —  u  J  —  v  \ 

and  then  by  expanding  this  latter  expression  in  accordance  with 
Equation  31-3: 

sin  (u  +  v)  =  cos    f  —  —  u  \  —  v  \ 

/t         \  ,     .     /tt  \    . 

=  cos  I  —  —  u  J  cos  v  +  sin  I  —  —  w  J  sin  y. 

Since  cos  I  —  —  u  J  =  sin  u,  and  sin  I  —  —  u\  =  cos  u,  we  see  that 


32-2  sin  (u  +  v)  =  sin  u  cos  u  +  cos  u  sin  y. 

This  equation  leads  directly  to  the  expansion  of  sin  (u  —  v),  for 

sin  (u  —  v)  =  sin  [u  +  ( —  v)  ]  =  sin  w  cos  ( —  v)  +  cos  w  sin  ( — o). 

If  we  replace  cos  (  —  v)  with  cosy,  and  sin  (  —  v)  with   —  sin  v,  we 
obtain  the  equation 

32-3  sin  (u  —  v)  =  sin  u  cos  v  —  cos  u  sin  i>. 

There  are  so  many  identities  of  the  type  we  have  developed  in  this 
section  and  preceding  ones  that  it's  difficult  to  keep  them  all  in  mind. 
The  key  facts  to  memorize  are  the  formulas  for  sin  (u  +  v)   and 
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cos  (u  +  v)  plus  the  equations  sin  (— v)  =  —sin  v  and  cos  (  —  v)  = 
cos  v.  With  this  information,  and  a  knowledge  of  the  values  of  the 
trigonometric  functions  for  /  =  0,  t/2,  and  so  on,  it  should  be  easy 
for  you  to  derive  the  other  formulas  we  have  discussed  and  many 
more. 

Example  32-1.     Show  that  sin  (\tt  +  t)  =  cos  t  for  every  number  t. 

Solution.  According  to  Equation  32-2,  sin  (\tt  +  t)  —  sin  \tt  cos  t 
-\-  cos  \tt  sin  /.  But  sin  \ir  =  1  and  cos  \tt  =  0,  and  therefore 
sin  (\tt  +  0  =  cos  t. 

Example  32-2.     Find  an  expression  for  tan  (u  +  v). 

:ording     to     an     elementary    identity 

When  we  expand  the  numerator  and  denominator  we  get 


Solution.      According     to     an     elementary    identity,     tan  (u  +  v)   = 
sin  (u  -f-  v) 
cos  (u  +  v) 

sin  u  cos  v  +  cos  u  sin  v 


tan  (u  -f-  ?;) 


cos  u  cos  ^  —  sin  u  sin  y 


If  neither  cos  u  =  0  nor  cos  y  =  0,  we  can  divide  both  the  numerator 
and  the  denominator  of  the  fraction  on  the  right  by  the  product  cos  u 
cos  v  to  obtain  a  formula  that  involves  only  the  tangent  function: 


sin  u  cos  v       cos  u  sin  v 

,  x  COS  U  COS  V  COS  W  COS  V 

tan  (?/  +  v)  =  : : j 

cos  z/  cos  v       sin  z/  sin  v 


cos  w  cos  y       cos  u  cos  o 
so  that 

tan  u  +  tan  v 


tan  (?/  +  z1) 


1  —  tan  u  tan  v 


Example  32-3.     Find  the  exact  value  of  sec  7ir/\2, 


Solution,     bince  —  =  -  +  75  we  have 

12        3        4 


7tt  1 

sec  — 


12  7tt 

cos  —        COS 


fi+j 


7T  7T  .        7T      .        7T 

cos  -  cos  -  —  sin  -  sin  7 

3  3         4 


§33  THE    TRIGONOMETRIC    FUNCTIONS  139 

1 2V2 

1  \  /V2\       / V3\  /V2 \       1  -  V3 


©(¥)-(¥)(¥) 

=  -V2(l  +  V3). 


Problems  32 

1.  Derive  a  formula  lor  cot  (u  -\-  v). 

2.  Derive  a  formula  for  tan  (w  —  v). 

3.  Verify  the  following  identities: 

(a)  sin  (it  +  t)  =  —sin  /  (d)  sec  (7  +  37r/2)  =  esc  t 

(b)  tan  (ir  —  u)  =  —tan  u  (e)   esc  (tt  —  x)  =  esc  # 

(c)  sin  (3tt/2  —  t)  -  —cost        (f)    tan  (Jtt  +  0  =  —  cot  t 

4.  Find  the  exact  value  of  each  of  the  following: 

(a)  sin  7t/12  (c)   cos  137r/12 

(b)  sin77r/12  (d)  tan77r/12 

5.  Use  Table  II  and  the  addition  formulas  to  evaluate  the  following: 

(a)  sin  \  cos  1  +  cos  \  sin  1 

(b)  cos  .3  cos  .1  —  sin  .3  sin  .1 

(c)  sin  3  cos  2  —  cos  3  sin  2 

6.  If  sin  u  =  § ,  sin  v  =  f ,  and  0  <  u  <  v  <  Jx,  evaluate  the  following: 

(a)  sin  (u  +  v)  (c)   cos  (u  +  v) 

(b)  sin  (u  —  v)  (d)  tan  (u  +  v) 

7.  Simplify  each  of  the  following  expressions: 

(a)  cos  (u  +  v)  cos  v  +  sin  (u  +  v)  sin  v 

(b)  sin  (u  —  v)  cos  v  +  cos  (w  —  v)  sin  z; 

(c)  |[sin  (x  +  jv)  +  sin  (x  —  jy)]  esc  * 

8.  Derive  a  formula  for  sin  (x  -\-  y  -\-  z). 

9.  If  #  +  y  +  2  =  it,  show  that  cos  2  +  cos  x  cosjy  —  sin  x  s'my  =  0. 
10.  Find  an  expression  for  sin  (sin  x  -f  sinjy). 

33     VALUES  OF  THE  TRIGONOMETRIC  FUNCTIONS 
FOR  MULTIPLES  OF  t 

It  is  easy  to  see  that  the  numbers  sin  2t  and  2  sin  /  are  not  the  same 
for  every  number  t.  If  t  =  ir/2,  for  example,  we  see' that  sin  2/  = 
sin  t  =  0,  while  2  sin  t  =  2  sin  ^tt  =  2.  To  find  an  expression 
for  sin  2/,  we  need  only  replace  each  of  the  numbers  u  and  v  in  Equa- 
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tion  32-2  with  the  same  number  /.     We  then  obtain  the  identity 

sin  {t  +  t)  =  sin  /  cos  /  +  cos  /  sin  t. 

This  identity  reduces  to  the  equation 

33-1  sin  2t  =  2  sin  t  cos  t. 

We  can  derive  a  formula  for  cos  2t  in  a  similar  manner.  From 
Equation  32-1  we  have 

cos  (t  +  t)  =  cos  t  cos  t  —  sin  t  sin  /, 

and  hence, 

33-2  cos  2t  =  cos2 1  -  sin2  t. 

We  can  write  this  equation  in  different  forms  by  using  the  identity 
cos2 1  +  sin2 1  =  1 ;  in  particular, 

33-3  cos  2t  =  1  -  2  sin2 1     and 

33-4  cos  2t  =  2  cos2  f  -  1. 

The  identities  that  result  when  these  last  two  equations  are  solved 
for  sin2 1  and  cos2 1  are  particularly  useful  for  certain  operations  in 
calculus.     They  are 

„o  -                                  .    o  .       1  —  cos  2t  , 

33-5  sin2 1  = and 


1  -h  cos  2t 


33-6  cos2 1 


Example  33-1.     Find  the  exact  value  of  sin  -• 


Solution.  We  have  not  discussed  the  values  of  the  trigonometric 
functions  for  /  =  71-/8,  but  we  do  know  the  values  for  It  =  w/4.  So 
we  replace  t  by  tt/8  in  Equation  33-5  to  obtain 


1  v 

1  —  cos  7        ,    , 
.   9  7T  4        1  ( A        V2 

sim  -  =  — 


-JO-THe-** 


The  number  sin  -  is  positive  and  hence  sin  £  =  5-\2  —  V 2. 
8  o 

Equations  33-5   and   33-6  give  only   the  squares  of  the  numbers 
sin  /  and  cos  t.     If  we  want  to  find  the  numbers  themselves,  we  must, 
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by  locating  the  quadrant  in  which  the  trigonometric  point  P(t)  lies, 
determine  the  correct  sign.  A  corresponding  formula  for  tan  /  is 
more  complete.  If  we  multiply  the  numerator  and  denominator  of 
the  right  member  of  the  equation  tan  /  =  sin  //cos  t  by  2  cos  t,  we 
obtain 

2  sin  t  cos  t 


tan  t 


2  cos2 1 


From  Equation  33-1   the  numerator  is  sin  2t,  and,  from  Equation 
33-6,  the  denominator  is  1  +  cos  2t.     Hence, 

33-7  tan  t  =  fg^jr 

1  +  cos  It 

Example  33-2.     Use  Equation  33-7  to  find  the  exact  value  of  tan  Sir/8. 

Solution.     By  setting  t  =  Sir/%  in  Equation  33-7  we  obtain 

.    5t  V2 

Sir  _      SmT  —2       _     -V2 

ta"8        1+cos^       !_^       2-V2 

_V2(2+V2)      =r^l(2  +  V2)  =  -(V2  +  l) 
(2-V2)(2+V2)  2      V  +  VV  (V2  +  1). 

Example  33-3.     Find  the  maximum  value  of  the  product  sin  t  cos  t. 

Solution.  According  to  Equation  33-1,  sin  t  cos  t  =  \  sin  2t.  The 
maximum  value  assumed  by  sin  2th  1 .  Hence  the  maximum  value 
of  the  product  sin  t  cos  t  is  J.     (The  maximum  value  occurs  when 

2t  =  7r/2  or  t  —  7r/4,  for  instance.) 

Problems  33 

1.  Derive  a  formula  for  tan  2t. 

2.  Derive  a  formula  for  cot  2t. 

3.  Derive  a  formula  for  tan2 1  by  "dividing  Equation  33-5  by  Equation 
33-6." 

4.  Find  the  exact  value  of  each  of  the  following: 

(a)  cos  7r/8  (c)   tan  t/S 

(b)  sin  5tt/8  (d)  cos  5tt/8 
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5.  Use  Equation  33-6  and  the  fact  that  2(ir/12)  =  tt/6  to  find  the  exact 
value  of  cos  7r/12.  Compare  your  answer  with  the  result  of  Example 
31-1. 

6.  Derive  an  identity  for  sin  3/. 

7.  Find  the  exact  value  of  sin  7r/16. 

8.  Simplify  the  following  expressions: 

(a)  (sin  x  +  cos  x)2  —  sin  2x        (c)   sin2  2t  —  cos2  2t 

(b)  sin2  2*/(l  +  cos  2tf  +  1         (d)  (sin  20 (cos  It) 

9.  If  t  satisfies  the  inequalities  0  <  t  <  %tt,  and  if  sin  /  =  f ,  find  the  exact 
value  of  each  of  the  following: 

(a)  sin  2t  (b)  cos  2t  (c)  sin  3t 

10.  Find  a  number  x  such  that  sin  x  ^  0  and  sin  2x  =  sin  x. 

11.  With  the  aid  of  Table  II  and  the  formulas  given  in  this  section,  evaluate 
the  following: 

(a)  sin  |  cos  J  (c)   cos2  §  —  cos2  (\ir  —  f ) 

(b)  2  cos2  .3  (d)  (1  +  cos  2)  esc  2 

12.  If  0  <  t  <  |7r,  and  if  z  =  a  sin  2t,  express  each  of  the  following  ex- 
pressions in  terms  of  z  and  a: 

(a)  sin  At  (c)   sin  t 

(b)  cos  At  (d)  tan  t 

34     SUMMARY  OF  TRIGONOMETRIC  IDENTITIES 

We  have  developed  several  relationships  among  the  trigonometric 
functions  in  the  last  few  sections.  In  this  section,  we  will  summarize 
these  relationships. 

First  we  list  eight  elementary  identities  that  we  can  obtain  directly 
from  the  definitions  of  the  trigonometric  functions. 

.  1  .  ,        cos  t 

CSC  t  =  - — ->  cot  t  =  - — j 

sin  t  sin  t 

sec  t  =  >  sin2  t  +  cos2  t  =  1, 

cos  t 

34-1  cot  t  =  -l—,         tan2  t  +  1  =  sec2  t, 

tan  £ 

tan  f  =  ^5_*  cot2  r+  1  =  esc2  *. 

cos  t 


§34  THE    TRIGONOMETRIC    FUNCTIONS  143 

Some  of  the  following  equations  are  marked  with  an  asterisk  (*). 
You  should  be  able  to  obtain  the  remaining  relations  by  using  these 
equations  and  the  elementary  identities. 

The  basic  addition  formulas  are: 

( *)  sin  (l/±y)  =  sin  u  cos  V  ±  cos  u  sin  V, 

34-2  ( *)  cos  (u  ±  v)  =  cos  u  cos  v  =F  sin  u  sin  v, 

(  N         tan  u  dz  tan  i; 

tan    u±y    = 

1  =F  tan  u  tan  i; 

The  basic  relations  involving  the  trigonometric  functions  of  —  t  are : 

(*)  sin  (-0  =  -sin*, 

34-3  (*)  cos  (-0  =  cosf, 

tan  (  —  t)  =  -tan  t. 

The  following  equations  state  the  basic  relations  involving  the 
trigonometric  functions  of  It. 

sin  2t  —  2  sin  £  cos  t, 

34-4    cos  2/  =  cos2 1  -  sin2 1  =  1  -  2  sin2 1  =   2  cos2  *  -  1, 

2  tan  £ 


tan  2t  = 


1  -  tan2  t 


You  will  frequently  find  it  useful  to  express  Relations  34-4  in  the 
following  form: 

sin2£  =  |(1  -  cos  20, 

34-5  cos2  *  =  X-  (1  +  cos  20, 

n  /  =       sin  2*       =  1  -  cos  2f 
"  1  +  cos  2*  ~       sin  2* 

All  of  the  above  relations  are  "identities"  in  the  sense  (ha!  (hey  are 
valid  for  any  numbers  /,  w,  and  v,  for  which  the  functions  involved 
are  defined.  Such  identities  are  used  principally  to  change  the  form 
of  an  expression  involving  trigonometric  functions  to  a  simpler  or 
more  useful  form. 
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Example  34-1.     Simplify  the  expression  sin  /  f f-  esc  t  J. 

Solution.     We  can  use  the  elementary  identities  to  simplify  the  given 
expression  in  the  following  manner: 


/cot  t   ,  \ 

sin  /  ( h  esc  t  ]  =  sin  t 

\sec  t  ) 


cos  t  ,     . 

- —  •  cos  t  +  1 
sin  t 


-  cos2;  +  1. 

Example  34-2.     Write  the  expression  (sin  2//sin  t)  —  (cos  2^/cos  t)  in 
a  form  that  involves  only  trigonometric  functions  of  t. 

Solution. 

sin  2t       cos  2/  _  2  sin  /  cos  /       2  cos2 1  —  1 
sin  t         cos  £  sin  t  cos  £ 

=  2  cos  t  —  2  cos  /  +  sec  t  —  sec  t. 

Example  34-3.     Simplify  the  expression  esc  2/  +  cot  It. 

Solution. 

' ,  ^  1  cos  2/ 

esc  2;  +  cot  It 


sin  2/       sin 

2t 

1  +  cos  It 

sin  2t 

2  cos2  / 

2  sin  £  cos  f 

cost 

- —  =  cot  t 

sin  t 

Example  34-4.     If  0  <  x  <  2tt,  show  that  sin  \x  =  V(l  -  cos  x)/2. 

Solution.  We  substitute  *  =  2t  in  the  formula  sin2 1  =  |(1  —  cos  20 
to  obtain  the  equation  sin2  §*  =  §(1  —  cosx).  Thus  we  find  that 
either  sin  \x  =  Vj(l  —  cos  x),  or  sin  \x  =  —  VJ(1  —  cos  x).  From 
the  inequalities  0  <  *  <  2tt,  it  follows  that  0  <  \x  <  tt,  so  that  sin 
\x  >  0,  and  the  equation  we  are  seeking  then  follows. 
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Problems  34 

1.  Simplify  the  following  expressions: 

(a)  esc  t  —  cot  t  cos  t  (c)   sin2  u/{\  —  cos  u)  —  1 

(b)  tan  x  sin  x  +  cos  x  (d)  tan  t  (1  +  cot2 t)/{\  +  tan2 1) 

2.  Let  £  satisfy  the  inequalities  0  <  /  <  ^ir.  Express  each  of  the  following 
in  terms  of  sin  t: 

(a)  sec  t  5  (c)   cot  t 

(b)  tan  t  (d)  esc  It 

3.  Simplify  the  following  expressions: 

(a)  [(2  sin2 1  -  l)/sin  t  cos  t]  +  cot  It 

(b)  (sec  t  +  tan  0/(cos  t  —  tan  £  —  sec  /) 

(c)  sin  t  cot  t  (sec  £  —  1)/(1  —  cos  /) 

(d)  sin  x/ (sec  #  +  1)  +  sin  #/(sec  #  —  1) 

4.  Show  that  VI  +  2  sin  #  cos  x  =  |sin  x  +  cos  x\. 

5.  Find  a  solution  to  the  equation  tan2  x  +  sec2  x  =  3. 

6.  Write  each  of  the  following  expressions  in  terms  of  trigonometric 
functions  of  2t: 

(a)  (sin3 1  —  cos3  *)/(sin  t  —  cos  t) 

(b)  (cos  t  -  l)2  -  (sin  *  -  l)2  +  2(cos  t  -  sin  t) 

(c)  (tan  £  +  cot  *)/(cot  t  —  tan  t) 

(d)  (sec  2/  -  1)(1  -  2sin20 

7.  Write  a  formula  for  tan  Jx  (see  Example  34-4). 

8.  Verify  the  following  identities: 

(a)  sin  (u  +  v)  +  sin  (u  —  v)  =  2  sin  u  cos  y 

(b)  sin  {u  -\-  v)  —  sin  (w  —  v)  =  2  cos  w  sin  v 

(c)  cos  (w  —  v)  +  cos  (z/  +  v)  =2  cos  w  cos  v 

(d)  cos  (m  —  v)  —  cos  (w  +  v)  =  2  sin  w  sin  v 

9.  The  identities  listed  in  the  previous  problem  express  a  sum  as  a  product, 
and  hence  are  called  the  factoring  identities.  They  can  be  written  in 
a  form  that  is  sometimes  more  useful  by  substituting  x  =  u  +  v  and 
y  =  u  —  v.  Then  u  =  |(#  +  y)  and  v  =  \{x  —  y)  so  that  the  identity 
in  Problem  8(a)  is  transformed  into  the  identity 

sin  x  +  sin y  =  2  sin  \{x  +  y)  cos  J(x  —  y). 
Derive  similar  formulas  for  the  following  sums  and  differences: 
(a)  sin  x  —  siny  (b)  cos  x  -\-  cosy  (c)  cos  x  —  cosy 

10.  With  the  aid  of  the  formulas  of  the  preceding  exercise,  find  a  number  x 
such  that  sin  x  t±  0,  and  such  that  sin  x  +  sin  2x  =  0. 
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«„     o,  i       sin  2a:  +  sin  2v  .  . 

11.  Show  that — ; if-  can  be  replaced  by  tan  (a  +  i>). 

cos  2a  +  cos2j/  J  '' 

cos  a:  ~\~  sin  a1 

12.  Show  that  : can  be  replaced  by  tan  2a*  +  sec  2a. 

cos  a  —  sin  a- 


35     PERIODICITY 

We  have  already  remarked  that  the  graphs  of  the  trigonometric 
functions  "repeat"  themselves  every  27T  units.  This  situation  stems 
from  the  fact  that  T(x  +  27r)  =  T(x)  for  every  trigonometric  func- 
tion T  and  every  number  x.  We  have  also  learned  that  the  graph 
of  the  tangent  function  repeats  itself  every  ir  units.     In  other  words, 

tan  (x  +  t)  =  tan  x     for  every  number  x. 

We  can  also  establish  this  fact  by  using  an  addition  formula  (Equa- 
tions 34-2)  and  the  value  tan  tt  =  0,  which  give  us 

z      ,      N         tan  x  +  tan  ir 

tan  (x  +  ir)  —  - — ■ =  tan  x. 

1  +  tan  x  tan  ir 

A  function  whose  graph  "repeats"  itself  is  called  a  periodic  func- 
tion. More  precisely  a  function  f  is  periodic  if  there  is  a  number  p  such 
that  f(x  +  p)  —  f(x)  for  all  numbers  x  in  the  domain  of  f.  If  there  is  a 
smallest  positive  number  p  for  which  this  last  equation  is  valid,  then 
p  is  called  the  period  of/.  The  sine  and  cosine  functions,  for  exam- 
ple, are  periodic  with  period  27T,  and  the  tangent  function  is  periodic 
with  period  w. 

Example  35-1.  Show  that  the  function  /  that  is  defined  by  the 
equation /(a)  =   |sin  a|  is  periodic  with  period  ir. 

Solution.     We  first  show  that/(A-  +  ir)  =  j(x)  for  all  numbers  a. 

/(a  +  tt)  =   |sin(A  +  7r)| 

=    |sin  A  COS  7T  +   C^S  A  sill  7r| 

=   |— sin  a  I  =   |  sin  a|  =/(*)• 

In  order  to  prove  that  ir  is  the  period  of/  we  must  also  show  that  if 
p  is  the  smallest  positive  number  for  which  |sin  (x  -f-  p)\  =  |sin  a|,  then 
p  =  ir.  Since  we  require  that  the  equation  |sin  (a  +  p)  \  =  |sin  a|  be 
valid  for  all  values  of  a,  it  must,  in  particular,  be  valid  when  a  =  0. 
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Therefore  p  must  be  a  positive  number  such  that  |sin  (0  +  p)  \  = 
|sin  0|;  that  is,  |sin  jfr|  ==  0.  The  smallest  positive  number  that  satisfies 
this  last  equation  is  clearly  p  =  ir. 

Figure  35-1  shows  the  graph  of  the  equation  y  =  sin  2x.  From 
the  graph  it  is  clear  that  the  function  g  that  is  defined  by  the  equation 
g(x)  =  sin  2x  is  a  periodic  function  with  period  w.     That  is,  a  "cycle" 


Figure  35-1 

of  the  graph  is  completed  in  intervals  w  units  long,  and  not  in  any 
smaller  interval.     Analytically  we  have 

g(x  +  7r)  =  sin  2{x  +  7r)  =  sin  (2x  +  2w)  =  sin  2x  =  g(x). 

Notice  that  the  period  of  the  function  g  defined  by  the  equation 
g(x)  =  sin  2x  is  one-half  the  period  of  the  function  /  defined  by  the 
equation  f(x)  =  sin  x.     We  can  generalize  this  remark  as  follows. 

Theorem  35-1 .  If  a  function/  is  periodic  with  period  p,  and  if  the  function 
g  is  defined  by  the  equation  g(x)  =  f(ax),  where  a  >  0,  then  g  is  a  periodic 
function  with  period  p/a. 


It  is  easy  to  show  that  g(x  +  p/a) 
definition  of  the  function  g, 


g(x).     We  have,  from  the 


g(x  +  p/a)  =f[a(x  +  p/a)]  =  f(ax  +  p). 

Since/  is  periodic  with  period  p,  f(ax  +  p)  =  f(ax) .  But J (ax)  =  g(x) , 
so  g(x  -\-  p/a)  —  g(x).  It  is  also  true  that  the  smallest  positive  num- 
ber h  for  which  g(x  +  h)  =  g(x)  for  all  numbers  x  in  the  domain  of  g 
is  h  =  p/a9  but  we  omit  the  proof. 
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Example  35-2.  What  is  the  period  of  the  funetion  g  that  is  defined 
by  the  equation  g(x)  --  Ian  4irx? 

Solution.  This  example  illustrates  the  situation  that  is  described  in 
Theorem  35-1.  Here  the  function/  is  the  tangent  function,  and  the 
number  a  is  Air.  Since  the  period  p  of  the  tangent  function/  is  tt,  the 
period  of  the  function  g  is  p/a  =  tt/Att  =  f. 

Example  35-3.     Sketch  the  graph  of  the  equation y  =  cos  irx. 

Solution.  The  period  of  the  function  g  defined  by  the  equation  g(x)  = 
cos  irx  is  2ir/ir  =  2.  We  therefore  need  only  plot  the  portion  of  the 
graph  in  the  interval  from  x  =  0  to  x  =  2  to  get  a  complete  picture 
of  the  way  this  function  behaves.     Figure  35-2  shows  the  result. 

You  will  observe  that  the  curve  in  Fig.  35-2  is  merely  the  graph 
of  the  cosine  function  so  "compressed"  that  an  entire  cycle  is  corn- 


Figure  35-2 


pleted  in  intervals  2  units  long.  Similarly,  the  graph  of  the  equation 
y  =  sin  ax,  where  a  is  a  positive  number,  is  simply  a  sine  curve  either 
horizontally  compressed  or  elongated  so  that  an  entire  cycle  is  com- 
pleted in  every  interval  of  length  2ir/a.  Hence  to  quickly  obtain  a 
sketch  of  the  graph  of  the  equation  y  =  sin  ax  we  need  only  plot  a 
very  few  points,  for  example,  the  points  (0,0),  (7r/2#,l),  (w/afi), 
(3ir/2a,  —  1),  and  (2ir/a,0)  and  join  them  by  a  "sine-type"  curve. 
You  should  have  no  trouble  sketching  graphs  of  equations  of  the  form 
y  =  T(ax),  where  T  may  be  any  trigonometric  function  and  a  any 
positive  number. 

The  trigonometric  functions  are  not  the  only  periodic  functions. 
The  "saw-tooth"  wave  (Example  35-4)  that  is  sometimes  encountered 
in  electronics  problems  also  falls  into  this  category. 
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Example  35-4.  Sketch  the  graph  of  the  function/  that  is  determined 
by  the  equation /(#)  =  x  —  [#],  where  [#[]  represents  the  greatest 
integer  that  does  not  exceed  x  (see  Section  11). 

Solution.  If  x  >  0,  then  f(x)  is  simply  the  "fractional  part"  of  x. 
Thus/(7r)  =  7T  -  |V1  =  3.142  -  3  =  .142,  f(Vl)  =  .414,  and  /(3) 
==0.  It  is  therefore  easy  to  see  that  the  graph  of/,  for  non-negative 
values  of  x,  may  be  obtained  by  repeating  the  part  of  the  graph  that 
corresponds  to  values  of  x  between  0  and  1.  You  will  not  find  it 
difficult  to  convince  yourself  that  the  part  of  the  graph  to  the  left  of 
thej-axis  may  also  be  obtained  by  reproducing  the  heavy  part  of  the 
graph  in  Fig.  35-3.     Thus/ is  periodic  with  period  1. 


Figure  35-3 

If  a  function  is  defined  only  for  values  of  x  lying  between  two  given 
numbers,  we  often  wish  to  consider  its  periodic  extension.  This  is 
a  new  function  whose  domain  is  the  set  of  all  real  numbers  and  whose 
graph  consists  of  repetitions  of  the  graph  of  the  original  function. 


Example  35-5.  Let  /  be  the  function  whose  domain  is  the  set  of 
numbers  x  such  that  —  1  <  x  <  1  and  for  which  f(x)  =  \x\.  If  F  is 
the  periodic  extension  of/,  sketch  the  graph  of  F  and  find  F(2),  F(tt), 
andF(-f). 

Solution.  The  heavy  part  of  the  curve  in  Fig.  35-4  is  the  graph  of/. 
The  entire  curve,  which  is  obtained  by  repeating  this  portion,  is  the 


Figure  35-4 


150  THE   TRIGONOMETRIC    FUNCTIONS  §35 

graph  of  F.     It  is  easy  to  see  that  F  is  a  periodic  function  with  period  2. 
From  Fig.  35-4  we  see  that  F(2)  =  0  and  that 

F(tt)  =  F(3.14  -  4)  =/(-.86)  =  .86. 

Similarly, 

F(-i)  =F(-f +  2)  =/(|)  =|. 

Problems  35 

1.  Determine  which  of  the  following  equations  define  periodic  functions: 

(a)  y  =  x  sin  x  (c)  f(x)  =  sin  #  —  cos  * 

(b)  ,  =  3x+  1  (d)  /(*)  =  4 

2.  Let/  be  a  periodic  function  with  period  p.  Show  that/(*  —  p)  =  /(#) 
and  that /(*  +  2/0  =  /(*)■ 

3.  Sketch  a  graph  of  the  functions  that  are  defined  by  each  of  the  following 
equations  and  determine  the  period: 

(a)  y  =  sin  2irx  (d)  y  —  cos  \x 

(b)  y  =  cot  4x  (e)  y  =  2  sin  x 

(c)  jy  =  tan  irx  (f)   j>  =  [x]  —  * 

4.  Show  that  f(t)  =  sin2  /  defines  a  periodic  function  while  f(t)  =  sin  /2 
does  not. 

5.  Let/  be  the  function  defined  by  the  following  equations: 

/(*)  =  -1     if     -1  <  x  <  0, 

/(*)  =  1         if         0  <  x  <  1. 
Sketch  the  graph  of  the  function  F  which  is  the  periodic  extension  of/, 
and  find  F(3.5),  F(— 16/3),  and  F(201.7).     This  graph  is  an  example  of 
a  "square"  wave. 

6.  Determine  the  periods  of  the  functions  that  are  defined  by  each  of  the 
following  equations: 

(a)  y  =  cos2  x  —  sin2  x  (c)  y  =  2  tan  x/(\  —  tan2  x) 

(b)  y  =  sin  2*/(l  +  cos  2x)  (d)  y  =  2  cos2  4*  -  1 

7.  A  function /has  the  following  properties:  (i)  it  is  periodic  with  period  4, 
(ii)  if  -2  <  x  <  0,/W  -  -ix,  (iii)  if  0  <  x  <  2,/(*)  =  §*.  Sketch 
the  graph  of/  and  find/(7). 

3.  Let/  be  the  function  whose  domain  is  the  set  of  all  positive  integers  and 
for  which  /(«)  is  the  integer  in  the  nth  decimal  place  in  the  decimal 
expansion  of  \.  What  is  the  range  of/?  Is/  periodic,  and  if  so,  what  is 
its  period? 
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9.  Let  /  and  g  be  periodic  functions  whose  periods  are  p  and  q  respectively. 
Is  the  function  F  periodic  in  the  following  equations? 

(a)  F(x)  =  f(x)g(x)  (c)   F(x)  =f(x*) 

(b)  F(x)  =  [f(x)Y  (d)  F(x)  =  f[gW] 

36      BOUNDEDNESS  AND  AMPLITUDE 

The  graphs  of  the  sine  and  cosine  functions  illustrate  the  fact  that 
—  1  <  sin  x  <  1  and  —  1  <  cos  x  <  1  for  every  real  number  x. 
The  graph  of  the  tangent  function  shows  that  tan  x  can  be  any  real 
number.  This  contrast  between  the  graphs  of  the  sine  and  cosine 
functions  and  the  graph  of  the  tangent  function  illustrates  the  prop- 
erty of  boundedness.  The  sine  and  cosine  functions  are  bounded 
above  and  bounded  below  in  accordance  with  the  following  defi- 
nition. 

Definition  36-1.  A  junction  f  is  hounded  above  if  a  number  M  can 
be  found  such  that  f(x)  <  M  for  all  numbers  x  in  the  domain  of  f.  A  func- 
tion f  is  bounded  below  if  a  number  m  can  be  found  such  that  f{x)  >  m  for 
all  numbers  x  in  the  domain  of  f. 

We  see  that  sin  x  is  bounded  above,  since  sin  x  <  1  for  all  x,  and 
bounded  below,  since  sin  x  >  —  1  for  all  x.  Thus  in  Definition  36-1, 
the  number  M  could  be  1  and  m  could  be  —1.  Or  M  could  be  2, 
for  it  is  certainly  true  that  sin  x  <  2.  The  number  1,  however,  is 
the  smallest  possible  choice  we  can  make  for  M,  and  the  number  —  1 
is  the  largest  possible  choice  we  can  make  for  m  in  this  example. 

When  a  function  is  bounded  above,  the  smallest  number  M  such 
that  f(x)  <  M  for  all  numbers  x  in  the  domain  of  /  is  called  the 
least  upper  bound  of/.  If/  is  bounded  below,  the  largest  number  m 
such  that  f(x)  >  m  for  all  numbers  x  in  the  domain  of/  is  called  the 
greatest  lower  bound  of/. 

The  least  upper  bound  of  the  sine  function  is  1,  and  the  greatest 
lower  bound  of  the  sine  function  is  —1.  The  tangent  function  is 
not  bounded  and  hence  has  no  least  upper  bound  or  greatest  lower 
bound. 

Definition  36-2.  The  amplitude  of  a  bounded  periodic  function  f  is 
the  number  |(M  —  m),  where  M  and  m  are  the  least  upper  and  greatest 
lower  bounds  of  f. 
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The  amplitude  of  the  sine  function  is  thus  |[1  —  (  —  1)]  =  1. 
We  do  not  say  thai  the  tangenl  function  has  an  amplitude  because 
i(  is  no!  bounded. 

Example  36-1.  Determine  the  amplitude  of  the  function  /  that  is 
defined  by  the  equation  f(x)  =  x  —  \_x"\  (see  Example  35-4). 

Solution.  We  see  from  Fig.  35-3  that  the  least  upper  bound  of/  is  1, 
and  the  greatest  lower  bound  of/  is  0.  Note  that  there  is  no  number  x 
for  which/(*)  equals  1,  but  that  1  is  nevertheless  the  smallest  number  M 
such  that/(#)  <  M  for  all  values  of  x.  The  amplitude  of/  is  therefore 
1(1  -  0)  =  J. 

In  the  preceding  section  we  saw  that  the  graph  of  the  equation 
y  =  sin  ax,  where  a  >  0,  had  the  same  appearance  as  the  graph  of  the 
sine  curve,  except  that  it  was  either  horizontally  compressed  or 
elongated.  The  graph  of  the  equation  y  =  A  sin  x  is  also  a  "sine- 
type"  curve  since  it  can  be  obtained  by  multiplying  the  ^-coordinate 
of  each  point  of  the  graph  of  the  sine  function  by  the  number  A. 
This  multiplication  either  vertically  compresses  or  elongates  the 
sine  curve.  If  A  <  0,  the  multiplication  also  reflects  the  sine  curve 
about  the  x-axis.  Since  the  amplitude  of  the  sine  curve  is  1,  the 
amplitude  of  the  graph  of  the  equation  y  =  A  sin  x  is  \A\.  The 
graphs  of  the  equations  y  =  2  sin  x  and  y  =  \  sin  x  are  compared 
with  a  dashed-line  sine  curve  in  Fig.  36-1. 
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Figure  36-2 


Example  36-2.  Discuss  the  graph  of  an  equation  of  the  form  y  = 
A  sin  ax,  where  a  is  a  positive  number. 

Solution.  The  graph  of  this  equation  is  a  sine  curve  that  is  either 
compressed  or  elongated  both  vertically  and  horizontally.  We  saw 
in  the  preceding  section  that  the  graph  of  the  equation  y  =  sin  ax  is  a 
"sine-type"  curve  with  the  period  2ir/a.  If  we  multiply  the  y-co- 
ordinate  of  each  point  of  this  graph  by  A,  we  obtain  the  graph  of 
y  =  A  sin  ax,  which  has  an  amplitude  of  \A\.  A  typical  graph  of  an 
equation  of  the  form  y  =  A  sin  ax  is  shown  in  Fig.  36-2.  (In  the 
figure  it  is  assumed  that  A  >  0.) 


Example  36-3.     Graph  the  equation^  =  |sin  x| 
y 


Figure  36-3 
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Solution.  For  those  numbers  x  for  which  sin  x  is  positive,  the  graph  of 
the  equation^  =  |sin  x\  is  the  same  as  the  graph  of  the  equation  jy  = 
sin  x.  For  numbers  x  for  which  sin  x  is  negative,  the  graph  of  the 
equation  y  =  |sin  x\  is  identical  to  the  graph  of  the  equation  y  = 
—  sin* — that  is,  it  is  the  graph  of  the  equation  y  =  sin  x  reflected 
about  the  *-axis.  Figure  36-3  illustrates  the  fact,  already  shown  in 
Example  35-1,  that  the  period  of  the  curve  is  ir.  The  least  upper  and 
greatest  lower  bounds  are  1  and  0,  respectively.  The  amplitude  is 
therefore  J. 

Problems  36 

1.  Sketch  the  graphs  of  each  of  the  following  equations: 

(a)  y  =  \  cos  x  (c)  y  =  ir  cos  2irx 

(b)  y  =   —4  sin*  ,  ,x  sin  irx 

(d)j-= — — 

2.  Determine  the  least  upper  bound  and/or  the  greatest  lower  bound  when 
they  exist  for  the  functions  defined  by  the  following  equations: 

(a)  y  =  2x  -+-  3  (d)  y  =  sec  x 

(b)  y  =  \/x2  (e)  y  =  log  x 

(c)  y  =  2"  (f)  y  =  1/|*| 

3.  Determine  the  amplitude  in  each  of  the  following  cases: 

(a)  f(x)  =  —  5  sin  irx 

(b)  f(x)  =  4  sin  x  cos  x 

(c)  The  function  F  in  Example  35-5 

(d)  The  function  F  of  Exercise  5  of  Problems  35 

(e)  The  function/  of  Exercise  7  of  Problems  35 

4.  Graph    the   function    defined    by   the   equation  y  =  .001  tan  x.     Is    it 
bounded? 

5.  Graph  the  function  defined  by  the  equation  y  =  2sin  x.     What  is  its 
amplitude  and  period? 

6.  Graph  the  following  equations.     In  each  case  determine  the  amplitude. 

(a)  y  =  3  sin  4ttx  (c)  y  =  A  sin  \ttx 

(b)  y  =  —  .1  cos  irx  (d)  y  =  5  cos  \0irx 

7.  Graph  the  function/ and  determine  its  amplitude  if/(#)  =  2  sin2  2irx. 

8.  Criticize  the  following  statement.     "The  amplitude  of  a  bounded  periodic- 
function  is  its  maximum  value." 

9.  Criticize  the  following  statement.     "The  least  upper  bound  of  a  function 
is  the  largest  number  in  the  range  of  the  function." 
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37     THE  EQUATION  y  =  A  sin  (ax  +  b) 

Trigonometric  functions  are  useful  in  solving  problems  involving 
vibrations  and  oscillations.  For  example,  if  you  could  measure  the 
voltage  drop  across  the  terminals  of  an  ordinary  electrical  outlet 
you  might  find  that  the  voltage  t  seconds  after  the  start  of  your 
measurements  is  given  by  the  equation  E  =  155  sin  \2Qirt.  The 
amplitude  of  the  function  defined  by  this  equation  is  155  and  the 
period  of  the  function  is  2tt/\20tt  =  -£-$.  The  reciprocal  of  the  period 
of  a  periodic  function  is  called  the  frequency  of  the  function.  The 
frequency  represents  the  number  of  cycles  (or  the  fraction  of  a  cycle) 
completed  by  the  graph  of  the  function  in  a  vertical  band  1  unit 
wide.  In  our  example  we  see  that  the  frequency  of  ordinary  house- 
hold voltage  is  60  cycles  per  second. 

The  voltage  equation  mentioned  in  the  preceding  paragraph  is 
correct  only  if  the  initial  measurement  is  made  when  the  voltage  is  0 
and  increasing — that  is,  E  =  0  when  t  =  0,  and  E  >  0  for  values 
of  t  slightly  greater  than  0.  If  the  first  measurement  is  made  at  any 
other  point  in  the  cycle,  we  would  find  that  the  equation  expressing 
E  would  have  the  form  E  =  155  sin  (\20irt  +  b),  where  the  value  of 
b  depends  on  the  point  in  the  cycle  at  which  the  initial  measurement 
is  made.  This  equation  is  of  the  type  y  =  A  sin  (ax  +  b),  where  a 
is  a  positive  number.  The  graph  of  such  an  equation  is  the  same  as 
the  graph  of  the  equation  y  =  A  sin  ax,  except  that  it  is  shifted  along 
the  ^-axis.  The  graph  of  the  equation  y  =  A  sin  (ax  +  b)  is  a  sine- 
tvpe  curve  whose  amplitude  is  \A  |  and  whose  period  is  2ir/a.  Notice 
that  y  =  0.  at  the  point  at  which  ax  +  b  =  0 — that  is,  at  the  point 
x  =  —b/a.  The  number  —  b/a  is  called  the  phase  shift.  The 
phase  shift  represents  the  number  of  units  that  the  graph  of  the 
equation  y  =  A  sin  ax  must  be  shifted  along  the  x-axis  in  order  to 
coincide  with  the  graph  of  the  equation  y  =  A  sin  (ax  +  b).  This 
shift  is  to  the  left  when  the  phase  shift  is  negative  and  to  the  right  if 
the  phase  shift  is  positive. 

Example  37-1.     Sketch  the  graph  of  the  equation  jy  =  2  sin  (x  +1). 

Solution.     This  graph  is  a  sine-type  curve  with  an  amplitude  of  2  and 
a  period  of  2t.     Notice  that  y  =  0  when  x  +  1  =  0 — that  is,  when 
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x  =  —\.  The  phase  shift  is  —  1  so  that  the  graph  of  y  =  2  sin  x 
must  be  shifted  —  1  units — that  is,  one  unit  to  the  left — to  obtain  the 
graph  of  the  equation  y  —  2  sin  (x  +  1)-  The  graph  is  shown  in 
Fig.  37-1. 

In  Section  30,  where  we  first  studied  the  graphs  of  the  trigonometric 
functions,  we  learned  that  the  sine  and  cosine  curves  were  the  same 
in  the  sense  that  they  can  be  made  to  coincide  by  shifting  one  along 
the  #-axis.     Wc  now  see  exactly  what  this  statement  means,  for  ac- 


+  x 


Figure  37-1 

cording  to  Example  32-1,  cos  x  =  sin  (x  -\-  ^7r),  and  so  the  graph  of 
the  cosine  function  is  the  same  as  the  graph  of  the  equation  y  = 
sin  (x  +  §7r).  But  the  graph  of  this  last  equation  is  merely  a  sine 
curve  with  a  phase  shift  of  —  ^tt  units — that  is,  a  sine  curve  shifted 
\tt  units  to  the  left. 


Example  37-2.     Sketch  the  graph  of  the  equation^  =  2  sin  (2x  —  ir). 

Solution.  This  curve  has  the  same  form  as  the  graph  of  the  equation 
y  =  2  sin  2x,  so  its  amplitude  is  2  and  its  period  is  27r/2  =  it.  In  this 
example  the  phase  shift  is  ir/2  so  we  obtain  the  graph  of  the  equation 
y  =  2  sin  (2x  —  ir)  by  shifting  the  curve  y  =  2  sin  2x  along  the  *-axis 
7r/2  units.     Figure  37-2  shows  the  graph. 
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Figure  37-2 
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The  trigonometric  functions  are  also  used  to  describe  certain 
mechanical  phenomena.  Suppose  a  particle  is  moving  along  a 
straight  line.  Let  t  represent  the  number  of  units  of 
time  that  have  elapsed  since  the  particle  started 
moving,  and  let  S  be  the  corresponding  number 
of  units  that  the  particle  has  been  displaced  from 
some  "position  of  equilibrium"  on  the  line.  If  the 
moving  particle  is  always  acted  upon  by  a  force 
that  is  directed  toward  the  point  of  equilibrium  and 
whose  magnitude  is  proportional  to  the  displacement 
from  that  point,  then  the  resulting  motion  is  called 
simple  harmonic  motion,  and  the  equation  con- 
necting S  .and  t  has  the  form  S  =  A  sin  (at  +  b). 
These  remarks  are  illustrated  by  the  following  exam- 
ple. 

Suppose  a  mass  of  m  grams  is  suspended  from  a 
spring  and  that  a  number  scale  originating  at  the 
rest  position  of  the  mass  is  placed  as  shown  in  Fig. 
37-3.  Now  if  the  mass  is  pulled  down  A  units  and 
then  released,  it  will  oscillate  up  and  down  about 
the  rest  position.  Assuming  no  frictional  losses,  the  number  of  units 
S  of  displacement  from  the  rest  position  t  seconds  after  release  is  given 
by  an  equation  of  the  form 


--  o 


Figure  37-3 


37-1 


S  =  A  sin 


(£-1) 
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where  k  is  a  positive  number  that  measures  the  "stiffness"  of  the 
spring — the  "stiff er"  the  spring,  the  larger  is  k.  We  really  need 
calculus  to  derive  Equation  37-1  from  mechanical  principles,  so  let 
us  just  accept  the  result  and  attempt  to  read  some  information  from 
it.     We  see  that: 

(i)  The  amplitude  of  the  vibration  is  A  units ;  the  displacement  of 
the  mass  is  always  between  —A  and  A  units  from  the  rest 
position, 
(ii)  The  period  of  the  motion  is  2-ir/vk/m  =  v4Tr2m/k  seconds 
per  oscillation.  The  frequency  is  vk/4w2m  oscillations  per 
second.  This  formula  shows  that  the  stiff  er  the  spring  and 
the  lighter  the  mass,  the  more  rapid  is  the  vibration. 

We  neglect  the  effects  of  friction  and  air  resistance  in  deriving 
Equation  37-1.  According  to  that  equation,  the  mass  would  go  on 
forever  oscillating  between  the  same  limits.  Actually,  of  course, 
friction  and  air  resistance  do  act  on  the  mass  and  the  oscillations 
grow  smaller  as  time  goes  on.  When  we  include  these  other  forces 
in  our  calculations,  we  are  dealing  with  a  type  of  motion  called 
damped  vibration.  A  typical  equation  used  to  describe  such  a  motion 
has  the  form 

y  =  A~rt  sin  {at  +  b), 

where  r  >  0.  You  will  probably  encounter  this  equation  in  your 
subsequent  work  in  mathematics,  and  you  will  want  to  investigate  it 
further  at  that  time. 

Problems  37 

1.  Sketch  the  graph  of  each  of  the  following  equations: 

(a)  y  =  sin  (x  +  3  ir/2)  (c)  y  =  cos  (x  —  \ir) 

(b)  y  =  tan  (x  +  §7r)  (d)  y  =  sin  (x  +  t/6) 

2.  Sketch  the  graph  of  each  of  the  following  equations.     In  each  case 
determine  the  frequency  and  phase  shift. 

(a)  y  =  sin  (2ttx  +  ir)  (c)  y  =  cos  (2irx  —  ir) 

(b)  y  =  sin  (|*  +  3)  (d)  y  =  tan  (irx  -  4) 

3.  Sketch  the  graph  of  each  of  the  following  equations.     In  each  case 
determine  the  frequency,  phase  shift,  and  amplitude. 

(a)  y  =  4  sin  (3*  —  \ir)  (c)  y  =  3  cos  (2ttx  —  4ir) 

«  v       _  sin  (\irx  +1)  (d)  y  =  —  \  cos  (irx  —  3ir) 

\D)  y 
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4.  Sketch  the  graph  of  the  equation  y  =  |2  sin  (ttx  —  J7r)|  and  determine 
the  frequency,  phase  shift,  and  amplitude. 

5.  If  displacement  is  related  to  time  by  the  equation  S  =  B  cos  (ct  +  d),  is 
the  resulting  motion  simple  harmonic  motion?  In  other  words,  can 
you  find  numbers  A,  a,  and  b  such  that  B  cos  (ct  +  d)  =  A  sin  (at  +  b)? 

6.  (a)  Let  A  >  0,  and  suppose  that  y  =  —  A  sin  (ax  +  b).     Show  that 

you  can  find  numbers  c  and  d  such  that  y  =  A  sin  (ex  +  a?)  so  that 
it  is  no  restriction  to  suppose  that  A  >  0  in  the  equation  y  = 
A  sin  (ax  +  b). 
(b)  Find  an  equation  of  the  formjy  =  A  sin  (ax  +  6),  where  A  >  0, 
which  is  equivalent  to  the  equation jy  =  —2  sin  (2irx  +  1). 

7.  (a)   Explain  why  it  is  no  restriction  to  assume  that  a  >  0  in  the  equa- 

tion y  =  A  sin  (ax  +  &)•  (Hint:  Show  that  if  a  <  0,  then  num- 
bers 5,  c,  and  a?  can  be  found  such  that  c  >  0  and  Z?  sin  (car  +  d) 
=  A  sin  (ax  -\-  b)). 
(b)  Find  an  equation  of  the  form  y  =  A  sin  (a*  +  b),  where  A  and  # 
are  positive  numbers,  which  is  equivalent  to  the  equation  y  = 
3  sin  (  —  5a:  +  2). 

8.  (a)  Explain  why  a  complete  discussion  of  the  equation  y  =  A  sin 

(ax  +  b)  automatically  includes  a  discussion  of  the  equation  y  = 
A  cos  (ax  +  b). 
(b)  Write  an  equation  of  the  formjy  =  A  sin  (ax  +  #)  that  is  equiva- 
lent to  the  equation  y  =  2  cos  (2irx  +  ir). 

9.  Find  numbers  B,  c,  and  <i,  such  that  for  given  numbers  A,  a,  and  b, 

A  cot  (ax  -\-  b)  =  B  tan  (c*  +  d) . 

10.  Calculate  the  frequency  of  the  motion  if  a  mass  of  m  =  50  is  displaced 
slightly  from  its  equilibrium  position  when  attached  to  a  spring  with  a 
stiffness  constant  k  of  1000. 

11.  Let  a  charge  of  Qo  coulombs  be  introduced  onto  the  plates  of  a  con- 
denser with  a  capacitance  of  C  farads.  The  condenser  is  placed  in  a 
circuit  with  a  coil  that  has  an  inductance  of  L  henrys.  If  the  resistance 
of  the  circuit  is  negligible,  the  charge  Q  on  the  condenser  t  seconds 
after  it  is  placed  in  the  circuit  is  given  by  the  equation 


Q  =  Q»sin(vfa+H- 


Calculate  the  frequency  associated  with  this  circuit  if  L  =  .1  henry  and 
C  =  10-4  farad. 
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38      SPECIAL  GRAPHING  METHODS 

Formulas  that  define  functions  often  consist  of  the  sum  of  a  number 
of  terms.  One  device  for  plotting  the  graph  of  such  functions  is  by 
the  "addition  of  jy-coordinates"  (see  Exercise  11  of  Problems  30). 
The  following  examples  illustrate  this  method. 

Example  38-1.     Graph  the  equation^  =  sin  x  +  sin  2x. 

Solution.  With  what  we  already  know  about  graphs  of  the  trigono- 
metric functions,  we  can  easily  graph  the  equations  y  =  sin  x  and 
y  —  sin  2x  separately.  The  results  are  shown  as  the  broken-line  curves 
in  Fig.  38-1.     We  obtain  the  graph  of  the  equation  j;  =  sin  x  +  sin  2x 


Figure  38-1 


by  simply  adding  the  jy-coordinates  of  corresponding  points  on  the 
dashed  curves  with  the  aid  of  some  drawing  instruments  such  as  a 
pair  of  dividers  or  a  compass.  The  result  is  the  solid-line  curve  of 
Fig.  38-1. 

Example  38-2.     Graph  the  equation  jy  =  x  +  cos  2wx. 


Solution.  If  we  graph  the  two  equations  y  =  x  and  y  =  cos  2itx  and 
then  add  the  corresponding  jy-coordinates,  the  solid  curve  of  Fig.  38-2 
results.     This  is  the  graph  we  are  seeking. 
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Figure  38-2 
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Figure  38-3 
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Example  38-3.     Graph  the  equation  y  =  x  —  2  cos2  ttx. 

Solution.  We  first  use  the  identity  2  cos2  irx  =  1  +  cos  2irx  (see  Equa- 
tion 34-5)  to  write  the  given  equation  as  y  =  x  —  1  —  cos  27r*  = 
(x  —  1)  +  (  —  cos  2irx).  We  can  now  graph  the  equations  jy  =  x  —  1 
and  y  —  —  cos  27r;c  separately.  The  results  are  shown  as  broken-line 
curves  in  Fig.  38-3.  We  then  obtain  the  graph  of  the  given  equation 
by  adding  jy-coordinates  of  corresponding  points,  which  yields  the 
solid-line  curve  of  Fig.  38-3. 

The  most  general  function  that  expresses  simple  harmonic  motion 
is  determined  by  an  equation  of  the  form  y  =  B  sin  ax  -\-  C  cos  ax, 
where  a  >  0.  We  can  plot  the  graph  of  this  function  by  adding 
^-coordinates,  but  we  can  get  a  better  understanding  of  the  function 
from  the  following  theorem. 

Theorem  38-1.     For  any  given  values  of  B,  C,  and  a,  a  positive  number 
A  and  a  number  b  can  be  found  such  that 

B  sin  ax  +  C  cos  ax  =  A  sin  {ax  +  b) 

for  all  values  of  x. 

Proof.  To  prove  this  theorem,  we  need  only  find  numbers  A  and 
b  for  which  the  above  equation  is  an  identity.     Let  A  =   v52  +  C2. 


Figure  38-4 
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Then  A2  =  B2  +  C2  and  (B/A)2  +  (C/A)2  =  1.  It  follows  that 
the  point  P  with  coordinates  (B/A,C/A)  is  a  point  on  the  unit  circle 
(see  Fig.  38-4).  Let  b  be  any  number  such  that  P  is  the  trigonometric 
point  of  b.  We  could  choose,  for  example,  b  as  the  distance  measured 
along  the  unit  circle  in  the  counter-clockwise  direction  from  the 
point  (1,0)  to  the  point  P.  According  to  the  definition  of  the  trig- 
onometric functions,  sin  b  =  C/A  and  cos  b  =  B/A,  and  hence, 

38-1  B  =  A  cos  b     and     C  =  A  sin  b. 

Now  using  an  addition  formula  (Equations  34-2)  we  may  write 
A  sin  (ax  +  b)  =  A  cos  b  sin  ax  +  A  sin  b  cos  ax.  If  we  replace  the 
numbers  A  cos  b  and  ^4  sin  b  with  the  values  B  and  C  from  Equa- 
tions 38-1,  the  identity  A  sin  (ax  +  b)  =  B  sin  a*  +  C  cos  <z#  is  estab- 
lished. 

Example  38-4.  Two  alternating  current  generators  produce  currents 
that  are  given,  in  terms  of  the  time  t,  by  the  equations 

i\  =  V 3  sin  120^     and     z2  =  —cos  120^. 

If  the  output  of  the  second  is  added  to  the  output  of  the  first,  find  the 
maximum  current  output,  when  it  occurs,  and  determine  the  phase 
shift  produced. 

Solution.     The  combined  current  is  given  by  the  equation 

i  =  V?>  sin  120tt/  -  cos  120wt. 

In  this  case,  A  =  V  3  +  1=2.  The  point  P  has  coordinates 
( V  3/2,  —  |).  Thus  sin  b  =  —\  and  cos  b  =  V  3/2,  so  /?  can  be  chosen 
as  —  7r/6.  The  total  current  can  therefore  be  represented  by  the 
equation  z  =  2  sin  (12CM  —  7r/6).  It  follows  that  the  maximum  cur- 
rent is  2  and  that  the  current  experiences  a  phase  shift  of  7-^  units  of 
time.  The  maximum  value  of  i  occurs  when  120^  —  7r/6  =  tt/2 
-\-  k  •  2-7T  (k  can  be  any  integer),  and  hence  when  t  =  y^-g-  +  k/60. 

Problems  38 

1.  Graph  the  following  equations: 

(a)  y  =  cos  x  +  cos  2x  (c)  y  =  cos  2x  —  sin  x 

(b)  y  =  sin  2x  +  cos  x  (d)  y  =  sin  a:  +  |sin  x\ 

2.  Graph  the  following  equations: 

(a)  y  —  x  +  sin  27ta:  (c)  y  =  3x  +  2  —  sin  2-™ 

(b)  7  =  2*  —  cos  2irx  (d)  j;  =  [xj  +  sin  2-zrx 
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3.  Graph  the  following  equations: 

(a)  y  =  sin2  irx  —  x 

(b)  y  —  3  +  sin2  irx  —  cos2  irx 

4.  Use  graphs  to  determine  the  number  of  solutions  that  exist  for  each  of 
the  following  equations: 

(a)   x  =  tan  irx  (b)  x2  =  sin  2irx 

5.  Graph  the  equation  jy  =  logio  x  +  cot  ttx. 

6.  Graph  the  equation^  =  2X  +  sin  2-kx. 

7.  Graph  the  following  equations  (see  Exercise  8  of  Problems  34): 

(a)  y  =  2  sin  4irx  cos  2ttx  (c)  y  =  cos  2x  sin  x 

(b)  y  =  2  sin  3x  sin  x  (d)  y  =  cos  10*  cos  5* 

8.  Using  an  identity  from  Equations  34-5,  graph  the  equation^  =  sin  2irx 
tan  irx.  Before  you  plot  the  point  on  the  graph  corresponding  to  x  =  i, 
reexamine  the  original  equation. 

9.  Graph  the  equation  13jy  =  5  sin  2ttx  +  12  cos  2-kx  by  first  writing  an 
equivalent  equation  of  the  formy  =  A  sin  (ax  +  b). 

10.  Assuming  t  >  0,  find  when,  for  the  first  time,  the  combined  current  in 
Example  38-4  is  zero. 

11.  Prove  the  following  theorem:  For  any  given  values  of  B,  C,  and  a,  a 
positive  number  A  and  a  number  b  can  be  found  such  that 

B  sin  ax  -\-  C  cos  <2#  =  A  cos  (#x  +  &). 

39     ANGLES 


Let  0  be  any  point  in  the  plane,  and  assume  that  a  half-line  orig- 
inates at  this  point.  Suppose  P  is  some  point  on  the  half-line.  Now 
rotate  the  half-line  about  the  point  0  to  a  new  position,  and  let  Q 

be  a  point  on  the  new  half-line. 
The  rotation  generates  an  angle 
that  we  will  call  the  angle  POQ 
(see  Fig.  39-1).  The  half-line 
passing  through  OP  is  the  initial 
side,  the  half-line  passing  through 
OQ  is  the  terminal  side,  and  the 
point  0  is  the  vertex  of  the  angle 
POQ. 

If  we  take  the  vertex  0  to  be  the 
Figure  39-1  origin  of  a   cartesian   coordinate 
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system  and  the  initial  half-line  to  be  the  positive  *-axis,   then  the 
angle  is  in  standard  position  (see  Fig.  39-2).     An  angle  generated 
by  rotating  the  initial  side  in  the  counter-clockwise  direction  is  railed 
a  positive  angle   and  one   gen- 
erated by  rotating  the  initial  side 
in     the    clockwise     direction     is 
called    a    negative    angle.     We 
will  label  angles  with  Greek  let- 
ters such  as  6,  4>,  a,  (3,  and  y. 

If  t  is  a  given  real  number,  let 
us  plot  the  trigonometric  point 
P(t)  on  the  unit  circle  and  con- 
sider the  angle  P(0)OP(t)  =  6 
(see  Fig.  39-3).  The  number  t 
may  be  used  as  a  measure  of  this 
angle.  We  have  an  angle  of  t 
units.  The  unit  of  angular  meas- 
urement in  this  system  is  called  a 
radian.     Thus  6  is  an  angle  that 

measures  t  radians.  An  angle  of  1  radian  is  the  angle  P(O)0P(1). 
That  is,  the  angle  subtended  by  a  unit  arc  of  a  unit  circle  is  an  angle  of 
1  radian.  A  right  angle  is  an  angle  of  ir/2  radians,  a  straight  angle 
is  an  angle  of  ir  radians,  and  so  on.  If  6  is  a  given  angle,  we  find  its 
measure  in  radians  by  placing  it  in  standard  position  and  finding 


Figure  39-2 


Figure  39-3 
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the  number  t  whose  trigonometric  point  is  the  point  where  the  ter- 
minal side  of  6  intersects  the  unit  circle. 

Just  as  lengths  are  measured  in  different  units,  such  as  feet,  yards, 
and  rods,  so  angles  are  also  measured  in  different  units.  Another 
common  unit  of  angular  measurement,  besides  the  radian,  is  the 
degree  (°).  If  the  half-line  generating  an  angle  makes  one  complete 
revolution,  it  forms  an  angle  of  360°.  Knowing  this  fact,  we  can 
easily  find  the  relationship  between  radians  and  degrees.  Since  a 
straight  angle  measures  180°  and  also  tt  radians,  it  is  clear  that 
1°  =  tt/180  radians  and  1  radian  =  (180/tt)0.  On  the  basis  of 
these  facts  we  can  write  the  following  formulas.  If  6  is  an  angle  that 
measures  A  degrees  and  also  t  radians,  then 


39-1 


A  =  t     or     t 

IT  180 


1:1 


You  should  have  no  trouble  converting  from  one  system  of  units  to 
the  other  if  you  remember  the  single  fact  that  ir  radians  =  180°. 

Example  39-1.     If  0  is  an  angle  of  30°,  find  its  measure  in  radians. 
Solution.     From  Equations  39-1,  t  —  (7J-/I8O)  30  =  tt/6  radians. 


Example  39-2.     If  6  is  an  angle  that  measures  4  radians,  find 
measure  in  degrees. 


its 


Soluti 


From  Equations  39-1,  A  =  (180/tt)4  =  229°. 


If  6  is  an  angle  that  measures  h  radians  and  4>  is  an  angle  that 
measures  t2  radians,  then  the  angle  6  +  </>  is  the  angle  that  measures 
/,  -f-  U  radians.     If  k  is  any  real  number,  the  angle  kd  is  the  angle 


Figure  39-4 
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that  measures  kt\  radians.     These  definitions  correspond  to  the  intui- 
tive geometric  definitions  that  are  illustrated  in  Fig.  39-4. 


Problems  39 

1.  Complete  the  following  table: 


Radian  measure 
of  0: 

0 

7T 
6 

IT 

4 

1 

2 

2tt 
3 

7T 

Degree  measure 
of  6: 

0° 

30° 

60° 

90° 

135° 

150° 

180° 

2.  Find  the  radian  measure  of  an  angle  6  if  it  measures 

(a)  225°  (c)   330°   '  (e)   105.2C 


(b)  240( 


(d)  40° 


(f)    361.47< 


3.  Find  the  degree  measure  of  an  angle  6  to  the  nearest  tenth  of  a  degree  if 
its  radian  measure  is 

(a)  tt/12  (c)   3  (e)   .712 

(b)  -5tt/6  (d)  |  (f)    V- 

4.  Angles  also  are  measured  in  minutes  (')  and  seconds  (").  These  units 
are  related  to  the  degree  unit  by  the  equations  1°  =  60 '  and  1'  =  60". 
Find  the  degree-minute-second  measure  to  the  nearest  second  if  an 
angle  measures 

(a)  27.2°  (c)    1  radian  (e)   3.1  radians 

(b)  163.36°  (d)  .612  radian  (f)    -5  radians 

5.  Find  the  radian  measure  of  an  angle  that  measures 

(a)  1°  (c)    1"  (e)   148°  37' 

(b)  1'  (d)  34°  22'  (f)    25°  31'  14" 

6.  In  what  sense  are  the  angles  that  measure  40°  and  400°  the  "same"? 
In  what  respects  are  they  different? 

7.  Use  Table  II  to  sketch  angles  of  1,  2,  and  3  radians. 

8.  Suppose  that  the  circumference  of  the  unit  circle  is  divided  into  7  equal 
parts  by  7  equally  spaced  points.  If  two  successive  division  points  are 
joined  to  the  origin,  what  is  the  degree-minute-second  measure  of  the 
resulting  angle? 

9.  Determine  which  of  the  following  represents  the  measure  of  the  larger 
angle: 

(a)  1.3  radians  or  78°  (c)    58  radians  or  (5S)2° 

(b)  123°  or  2.2  radians 

10.  What  is  the  degree  measure  of  the  acute  angle  formed  by  the  x-axis  and 
the  line  that  joins  the  origin  to  the  trigonometric  point  P(3). 
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11.  Let  6  and  <p  be  angles  of  25°  and  42°.  If  the  angle  0  +  <p  is  in  standard 
position,  find  the  coordinates  of  the  point  where  the  unit  circle  intersects 
the  terminal  side  of  the  angle  6  +  <p. 

40     SOME  FACTS  ABOUT  CIRCLES 

The  unit  circle  has  a  radius  of  1  and  its  center  is  at  the  origin.  Now 
suppose  we  look  at  a  circle  whose  center  is  also  at  the  origin,  but 
whose  radius  is  a  positive  number  r  not  necessarily  equal  to  1  (see 
Fig.  40-1).  Just  as  we  considered  the  point  (1,0)  as  an  "initial" 
point  on  the  unit  circle,  here  we  consider  the  corresponding  point 
(r,0)  as  an  "initial"  point.     If  s  is  any  real  number,  we  determine 


Figure  40-1 


the  point  R(s)  by  starting  at  the  point  (r,0)  and  proceeding  |j|  units 
along  the  circumference  of  the  circle  in  the  counter-clockwise  direc- 
tion if  s  is  positive,  and  clockwise  if  s  is  negative.  The  process  of 
locating  the  point  R(s)  can  be  described  as  follows.  We  rotate  the 
positive  x-axis  about  the  origin,  counter-clockwise  or  clockwise  de- 
pending on  whether  s  is  positive  or  negative,  until  the  point  (r,0) 
has  moved    \s\   units.     During  this  process  the  point   (1,0)   will  be 
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moved  \t\  units  around  the  unit  circle  to  a  point  P{t).     Let  us  find 
the  relation  between  the  numbers  s  and  t. 

The  arcs  R(0)R(s)  and  P(0)P(t)  determine  the  same  central  angle  0. 
From  plane  geometry  we  know  that  the  lengths  of  these  arcs  are 
therefore  in  the  same  ratio  as  the  radii  of  the  two  circles,  so  that 

\s\/\t\  =  r/\  or  \s\  =  r\t\.     Since  s  and   t  both  have  the  same  sign 
we  have 

40-1  s  =  rt. 

The  number  t  in  Equation  40-1  is  the  radian  measure  of  the  central 
angle  6.     Thus  Equation  40-1   says,  "The  arc  length  s  on  a  circle  of 
radius  r  subtended  by  a  central  angle  of  t  radians  is  equal  to  rt." 
We  may  also  write  Equation  40-1  as 

t  =  s- 

r 

In  this  form  the  equation  says,  "  The  radian  measure  t  of  a  central  angle  6 
is  the  quotient  of  the  subtended  arc  s  and  the  radius  of  the  circle." 

The  length  s  of  the  arc  joining  the  points  R(0)  and  R(s)  is  (\s\/2irr) 
times  the  circumference  of  the  circle.  Again,  from  geometry,  we 
know  that  the  area  of  the  segment  R(0)OR(s)  (see  Fig.  40-2)  is 
therefore  (|j|/27rr)  times  the  area  of  the  entire  circle.  If  K  denotes 
the  area  of  this  segment,  then 

40-2  K  =  ^wr2     or     K  =  |  r\s\. 

Note  the  similarity  between  Equation  40-2  and  the  formula  for  the 
area  of  a  triangle  (area  equals  one-half  the  base  times  the  altitude). 
Since  s  =  rt,  Formula  40-2  may  also  be  written  as 

40-3  K=\r2\t\. 


Formulas  40-2  and  40-3  actually  give  the  total  area  "swept  out" 
by  the  line  segment  OR(0)  as  R(Q)  is  moved  \s\  units  along  the  circle 
of  radius  r.  For  example,  if  s  =  2)irr — that  is,  1^  times  the  circum- 
ference— Equation  40-2  gives  K  =  (f)7rr2  or  If  times  the  area  of  the 
circle.  If  we  drop  the  absolute  value  signs  in  Equations  40-2  and 
40-3,  the  new  formulas  state  that  the  area  swept  out  by  the  segment 
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OR(0)  is  positive  if  OR(0)  rotates  in  a  counter-clockwise  direction 
and  negative  if  OR(0)  rotates  in  a  clockwise  direction.  It  is  some- 
times convenient  to  adopt  this  convention. 

If  a  point  moves  along  the  arc  of  a  circle  of  radius  rata  constant 
velocity  v,  then  this  velocity  is  given  by  the  equation  v  =  s/T, 
where  T  represents  the  number  of  units  of  time  required  to  traverse 
s  units  of  distance.     The  quotient  s/T  measures  the  rate  at  which 


Figure  40-2 


distance  changes  with  time.  If,  for  example,  s  is  measured  in  feet 
and  T  in  seconds,  then  v  is  measured  in  feet  per  second.  As  the 
point  moves  around  the  circle,  the  angle  between  the  radius  through 
the  point  and  any  fixed  radius  will  change.  If  this  angle  measures 
0  units  initially  and  t  units  at  time  T,  then  the  angular  velocity  to 
of  the  point  is  given  by  the  equation  co  =  t/T.  When  t  represents 
the  radian  measure  of  the  angle,  then  angular  velocity  is  measured 
in  radians  per  unit  of  time.  We  can  easily  obtain  the  relation  be- 
tween the  linear  velocity  v  and  the  angular  velocity  co  (measured  in 
radians  per  unit  of  time).  Since  s  =  rt,  we  have  v  =  s/T  =  rt/T  = 
r(t/T)  =  rco,  and  hence 


40-4 


v  =  rco. 


You  should  notice  that  v  will  be  negative  when  the  motion  is  clockwise. 
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Example  40-1.  A  fly  sits  on  the  tip  of  the  minute  hand  of  a  clock. 
If  the  hand  is  4  inches  long,  how  fast  is  the  fly  moving  in  miles  per  hour, 
assuming  that  the  clock  keeps  perfect  time? 

Solution.  The  angular  velocity  of  the  minute  hand  is  —  2ir  radians  per 
hour  (w  is  negative  since  the  minute  hand  obviously  moves  in  a  clock- 
wise direction).  Thus  the  linear  velocity  of  the  fly  is  v  =  —  8w  inches 
per  hour  or  v  =  -8tt/(12-5280)  =  -.0003967  miles  per  hour. 

Problems  40 

1.  Find  the  length  of  the  circular  arc  and  the  area  of  the  circular  segment 
generated  by  a  central  angle  of  measure  /  in  a  circle  of  radius  r  if: 

(a)  r  =  5,  t  =  5tt/12  radians       (c)   r  =  1/ir,  t  =  165° 

(b)  r  =  .5,  *  =  36°  (d)  r  =  2,  t  =  715° 

2.  A  circle  with  a  radius  of  2  contains  a  central  angle  6  that  intercepts  an 
arc  5  units  long.     What  is  the  measure  of  6  in  radians?  In  degrees? 

3.  A  wheel  6  in.  in  diameter  is  rotating  at  the  rate  of  50  rpm.  Find  the 
velocity  in  fps  of  a  point  on  the  rim  of  the  wheel. 

4.  The  latitude  of  Columbus,  Ohio,  is  40°  north.  Assuming  that  the  earth 
is  a  sphere  with  a  radius  of  3960  miles,  calculate  the  distance  from 
Columbus  to  the  North  Pole. 

5.  A  protractor  is  to  be  marked  at  1°  intervals.  Find  what  the  radius  of 
the  protractor  must  be  if  the  graduating  marks  are  to  be  ^  in.  apart 
around  the  rim. 

6.  The  outside  diameter  of  the  wheel  of  a  car  is  20  in.  Find  the  number  of 
revolutions  the  wheel  makes  in  1  sec  if  the  car  is  traveling  60  mph. 

7.  Draw  a  sketch  to  show  that  the  arc  and  chord  subtended  by  a  small 
central  angle  6  are  almost  the  same  length.  Use  this  fact  to  calculate 
the  sun's  diameter,  assuming  the  sun  to  be  93  million  miles  from  the 
earth  and  as  seen  from  the  earth  to  subtend  an  angle  of  32'. 

8.  Two  concentric  circles  have  radii  r  and  R  in.  (r  <  R).  Two  half-lines 
drawn  from  the  center  form  a  central  angle  that  measures  t  radians , 
Find  a  formula  for  the  area  between  the  inner  and  outer  circle  bounded 
by  the  two  half-lines.  Can  you  express  this  area  entirely  in  terms  of  the 
lengths  of  its  edges? 

9.  The  radius  of  the  front  wheel  of  a  child's  tricycle  is  10  in.  and  the  rear 
wheels  each  have  a  radius  of  6  in.  The  pedals  are  fastened  to  the  front 
wheels  by  arms  that  are  7  in.  long.  How  far  does  a  pedal  travel  when 
the  rear  wheels  make  1  revolution? 
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10.  At  a  distance  of  10  ft,  the  smallest  velocity  that  the  average  eye  can 
detect  is  about  .005  fps.  How  long  must  the  minute  hand  of  a  clock 
be  made  in  order  for  the  average  person  to  see  it  move  when  he  is 
standing  10  ft  from  the  clock? 

11.  A  piston  is  connected  to  the  rim  of  a  wheel  as  shown  in  Fig.  29-5.  The 
radius  of  the  wheel  is  r  ft,  the  length  of  the  connecting  rod  is  L  ft,  and 
the  angular  velocity  of  the  wheel  is  a>  radians  per  sec.  A  coordinate 
system  is  introduced  as  shown  in  the  figure.  Find  an  expression  for 
the  ^-coordinate  of  the  point  Q  if  the  point  P  is  at  the  point  (rft)  when 
T  =  0. 

41      TRIGONOMETRIC  FUNCTIONS  OF  ANGLES 

We  have  defined  the  trigonometric  functions  in  terms  of  correspond- 
ences between  sets  of  numbers.  With  a  real  number  t  there  are 
associated  six  numbers,  the  values  of  the  six  trigonometric  functions. 
This  numerical  approach  is  justified  by  the  fact  that  this  is  the  form 
in  which  you  will  encounter  the  trigonometric  functions  in  calculus 
and  in  many  practical  situations.  In  the  next  few  sections  we  shall 
adopt  a  more  traditional  viewpoint  and  consider  some  of  the  geomet- 
rical aspects  of  trigonometry.  Our  first  step  will  be  to  define  the 
trigonometric  functions  of  angles. 

With  every  angle  6  we  can  associate  a  real  number  /,  the  measure 
of  the  angle  in  radians.  The  sine  function  then  associates  with  t 
the  number  sin  t.  In  this  way  to  every  angle  there  corresponds  a 
number,  sin  t.  This  correspondence  defines  a  function  whose  do- 
main is  the  set  of  angles.  The  number  associated  with  the  angle  6 
by  this  function  is  written  sin  6.  In  other  words,  we  define  sin  6  = 
sin  t,  where  t  is  the  radian  measure  of  the  angle  6.  We  follow  the 
same  procedure  for  the  other  trigonometric  functions. 

Definition  41-1.     If  6  is  an  angle  that  measures  t  radians,  then 

7X0)  =  7X0, 

where  T  may  be  any  one  of  the  six  trigonometric  functions. 

Example  41-1.     Find  cos  6  if  0  is  an  angle  that  measures  1.3  radians. 

Solution.     By  definition,  cos  6  =  cos  1.3.     From  Table  II  we  find  that 
cos  1.3  =  .2675,  and  therefore  cos  0  =  .2675. 
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Solution.  The  expression  tan  30°  is  merely  an  abbreviation  for  "tan  0 
and  d  measures  30°."  An  angle  of  30°  measures  307r/180  =  w/6 
radians  and  hence  tan  30°  =  tan  ir/6  =  1/ V  3. 

Table  III,  in  the  back  of  this  book,  lists  values  of  the  trigonometric 
functions  for  angles  measured  in  degrees.  We  find  from  the  table, 
for  example,  that  sin  1°  =  .0175.  You  should  note  that  sin  1  = 
.8415,  so  sin  1  and  sin  1°  are  not  the  same  number. 

Table  III  lists  values  of  the  trigonometric  functions  only  for  angles 
between  0°  and  90°.  To  find  the  values  for  other  angles  we  modify 
the  procedure  we  used  in  Section  29  to  find  the  values  of  trigonometric 
functions  for  numbers  not  listed  in  Table  II.  Let  6  be  any  angle  in 
standard  position   (see  Fig.   41-1).     Then  according  to  Definition 


(-1,0) 


Figure  41-1 


41-1,  T(d)  =  T(t),  where  /  is  the  radian  measure  of  6  and  T  may 
be  any  trigonometric  function.  Now  to  find  T(t)  we  first  must  find 
the  reference  number  h  associated  with  t.  This  number  measures 
the  distance  along  the  unit  circle  between  the  trigonometric  point 
P(t)  and  the  nearest  point  on  the  x-axis.  In  terms  of  angles,  the 
quantity  that  corresponds  to  the  reference  number  h  is  the  reference 
angle  B\.     This  angle  is  the  positive  acute  angle  between  the  terminal  side 
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of  6  and  the  x-axis .  Its  radian  measure  is  t\.  Therefore  T(6i)  =  T(h). 
We  saw  earlier  that  \T(t)\  =  T(h),  and  hence  \T(6)\  =  Tid,).  The 
number  T(d\)  may  be  found  from  Table  II  if  B{  is  measured  in  radians 
and  from  Table  III  if  8\  is  measured  in  degrees.  The  sign  of  T{6) 
is  determined  by  the  quadrant  in  which  the  terminal  side  of  6  lies. 
The  steps  in  finding  T(6)  for  a  given  angle  6  may  be  summarized  as 
follows. 

(i)  Locate  the  quadrant  in  which  the  terminal  side  of  6  lies, 

(ii)  Calculate  the  reference  angle  0\. 

(iii)  Use  Table  II  or  Table  III  to  find  T(dx)  =  \T(0)\. 

(iv)  Affix  the  proper  sign  to  obtain  T(d). 

Example  41-3.     Find  cos  1059°. 

Solution.  Since  1059  =  2  •  360  +  339,  we  see  that  an  angle  of  1059° 
is  generated  by  rotating  the  positive  *-axis  (in  a  counter-clockwise 
direction)  two  complete  revolutions,  and  then  through  an  angle  of  339°. 
The  terminal  side  of  the  angle  therefore  lies  in  the  fourth  quadrant  and 
the  reference  angle  By  =  360°  —  339°  =  21°.  Hence,  from  Table  III, 
|cosl059°|  =  cos  21°  =  .9336.  The  cosine  of  an  angle  whose  terminal 
side  lies  in  the  fourth  quadrant  is  positive,  so  we  finally  have  cos  1059° 
=  .9336. 

Example  41-4.     Find  esc  (-130°). 

Solution.  The  terminal  side  of  an  angle  of  —130°  lies  in  the  third 
quadrant  and  the  reference  angled  =  180°  —  130°  =  50°.  We 
therefore  see  that  esc  (  —  130°)  =  —esc  50°.  The  number  esc  50°  is 
not  listed  in  Table  III,  but  we  know  that  esc  50°  =  1/sin  50°,  and 
hence  esc  (-130°)  =  -1/sin  50°  =  -1.305. 

All  the  identities  and  formulas  we  have  previously  derived  are 
still  valid  when  numbers  such  as  t,  u,  and  so  forth,  are  replaced  by 
angles  6,  <p,  and  the  like.  For  example,  if  6  and  <p  are  any  two  angles, 
then 

sin  (6  +  <p)  =  sin  6  cos  <p  +  cos  6  sin  <p. 

We  see  from  Fig.  41-1  that  the  terminal  side  of  an  angle  6  in  stand- 
ard position  intersects  the  unit  circle  at  the  point  P(t),  where  t  is 
the  radian  measure  of  6.     The  coordinates  of  P(t)  are  (cos  t,  sin  t). 
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Therefore,  since  cos  t  =  cos  6  and  sin  t  =  sin  6,  the  terminal  side  of 
an  angle  6  in  standard  position  intersects  the  unit  circle  at  the  point  {cos  6, 
sin  6).  Now  let  6  be  an  angle  in  standard  position  (see  Fig.  41-2) 
and  suppose  that  P  with  coordinates  (x,y)  is  any  point  on  the  terminal 
side  of  6.  The  distance  OP  is  r  =  Vx2  +  y2.  If  we  drop  perpendic- 
ulars from  the  points  (cos  6,  sin  6)  and  (x,y)  to  the  x-axis,  two  similar 


Figure  41-2 


triangles  are  formed  and  we  see  that  x/r  =  cos  0/1  and  y/r  =  sin  0/1 
so  that  x  =  r  cos  6  and  y  =  r  sin  6.  These  remarks  are  summarized 
in  the  following  useful  theorem. 

Theorem  41-1.  If  P  is  a  point  r  units  from  the  origin  on  the  terminal 
side  of  an  angle  6  in  standard  position,  then  the  coordinates  of  P  are  given  by 
the  equations 

41-1  x  =  r  cos  0     and     y  =  r  sin  6. 

Example  41-5.  A  point  P  on  a  circle  of  radius  5  is  on  the  terminal 
side  of  a  36-degree  angle  in  standard  position.  Find  the  coordinates 
of  P. 


Solution.     From  Theorem  41-1  and  Table  III,  it  follows  that  the  co- 
ordinates of  P  are 

x  =  5  cos  36°  -  5(.8090)  =  4.045, 

y  =  5  sin  36°  =  5(.5878)  =  2.939. 


y 

r 

cote 

_  X 

y 

X 

— > 
r 

sec  0 

r 

=  — > 
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1/ 
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The  next  theorem  gives  another  interpretation  of  the  results  we 
obtained  in  the  preceding  paragraph. 

Theorem  41-2.  If  P  is  a  point  r  units  from  the  origin  on  the  terminal 
side  of  an  angle  6,  and  if  the  coordinates  of  P  are  (x,y)f  then  the  values  of 
the  trigonometric  functions  for  the  angle  0  are  given  by  the  equations 

sin  6 
41-2  cos  0 

tan  6 

Proof.  The  first  two  equations  are  simply  restatements  of  Equa- 
tions 41-1.  We  can  establish  the  other  equations  by  using  the  first 
two  equations  and  the  elementary  trigonometric  identities.  For 
example,  tan  6  =  sin  6/ cos  d  =  (y/r)/(x/r)  =  y/x. 

Equations  41-2  are  usually  used  in  elementary  textbooks  to  define 
the  trigonometric  functions. 

Problems  41 

1.  Use  Table  III  to  evaluate  each  of  the  following: 

(a)  sin  40.6°  (d)  cot  -261.4°  (g)  sec  -21° 

(b)  cos  125°  (e)   sin  3°  21 '  (h)  sin  37°  V  1" 

(c)  tan  95°  (f)    cos  698°  (i)    esc -705°.' 

2.  Determine  which  is  the  larger  number: 

(a)  cos  3°  or  cos  3  (c)   sin  7°  or  sin  7 

(b)  cot  1°  or  cot  1  (d)  tan  4°  or  tan  4 

3.  Find  the  six  trigonometric  functions  of  the  angle  8  if  the  angle  is  in 
standard  position  and  the  coordinates  of  a  point  on  the  terminal  side  of 
the  angle  are: 

(a)  (2,3)  (c)   (3,-5)  (e)   (12,13) 

(b)  (-1,2)  (d)   (-1,-f)  (f)    (10,24) 

4.  Find  the  degree  measure  of  the  smallest  positive  angle  in  standard 
position  such  that  the  coordinates  of  a  point  on  the  terminal  side  of  the 
angle  are: 

(a)  (3,4)  (c)   (-6,2) 

(b)  (1,5)  (d)  (1,-2.2) 
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5.  Make  a  sketch  of  the  unit  circle  showing  a  small  central  angle  0  that 
measures  t  radians.  Explain  why  the  figure  suggests  that  sin  6  =  t 
(approximately).     Does  sin  1°  =  1  (approximately)? 

6.  Use  an  addition  formula  and  the  fact  that  15°  =  45°  —  30°  to  calculate 
cos  15°.     Compare  your  result  with  the  value  listed  in  Table  III. 

7.  Use  Theorem  41-1  to  calculate  the  coordinates  of  a  point  P  that  is  on  a 
circle  of  radius  5  if  P  is  on  the  terminal  side  of  an  angle  in  standard 
position  that  measures: 

(a)  35°  (c)    192° 

(b)  122°  (d)  303° 

8.  Make  use  of  Table  III  to  draw  a  careful  sketch  of  a  central  angle  in  a 
unit  circle  that  measures: 

(a)  57°  (c)    -85° 

(b)  13°  (d)  261° 

9.  A  circle  of  radius  4  with  its  center  at  the  origin  is  divided  into  5  equal 
arcs  by  5  points — Pi,  i\  Pz,  P4,  and  P6.  The  point  Pi  is  on  the  terminal 
side  of  an  angle  0  in  standard  position  and  the  points  are  numbered 
in  the  order  in  which  they  appear  as  the  circle  is  traversed  in  a  counter- 
clockwise direction.     What  are  the  coordinates  of  P4? 

10.  A  fly  on  a  sheet  of  coordinate  paper  starts  at  the  point  (3,4),  proceeds 
by  a  straight  line  path  to  the  nearest  point  on  the  unit  circle,  and  then 
follows  the  arc  of  the  circle  to  the  point  (1,0).     How  far  did  the  fly  walk? 

42     RIGHT-TRIANGLE  TRIGONOMETRY 

As  we  said  earlier,  the  subject  of  trigonometry  was  originally  de- 
veloped to  solve  geometrical  problems  involving  triangles.     In  partic- 


Figure  42-1 
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ular,  the  trigonometric  functions  were  defined  in  terms  of  the  ratios 
of  the  lengths  of  sides  of  a  right  triangle.  Let  us  denote  the  two  acute 
angles  of  a  right  triangle  by  a  and  ($,  label  the  lengths  of  the  sides 
opposite  these  angles  a  and  b  respectively,  and  let  r  represent  the 
length  of  the  hypotenuse  of  the  triangle.  Place  the  vertex  of  the 
angle  a  at  the  origin  of  a  cartesian  coordinate  system  and  the  side 
of  length  b  along  the  x-axis  so  that  the  triangle  appears  as  in  Fig.  42-1 . 
The  coordinates  of  the  vertex  of  (3  are  therefore  (b,a).  Since  the 
angle  a  is  in  standard  position,  we  may  use  Theorem  41-2  to  write 
the  equations 

a  r 

sin  a  =  ->         esc  a  =  -j 
r  a 

42-1  cos  a  =  ->         sec  a  =  -> 

r  b 

a  b 

tan  a.  =  ->         cot  a  =  — 


b 


a 


Using  words  instead  of  letters  may  help  you  remember  these  equa- 
tions.    If  a  is  an  acute  angle  of  a  right  triangle,  then 

side  opposite  OL  hypotenuse 

sin  a  =      -  >        esc  a  =    .  -  /r ; > 

hypotenuse  side  opposite  OL 

.n  n  side  adjacent  Of  hypotenuse 

42-2  cos  a  =  — J >        sec  a  =    .  ,  7     ,. > 

hypotenuse  side  adjacent  OL 

side  opposite  OL  side  adjacent  OL 

tan  OL  =  ~rz rf >         cot  a  =  ~n J : 

side  adjacent  OL  side  opposite  OL 

It  is  easy  to  verify  that  T(a)  =  co-T(j3),  where  T  may  be  replaced 
by  any  trigonometric  function  and  co-7^  by  the  corresponding  co- 
function.     For  example, 

side  opposite  a       side  adjacent  8  Q 

sin  a  =  — ; "■ =  — =  cos  p. 

hypotenuse  hypotenuse 

This  equality  and  the  fact  that  a  and  fi  are  complementary  angles 
accounts  for  the  terminology  of  co-functions.  The  word  "cosine," 
for  example,  is  an  abbreviation  for  "complement's  sine." 

Equations  42-2  are  the  original  definitions  of  the  trigonometric 
functions.     They  are  extremely  useful  for  solving  certain  problems 
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that  can  be  stated  in  geometrical  terms,  so  you  should  not  neglect 
(hem.  Traditionally,  the  study  of  trigonometry  begins  with  a  study 
of  the  trigonometric  functions  of  acute  angles  as  defined  by  Equa- 
tions 42-2.  Then  the  functions  are  defined  for  angles  other  than 
acute  angles,  identities  are  established,  and  so  on. 

The  right- triangle  definitions  also  provide  a  convenient  memory 
device  for  obtaining  the  values  of  the  trigonometric  functions  for 
certain  angles — namely,  30°,  45°,  and  60°.  Let  P  be  a  point  on  the 
circle  of  radius  2  with  its  center  at  the  origin  If  P  is  on  the  terminal 
side  of  a  30-degree  angle  in  standard  position,  it  follows  from  Theorem 
41-1  that  the  coordinates  of  P  are: 

x  =  2  cos  30°  =  2  cos  |  =  2  (j~\  =  V~3, 


y  =  2  sin  30°  =  2  sin  -  =  2  (~\  =  1. 


If  we  drop  a  perpendicular  to  the  x-axis  from  P  (see  Fig.  42-2),  we 
obtain  a  right  triangle  with  sides  whose  lengths  are  1,  V3,  and  2. 
The  acute  angles  of  this  triangle  measure  30°  and  60°.  This  triangle, 
together  with  Equations  42-2,  form  a  convenient  device  for  remem- 


Figure  42-2 
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Bering  the  values  of  the  trigonometric  functions  of  angles  that  meas- 
ure 30°  and  60°.  For  example,  il  is  clear  from  Fig.  42-2  (hat  tan  60° 
=  V3/1   =  V3. 

Many  practical  triangle  problems  can  be  solved  by  right-triangle 
trigonometry.  A  typical  example  of  such  a  problem  is  the  fol- 
lowing. 

Example  42-1.  From  a  certain  point  on  a  level  plain  at  the  foot  of  a 
mountain,  the  angle  of  elevation  of  the  peak  is  45°.  From  a  point 
2000  feet  away,  the  angle  of  elevation  of  the  peak  is  30°.  How  high 
above  the  plain  is  the  peak  of  the  mountain?  % 

P 


2000 

Figure  42-3 

Solution.  The  situation  is  illustrated  in  Fig.  42-3.  Triangles  APC 
and  BPC  are  right  triangles,  so  we  immediately  obtain  two  equations 
using  Equations  42-2, 

tan  45°  =  A 
x 

and  tan  30( 


x  +  2000 
Since  tan  45°  =  1  and  tan  30°  =  1/V3,  these  equations  become 

y  =  x, 
and  x  +  2000  =  \Tly. 

When  we  solve  these  last  two  equations  for  7,  we  get: 

„  =  200^  =  2.32  feet 

V  3  -  1 
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Example  42-2.     If  t  is  a  number  such  that  0  <  t  <  ir/2,  show  that 

t  1 

cos  /  <  - —  < 

sin  t       cos  t 

Solution.  Figure  42-4  shows  the  distance  /  laid  off  on  the  unit  circle. 
The  central  angle  measures  /  radians,  so  T{6)  =  T{t)  for  any  trigono- 
metric function  T.     The  point  P  is  the  trigonometric  point  of  t  and  R 


Figure  42-4 


is  the  foot  of  the  perpendicular  dropped  from  P  to  the  *-axis.  The 
coordinates  of  the  point  S  are  (1,0),  and  the  segment  QS  is  drawn 
perpendicular  to  the  x-axis.     Clearly,  then, 

42-3  Area  triangle  POR  <  Area  circular  segment  POS 

<  Area  triangle  QOS, 

and  we  shall  now  find  expressions  for  each  of  these  areas.  Since 
cos0  =  cos  t  =  05/ lj  the  base  of  the  triangle  POR  is  OR  =  cost. 
Similarly,  the  altitude  of  triangle  POR  is  PR  =  sin  t.  The  area  of 
triangle  POR  is  therefore  \  sin  t  cos  t.  According  to  Equation  40-2, 
the  area  of  the  circular  segment  POS  is  \t.  Triangle  QOS  is  a  right 
triangle  with  base  OS  =  1.  Now  tan  6  =  tan  t  =  QS/1,  and  hence 
the  altitude  is   QS  =  tan  t.     The  area  of  triangle   QOS  is  therefore 
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\  tan  t.     We  may  now  write  Inequalities  42-3  as 

\  sin  t  cos  t  <  \t  <  \  tan  /. 

If  we  divide  each  term  of  these  inequalities  by  \  sin  t,  we  get  the  resuit 
we  are  seeking.  You  will  encounter  these  inequalities  again  when 
you  study  calculus. 


Problems  42 

1.  Let  P  be  a  point  on  the  circle  of  radius  2  with  its  center  at  the  origin. 
If  P  is  on  the  terminal  side  of  a  45-degree  angle  in  standard  position, 
use  Theorem  41-1  to  find  the  coordinates  of  P.  If  we  drop  a  per- 
pendicular from  P  to  the  *-axis,  a  triangle  is  formed  that  will  help  us 
remember  the  values  of  the  trigonometric  functions  of  the  angle  that 
measures  45°. 

2.  Complete  the  following  table.  (You  should  be  able  to  work  this  prob- 
lem without  referring  to  the  text.) 

tan  6 


sin 


cos 


0 

30° 

45° 

60° 

90° 
120° 
135° 
150° 
180° 

3.  Find  the  angles  of  a  right  triangle  if  the  lengths  of  two  of  the  sides  of  the 
triangle  are: 

(a)  a  =  3,  b  =  4  (c)   a  =  7,  r  =  25 

(b)  a  =  5,  b  =  12  (d)  a  =  8,  r  =  17 

4.  Find  the  lengths  of  the  sides  of  a  right  triangle  if  the  measure  of  one 
angle  and  the  length  of  one  side  are: 

(a)  a  =  5,  (3  =  40°  (c)    b  =  8.21,  a  = 

(b)  a  =  3,  a  =*  10°  (d)  r  =  7,  a  =  64c 

5.  At  a  time  when  the  angle  of  elevation  of  the  sun  (measured  from  the 
horizontal)  measures  50°,  the  length  of  the  shadow  of  a  tree  is  75  ft. 
What  is  the  height  of  the  tree? 

6.  Find  the  measure  of  an  anffle  a  of  a  riff  lit  triangle  if: 


26°  31' 

'17' 


(a)  sin  a  =  cos  (a  +  45°) 

(b)  tan  a  —  cot  2a 


(c)  sec  \a  =  esc  2a 

(d)  sin  (a  +  25°)  -  cos  {a  -  25°) 
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7.  Can  you  construct  a  right  triangle  with  an  angle  a  such  that  sin  (35°  +  a) 
=  cos  (35°  —  a)1! 

8.  Two  airplanes  fly  around  the  world,  one  at  a  constant  latitude  of  40° 
and  the  other  at  a  constant  latitude  of  35°.  Both  complete  the  trip 
in  the  same  time.     Compute  the  ratio  of  their  speeds. 

9.  When  a  man  who  is  5  ft  tall  looks  toward  the  top  of  a  building,  his  line 
of  vision  makes  an  angle  of  35°  with  the  horizontal.  For  a  man  6  ft 
tall  in  the  same  spot,  the  angle  of  elevation  is  only  32°.  How  high  is 
the  building? 

10.  Determine  the  length  of  an  uncrossed  belt  running  around  two  pulleys 
whose  radii  are  4"  and  8"  and  whose  centers  are  24"  apart. 

11.  Determine  the  length  of  the  belt  in  the  preceding  problem  if  the  belt  is 
crossed  once. 

43      THE  LAW  OF  SINES 

There  are  certain  relations  among  the  lengths  of  the  sides  and  the 
trigonometric  functions  of  the  angles  of  a  triangle  that  aid  in  the 
solution  of  practical  geometrical  problems.  We  will  consider  one  of 
these  relations,  the  Law  of  Sines,  in  this  section. 

Theorem  43-1  (Law  of  Sines).  Let  a,  fi,  and  y  be  the  angles  of  a 
triangle  and  a,  b,  and  c  be  the  lengths  of  the  sides  opposite  the  respective  angles. 
Then 

sin  OL  _  sin  /3  _  sin  y 
a  b  c 

Written  out,  the  Law  of  Sines  states  that  the  ratio  of  the  sine  of  an  angle 
of  a  triangle  to  the  length  of  the  opposite  side  is  the  same  for  all  angles  of  the 
triangle. 

Proof.  We  will  now  show  that  (sin  a) /a  =  (sin  fi)/b.  Consider 
two  ways  of  placing  the  triangle  with  respect  to  a  cartesian  coordi- 
nate system.  First,  place  the  vertex  of  the  angle  a  at  the  origin  with 
the  side  of  length  c  extending  along  the  positive  x-axis  (see  Fig.  43-1). 
Then  turn  the  triangle  over  so  that  the  vertex  of  j3  is  at  the  origin 
and  the  side  of  length  c  again  extends  along  the  positive  #-axis 
(Fig.  43-2).  In  the  first  case,  the  vertex  of  y  will  fall  at  some  point  P 
and  in  the  second  case  at  some  point  Q.     The  essential  thing  to  ob- 
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Figure  43-1 

serve  is  that  the  points  P  and  Q  have  the  same  y-coordinate — namely, 
the  altitude  of  the  triangle.  In  Fig.  43-1  the  angle  a  is  in  standard 
position,  and  in  Fig.  43-2  the  angle  j8  is  in  standard  position.  Ac- 
cording to  Theorem  41-1,  the  ^-coordinate  of  P  is  b  sin  a,  and  the 
^-coordinate  of  Q  is  a  sin  /3.  Hence  b  sin  a  =  a  sin  /3,  and  so 
sin  a/ a  =  sin  j3/b.  Since  we  used  no  special  properties  of  the  angles 
a  and  j3  in  establishing  this  equation,  we  have  really  shown  that  the 
ratio  of  the  sine  of  an  angle  of  a  triangle  to  the  length  of  the  opposite 
side  is  the  same  for  all  angles  of  the  triangle.  We  have  therefore 
proved  the  Law  of  Sines. 


Figure  43-2 
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The  lengths  of  the  sides  of  a  triangle  and  the  size  of  its  angles 
cannot  be  assigned  arbitrarily.  For  example,  the  sum  of  the  angles 
of  a  triangle  must  measure  180°,  and  therefore  if  we  know  what  two 
angles  measure,  we  can  find  the  measure  of  the  third.  If,  in  addition 
to  knowing  two  angles  of  a  triangle,  we  also  know  the  length  of  one 
side,  then  we  can  use  the  Law  of  Sines  to  find  the  lengths  of  the  other 
two  sides.     This  procedure  is  illustrated  in  the  following  example. 

Example  43-1.     Let  a  =  45°,  /3  =  75°,  and  c  =  10.     Find  a,  b,  and  7. 

Solution.     Since  a  +  0  +  7  =  180°,  7  =  180°  -  120°  =  60°. 
According  to  the  Law  of  Sines,  sin  a/ a  =  sin  y/c,  so 

(10)  sin  45°  =  (10)V2/2  =  10V2 
sin  60°       ~       V3/2  V3 

_  c  sin  (3  _  10  sin  75° 
sin  7  sin  60° 

We  find  the  value  of  sin  75°  by  writing  sin  75°  =  sin  (30°  +  45°)  and 
using  an  addition  formula: 

1  +  V3 


c  sin  a 

a.  — 

sin  7 

Similarly, 

sin  75°  = 


2V2 


Thus 


10(1  +  V3) 

2V2 10(1  +  VJ3) 

V3  ~  V(3 

2 

If  we  know  the  lengths  of  two  sides  of  a  triangle  and  the  measure 
of  the  angle  opposite  one  of  the  sides,  then  we  can  determine  the 
remaining  side  and  angles  by  using  the  Law  of  Sines. 

Example  43-2.     Let  a  =  30°,  a  =  10,  and  c  =  1.5.     Find  ft  7,  and  b. 

Solution.     Since  sin  y/c  =  sin  a/ a,  we  have  sin  7  =  c  sin  a/ a.     Thus 

15  sin  30°        15        3 


sin  7 


10  20        4 


_   a 


Now  there  are  two  angles  between  0°  and  180°  for  which  sin  7  — 
These  angles  are  7  =  48°  36'  or  7  =  131°  24'.     In  case  7  =  48°  36;, 
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then  0  =  101°  24'  and  b  =  a  sin  0/sin  a  =  20(.98)  =  19.6.  In  case 
7  =  131°  24',  then  0  =  18°  36'  and  6  =  20(.32)  =  6.4.  These  two 
possibilities  are  shown  in  Fig.  43-3. 


Figure  43-3 

If  two  numbers  a  and  c  and  an  angle  a.  are  given,  there  may  be  one, 
two,  or  no  triangles  that  have  one  side  of  length  a,  another  of  length  c3 
and  the  angle  a  opposite  the  side  of  length  a.  We  should  therefore 
be  careful  in  solving  problems  such  as  Example  43-2.  Frequently  a 
sketch  will  immediately  make  the  situation  clear.  Figure  43-4  shows 
that  it  is  impossible  to  construct  a  triangle  in  which  a  <  c  and  a  is 
obtuse.     If  a  is  acute  and  a  <  c,  the  problem  becomes  more  compli- 


V^ol 


Figure  43-4 


cated.  Figure  43-5  illustrates  the  possibilities  of  one,  two,  or  no 
solutions.  We  find  which  of  these  situations  exists  when  we  calculate 
sin  y  —  c  sin  a/ a.  If  sin  7  =  1,  then  7  is  a  right  angle  and  there  is 
just  one  suitable  triangle.  If  sin  7  <  1,  then  there  are  two  possible 
choices  for  7,  as  there  were  in  Example  43-2.     But  if  it  should  appear 


Figure  43-5 


-"     -  c 
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that  sin  7  is  greater  than  1,  then  there  are  no  triangles  that  satisfy 
(he  given  conditions. 

If  you  are  interested,  you  might  try  to  analyze  all  the  possibilities 
in  this  so-called  ambiguous  case  and  then  check  your  results  against 
those  found  in  a  standard  trigonometry  book.  Our  purpose  here 
was  to  call  your  attention  to  the  fact  that  complications  may  arise  in 
this  type  of  problem. 

Problems  43 

1.  Interpret  the  Law  of  Sines  if  one  of  the  angles,  say  7,  is  a  right  angle. 

2.  Find  the  remaining  parts  of  a  triangle  if: 

(a)  7  =  75°,  0  =  30°,  a  =  5 

(b)  a  =  42°,  7  =  76°,  b  =  18 

(c)  a  =  33°  30',  |8  =  50°  48',  c  =  12.4 

(d)  (3  =  2a,  7  -  2(3,  a  =  1.6 

3.  Either  show  that  no  triangle  exists  or  find  the  missing  parts  of  all  triangles 
such  that: 

(a)  a=  4,  b  =  5,  a  =  30° 

(b)  a  =  12,  c  =  6,  7  =  67° 

(c)  b  =  20,  c  =  26,  $  =  148° 

(d)  a  =  23.8,  b  =  31.4,  a  =  23°  40' 

4.  Show  that  if  p  =  2a,  then  cos  a  =  b/2a. 

5.  City  A  is  directly  south  of  city  B,  but  there  are  no  direct  airline  nights 
from  A  to  B.  Planes  first  fly  143  miles  from  city  A  to  city  C,  which  is 
51°  east  of  north  from  A,  and  then  fly  212  miles  to  city  B.  What  is  the 
straight-line  distance  between  A  and  B? 

6.  Observers  in  cities  A  and  B,  which  are  5  miles  apart,  see  an  object  in 
the  sky  above  the  line  on  the  ground  joining  the  cities.  The  angle  of 
elevation  at  A  is  23°  and  the  angle  of  elevation  at  B  is  31°.  What  is 
the  altitude  of  the  object? 

7.  The  diagonal  of  a  parallelogram  is  10  in.  long.  At  one  end  the  diagonal 
makes  angles  of  33°  and  25°  with  the  sides  of  the  parallelogram.  Find 
the  lengths  of  the  sides  of  the  parallelogram. 

8.  In  order  to  measure  the  distance  between  two  points  A  and  B  on  opposite 
sides  of  a  canyon,  a  third  point  C  is  chosen  so  that  the  following  measure- 
ments can  be  made:  CA  =  175  ft,  and  CB  =  212  ft.  At  5,  the  angle 
ABC  is  47°.     Compute  the  distance  AB. 

9.  Four  ships,  A,  B,  C,  and  D,  are  at  sea  in  the  following  relative  positions. 
B  is  on  a  line  between  A  and  C,  B  is  due  north  of  D,  and  D  is  due  west 
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of  C.  The  distance  between  B  and  D  is  2  miles.  From  D,  the  angle 
/IDA  measures  40°,  and  from  C  the  angle  BCD  measures  25°.  What  is 
the  distance  between  A  and  D? 

10.  Let  D  be  a  point  on  the  side  c  of  a  triangle  ABC  such  that  CD  bisects 
the  angle  y.     Use  the  Law  of  Sines  to  prove  that  AD/DB  =  b/a. 


44      THE  LAW  OF  COSINES 

In  this  section,  we  shall  discuss  a  generalization  of  the  Pythagorean 
Theorem  called  the  Law  of  Cosines.  You  will  find  many  applica- 
tions of  this  important  law  in  your  study  of  mathematics. 

Theorem  44-1  (Law  of  Cosines).  Let  <2,  b,  and  c  be  the  lengths  of  the 
sides  of  a  triangle  and  label  the  angle  opposite  the  side  of  length  a  by  a.     Then 

44-1  a2  =  b2  +  c2  -  2bc  cos  a. 

Written  out,  the  Law  of  Cosines  states  that  the  square  of  the  length  of  a 
given  side  of  a  triangle  is  equal  to  the  sum  of  the  squares  of  the  lengths  of  the 
other  two  sides  minus  twice  the  product  of  the  lengths  of  the  other  sides  and  the 
cosine  of  the  angle  between  them. 

Proof.  We  place  the  triangle  so  that  the  vertex  of  the  angle  a 
falls  at  the  origin  of  a  cartesian  coordinate  system  and  the  side  of 
length  c  lies  along  the  positive  #-axis   (see  Fig.  44-1).     It  is  clear 


Figure  44-1 

that  the  coordinates  of  the  vertex  of  the  angle  /3  are  (c,0).  Since 
the  angle  a  is  in  standard  position,  Theorem  41-1  tells  us  that  the 
coordinates  of  the  vertex  of  y  are  {b  cos  a,  b  sin  a).  The  distance  be- 
tween the  vertices  of  /3  and  7  is  a,  and  according  to  the  distance 
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formula 

a2  =  (b  cos  a  —  c)2  +  (b  sin  a)2 

=  b2  cos2  a  +  b2  sin2  a  -{-  c2  —  2bc  cos  a. 
Since 

b2  cos2  a  +  b2  sin2  a  =  b2  (cos2  a:  +  sin2  a:)  =  b2  •  1   =  £2, 

our  equation  reduces  to  Equation  44-1  and  the  Law  of  Cosines  is 
established. 

If  a  is  a  right  angle,  then  cos  a  =  0  and  Equation  44-1  simply 
re-states  the  Theorem  of  Pythagoras. 

If  we  know  the  lengths  of  two  sides  of  a  triangle  and  the  measure 
of  the  angle  between  them,  then  we  can  use  the  Law  of  Cosines  to 
find  the  length  of  the  remaining  side  and  the  magnitudes  of  the  other 
angles. 

Example  44-1.     If  y  =  60°,  a  =  12,  and  b  =  5,  find  c,  a,  and  (S. 

Solution.     According  to  the  Law  of  Cosines, 

c2  =  122  +'52  -  2  •  12  •  5  •  cos  60°. 
Since  cos  60°  ==  |,  we  have 

c*  =  144  +  25  -  2  •  12  •  5  •  }  =  109, 

and  hence  c  —  V  109.     We  can  also  use  the  Law  of  Cosines  to  find 
the  angles  a  and  /3.     For  example,  from  Equation  44-1 

2  be  cos  a  =  b2  -\-  c2  —  a2, 

so  that 

b2  +  c2  -  a2        134  -  144  -1 

cos  a  =  — =  , =      , =   —  .0958. 

2bc  10V109  V109 

From  Table  III  we  find  that  cos  84°  30r  =  .0958,  and  therefore 

a  =  180°  -  84°  30r  =  95°  30r.     Then 
(3  =  180°  -  (95°  30'  +  60°)  =  24°  30'. 

To  find  the  angles  of  a  triangle  when  all  the  sides  are  given,  we  can 
again  use  the  Law  of  Cosines. 
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Example  44-2.      Find  the  angles  of  a  triangle  if  the  lengths  of  the  sides 
are  5,  6,  and  8. 


Solution.     Let  a  —  5,  b  =  6,  and  c  =  8.     Then 
(6)2  +  (8)2  -  (5)2       25 


LUiU"             2(6)(8) 

32 

(5)*  +  (8)*  -  (6)" 

53 

LUSP  ~            2(5)(8) 

80 

(5)2  +  (6)2  -  (8)2 

-1 

2(5)(6) 

20 

.7812 
.6625 


-.0500 

With  the  aid  of  Table  III  we  find  a  =--  38°  37',  0  =  48°  30',  and 
7  =  92°  52'.  Note  that  a  +  0  +  7  =  179°  59'  rather  than  180°,  but 
this  result  is  not  surprising  since  we  did  some  "rounding  off"  in  our 
calculations. 

Example  44-3.  If  a,  b,  and  c  are  the  lengths  of  the  sides  of  a  triangle, 
show  that  a  is  an  acute  angle  if,  and  only  if,  b2  +  r  >  a2. 

Solution.  Since  a  is  an  angle  of  a  triangle,  it  must  measure  between  0° 
and  180°.  Such  an  angle  is  acute  if,  and  only  if,  its  cosine  is  positive. 
According  to  the  Law  of  Cosines,  cos  a  =  (b2  +  c2  —  a2)/2bc,  and  this 
quotient  is  positive  if,  and  only  if,  b2  +  r  —  a2  >  0 — that  is,  if,  and 
only  if,  b2  +  c2  >  a2. 

Problems  44 

1.  Find  the  remaining  parts  of  a  triangle  if: 

(a)  a  =  3,  b  =  2,  y  =  60°  (d)  b  =  6,  c  =  9,  a  =  53° 

(b)  b  =  4,  c  =  V73,  a  =  30°        (e)   a  =  9,  b  =  4,  y  =  93°  15' 

(c)  b  =  7,c  =  \72,  a  =  135°      (f)    a  =  2,  *  =  2,  0  =  45° 

2.  Determine  the  angles  of  a  triangle  if  the  lengths  of  the  sides  are: 

(a)  5,  7,  and  8  (c)    28,  45,  and  53 

(b)  15,  25,  and  30  (d)  4,  5,  and  10 

3.  A  metal  frame  is  Constructed  in  the  form  of  an  isosceles  trapezoid.  Both 
base  angles  measure  80°,  the  length  of  the  base  is  7  ft,  and  both  sides  are 
5  ft  Long.      Determine  the  length  of  a  bar  to  be  used  as  a  diagonal  brace. 

4.  In  order  to  measure  the  distance  between  two  points  .1  and  B  on  opposite 
sides  of  ,i  building,  a  third  point  C  is  chosen  such  that  the  following 
measurements  can  be  made:  CA  =  215  ft,  CB  =  371  ft,  and  the  angle 
ACB  measures  56°  at  C.     What  is  the  distance  between  A  and  B? 
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5.  Use  the  Law  of  Cosines  to  prove  that  a  triangle  does  not  exist  whose 
side  lengths  would  satisfy  the  inequality  a  >  b    I    c. 

6.  A  man  is  at  a  point  directly  south  of  factory  A  and  on  a  line  southwest 
from  factory  B.  He  hears  the  noon  whistle  of  factory  B  5  sec  after 
noon,  and  the  noon  whistle  of  factory  A  7  sec  after  noon.  Assuming 
the  velocity  of  sound  to  be  1100  fps,  what  is  the  distance  between  the 
factories? 

7.  (a)   If  the  lengths  of  the  sides  of  an  isosceles  triangle  are  a,  b,  and  b, 

use  the  Law  of  Cosines  to  show  that  a1  =  2b2{\  —  cos  a). 
(b)  A  perpendicular  dropped  from  the  vertex  A  of  angle  a  to  the  side 
of  length  a  bisects  the  angle  a  and  also  the  side  of  length  a.     Thus 
from  right-triangle  trigonometry,  a  =  2b  sin  \a.     Show  that  the 
two  equations  for  the  length  a  are  consistent. 

8.  A  pilot  intends  to  fly  from  city  A  to  city  B,  a  distance  of  1 50  miles.  He 
starts  15°  off  his  course,  and  proceeds  50  miles  before  discovering  his 
error.  How  much  should  he  alter  his  course  and  how  far  must  he  fly- 
to  reach  B? 

9.  Let  (xi,yi)  and  (*2,jy2)  be  two  points  in  the  plane.  Label  the  lengths  of 
the  line  segments  that  join  the  points  to  the  origin  as  Y\  and  r2  and  let  6 
be  the  angle  between  these  segments  (0  <  8  <  180°).  Show  that 
cos  6  =  (#i#2  -\-  yiy2)/rir2.     What  can  you  conclude  if  x\X2  +  )hyi  =  0° 

10.  Determine  the  angles  of  a  triangle  if  the  vertices  of  the  triangle  are  the 
following  points: 

(a)  (0,0),  (2,0),  and  (2,3) 

(b)  (0,0),  (1,0),  and  (2,-5) 

(c)  (0,0),  (1,1),  and  (-1,3) 

(d)  (1,2),  (-2,1),  and  (-1,-2) 

(e)  (2,-1),  (-3,1),  and  (1,4) 

45     AREA  FORMULAS 

If  a  triangle  is  placed  with  the  vertex  of  the  angle  a  at  the  origin  of 
a  cartesian  coordinate  system  and  with  the  side  of  length  c  extending 
along  the  positive  x-axis  as  shown  in  Fig.  45-1,  then  a  is  in  standard 
position  and  according  to  Theorem  41-1  the  v-coordinate  of  the  vertex 
of  7  is  b  sin  a.  This  number  is  the  length  of  the  altitude  of  the  tri- 
angle. Since  the  area  of  a  triangle  is  one-half  the  product  of  the 
base  and  the  altitude,  we  see  that  the  area  A  of  the  triangle  is  given 
by  the  equation 
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45-1 


A  =  -be  sin  a. 


We  have  shown  that  the  area  of  a  triangle  is  equal  to  one-half  the  product 
of  the  lengths  of  any  two  sides  and  the  sine  of  the  included  angle. 

By  using  the  relation  b  =  (c  sin  /3)/sin  7  from  the  Law  of  Sines, 
we  can  write  Equation  45-1  as 

sin  a  sin  fi 


45-2 


A  =  c2 


2  sin  J 


Equation  45-2  expresses  the  area  of  a  triangle  in  terms  of  the  sines 
of  all  three  angles  and  the  length  of  one  side. 


Figure  45-1 

If  we  square  both  sides  of  Equation  45-1,  we  get  the  equations 
45-3 


h2r2  h2r2 

A£  =  ——  sin"1  a  =  — —  (1  —  cos"2  a). 


Now,  from  the  Law  of  Cosines, 

h2  +  c2  -  a2 


cos  a 


so 


1  —  cos2  a  =  1 


2bc 

(b2  +  c2  -  a2)2 


4b2c2 

Ab2c2  -  (b2  +  c2  -  ^72)2 
4b2c2 


The  numerator  of  this  fraction  is  the  difference  of  two  squares,  and 
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if  we  use  the  identity  A2  -  B2  =  (A  +  B)(A  -  B),  with  A  =  2bc 
and  B  =  b2  -\-  c2  —  a2,  we  have 


1   —  ros2  a 


_  (2bc  +  b2  +  c2  -  a2){2bc  -  b2  -  c2  +  a2) 


2^2 


46  2£ 

=  [(b  +  c)2  -  ^2][^2  -  (b  -  c)2} 
Ab2c2 

=  (b  +  c  +  a)  (6  +  g  -  a)  (a  +  b  -  c)(a  -  b  +  c) 

4b2c2 

When  we  substitute  this  expression  in  Equation  45-3,  we  obtain  the 
equation 


45-4      A 


2  _  (a  -\-..b  +  c)(a  +  b  —  c)(b  -\-  c  —  a)(c  +  a  —  6) 


16 


This  equation  expresses  the  area  of  a  triangle  in  terms  of  the  lengths  of 
its  sides.  We  can  put  it  in  a  simpler  form  by  introducing  the  semi- 
perimeter  s  =  -  (a  +  b  +  c)  of  the  triangle.  You  can  easily  verify 
the  following  equations : 


45-5 


2s  =  (a  +  b  +  c), 


2(s  —  b)  =  c  +  a  —  b, 


2{s  —  a)  =  b  +  c  —  a,        2{s  —  c)  =  a  +  b  —  c. 

When  we  introduce  these  quantities  into  Equation  45-4  it  becomes 

45-6  A  =  Vs(s  -  a)(s  -  b)(s  -  c). 

Let  us  now  inscribe  a  circle  in  a  triangle  (Fig.  45-2).     Suppose 
that  the  point  P  is  the  center  of  the  circle  and  that  r  is  its  radius. 


Figure  45-2 
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Wo  divide  the  triangle  into  three  smaller  triangles  by  joining  the 
point  P  to  each  of  the  vertices;  we  find  the  area  of  the  large  triangle 

by  adding  the  areas  of  the  small  triangles.  Since  the  radius  of  the 
inscribed  circle  is  perpendicular  to  a  side  of  the  large  triangle  at  its 
point  of  contact,  the  altitude  of  each  of  these  interior  triangles  is  r. 
We  therefore  see  that 

A  =  \ra  +  \rb  +  \rc  —  r  \{a  +  b  +  c)}     so 

45-7  A  =  rs. 

By  equating  the  right-hand  sides  of  Equations  45-6  and  45-7,  we 
find  that  the  radius  of  the  inscribed  circle  is  given  by  the  formula 


45-8  r  =  ^s  -  a^s  ~  W*  -  c>. 

If  you  search  through  other  trigonometry  books,  particularly  older 
ones,  you  will  uncover  many  other  formulas  that  connect  the  sides 
and  the  trigonometric  functions  of  the  angles  of  a  triangle. 

Problems  45 

1.  Find  the  area  of  a  triangle  if: 

(a)  b  =  14,  c  =  5,  a  =  30°  (c)   a  =  5,  c  =  7.2,  0  =  71° 

(b)  a  =  10,  b  =  20,  t  =  179°      ,_.    ,        ,  _  ,  5tt       .. 

'  (d)  b  =  1.5,  c  =  4,  a  —  —radians 

2.  Find  the  area  of  a  triangle  if: 

(a)  c  =  3,  (3  =  40°,  t  =  60° 

(b)  0  =  2,  a  =  60°,  0  =  75° 

(c)  b  =  11,  a  =  1  radian,  /3  =  1.5  radians 

(d)  c  =  3.2,  a  =  16°,  /?  =  31°  45' 

3.  Find  the  area  of  a  triangle  and  the  radius  of  the  inscribed  circle  if: 

(a)  a  =  2,  b  =  3,  c  =  4  (c)  a  =  log  2,  £  =  log  3,  c  =  log  5 

(b)  a  =  2,  b  =  7,  £  =  8  (d)  a  =  V5,  b  =  2,  c  =  3 

4.  If  two  triangles  are  similar,  the  ratio  of  the  length  of  any  side  of  one 
triangle  to  the  length  of  the  corresponding  side  of  the  other  is  a  con- 
stant k.  How  are  the  areas  related?  How  are  the  radii  of  the  inscribed 
circles  related? 

5.  Equation  45-6  expresses  the  area  of  a  triangle  in  terms  of  the  lengths 
of  its  sides  (angles  are  not  involved).  Is  it  possible  to  express  the  area 
of  a  triangle  in  terms  of  its  angles  only0 
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6.  Find  the  length  of  the  longest  side  of  a  triangle  whose  area  is  10  and 
whose  angles  measure  30°,  50°,  and  100°. 

7.  A  field  is  in  the  shape  of  a  parallelogram.  The  lengths  of  two  of  the 
sides  are  5  rods  and  7  rods.  The  length  of  the  longer  diagonal  is  10  rods. 
Find  the  area  of  the  field. 

8.  Let  a  circle  of  radius  r  be  inscribed  in  a  triangle  ABC  and  let  x,y,  and  z 
denote  the  lengths  of  the  segments  from  the  points  of  contact  of  the 
inscribed  circle  to  the  vertices  A,  B,  and  C.  Show  that  the  area  of  the 
triangle  is  given  by  the  equation  A  =  r(x  -\-  y  +  z).  From  this  equa- 
tion deduce  the  equation  A  =  r2(cot  \a  +  cot  \$  +  cot  \y). 

9.  Show  that  the  area  of  an  isosceles  triangle  is  a  maximum  if  the  angle 
between  the  two  equal  sides  is  a  right  angle. 

10.  Let  B  and  C  be  fixed  points,  /  a  line  parallel  to  BC,  and  A  a  point  on  /. 
Show  that  the  product 

[(AC  +  ABY  -  BC2][BC>  -  (AC  -  Z£)2] 
has  a  constant  value  for  any  choice  of  the  point  A. 

11.  Let  P  be  the  point  of  contact  between  the  inscribed  circle  of  radius  r 
and  the  side  of  length  b  of  a  triangle  ABC.  Show  that  AP  =  s  —  a, 
and  thus  deduce  the  equation  tan  Jo:  =  r/(s  —  a).  This  equation  can 
be  used  to  find  the  angles  of  a  triangle  when  the  lengths  of  the  three 
sides  are  given. 


Review  Problems,  Chapter  Four 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  Is  there  a  number  t  such  that  sin  /  =  J  and  cos  t  =  } ? 

2.  What  can  you  say  about  the  numbers  h  and  h  if  sin2  h  -f  cos2  ^2^1? 

3.  Which  of  the  following  inequalities  are  true  for  all  numbers  t  for  which 
the  functions  are  defined? 

(a)  |sin2*|  <  1  (d)    |sin/  +  cos  t\  <  2 

(b)  - 1  <  sin  tcost  <  1  (e) 

(c)  |sin  t  sec  t\  <  1 


(0 


tan  t  +  cot  t\  >  1 
tan2 1 


cos2 1  + 


sec2 1 


<  1 


4.  If  esc  t  =  1.5,  find  the  values  of  the  other  five  trigonometric  functions 
of  t. 

5.  With  the  aid  of  Table  II  evaluate  the  following: 

(a)   sin  (sin  1)  (b)  cos  (tan  1.6)  (c)    sec  (cos  3) 


6.   Graph  the  equation  y  =  VI 
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7.  Find  the  coordinates  of  the  point  P(t)  if  you  know  that: 

(a)   sin  t  =  f  and  \-k  <  t  <  ir      (b)  cos  /  =  }-|  and  sin  /  <  0. 

8.  If  tan*  =  |,  find  sin  It. 

9.  If  0  <  u  <  v  <  \ir,   cos  u  =  -|,   and  sin  &  =  |-§,   find   cos  (a  +  p)    and 
sin  (&  —  a). 

10.  A  ferris  wheel  with  a  radius  of  12  ft  revolves  at  the  rate  of  3  rpm.  As- 
sume that  the  rays  of  the  sun  are  parallel,  and  that  the  sun  is  directly 
overhead.  Find  a  formula  that  gives  the  position  of  the  shadow  of  a 
given  rider  t  minutes  after  he  passes  the  lowest  point  of  the  wheel. 

11.  What  is  the  domain  of  the  function  that  is  defined  by  the  equations: 

(a)  y  =  log  (sin  x)  (b)  y  =  sin  (log  x) 

12.  Which  is  larger? 

(a)  sin  (cos  1)  or  cos  (sin  1)  (b)  cos  (log  1)  or  log  (cos  1) 

13.  Solve  for  x: 

(a)  sin  [sin  (sin  x)]  =  0  (b)  cos  (cos  x)  =  0 

14.  A  steel  bar  measures  2  ft  at  room  temperature.  It  is  then  fastened  at 
both  ends  and  heated  so  that  it  expands  .1  in.  Assume  that  the  ends 
stay  fixed  and  that  the  bar  buckles  in  the  middle  so  that  an  isosceles 
triangle  is  formed  by  the  bar  and  the  line  joining  the  end  points.  De- 
termine the  height  of  this  isosceles  triangle. 

15.  Show  that  cos  2t  =  cos4 1  —  sin4 1. 

16.  If  n  is  a  positive  integer,  find 

(a)  sin  mr  ,  N     .     (2n  +  1) 

/,  C  (c)   sin tv 

(b)  cos  rnr  2 

(d)  cos|(2«  +  1)tt 

17.  If  the  radius  of  the  earth  is  3960  miles,  what  is  the  distance  between  two 
parallels  of  latitude  that  are  1°  apart? 

18.  Find  the  area  of  a  circle  inscribed  in  a  regular  pentagon  if  the  length  of 
the  sides  is  1  in. 

19.  Show  that  the  area  of  a  regular  polygon  with  n  sides  each  of  length  a 
is  \na2  cot  (ir/n). 


Miscellaneous  Problems,  Chapter  Four 

These  problems  are  designed  to  test  your  ability  to  apply  your  knowledge  oj  trigono- 
metric functions  to  somewhat  more  difficult  problems. 

1.  Determine   whether    the    following   equations    have    graphs    that    are: 
(a)  symmetric  with  respect  to  the  j-axis,   (b)  symmetric  with  respect 
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to  the  origin,  or  (c)  not  symmetric  with  respect  to  either  the  j'-axis  or 
the  origin. 

(a)  y  —  mx  (c)  y  —  mx  -f-  b  (e)  y  =  log  .v2 

(b)  y  =  ax2  (d)  jy  =  ax2  +  bx  +  c     (i)  y  =  e1^7 

2.  If  the  graph  of  a  function/  is  symmetric  with  respect  to  the  origin,  show 
that/(0)  =  0. 

3.  If  a  function/  has  a  finite  number  of  zeros  and  the  graph  of/  is  sym- 
metric with  respect  to  the  origin,  show  that/  must  have  an  odd  number 
of  zeros. 

4.  Find  a  solution  for  the  equation  cos  (x  —  5)  =  sin  6. 

5.  Make  a  careful  graph  of  the  equations  y  =  log  x  and  y  =  sin  x  on  the 
same  set  of  axes.  From  the  graphs  find  the  solutions  of  the  equation 
log  x  =  sin  x. 

6.  Let/  be  an  odd  function  and  g  be  an  even  function  (see  Exercises  17  and 
18  of  Problems  31).  If  there  is  a  number  x  such  that  f(x)  =  0,  show 
that  if  the  addition  formula  for  /  is  f(x  +  y)  =  f{x)g(y)  +  g(*)f(y), 
then^(O)  =  1. 

7.  Show  that  the  graph  of  the  equation  y  =  sin  at  +  sin  bt  is  equivalent 
to  the  graph  of  the  equation  y  =  sin  vt  cos  wt,  where  v  =  (a  +  b)/2 
and  w  =  (a  —  b)/2.  Discuss  the  graph  if  a  and  b  are  large  numbers 
of  nearly  equal  size. 

8.  Graph  the  equation  y  =  cos2  x  sin  x  —  sin3  x. 

9.  Referring  back  to  Problem  10  in  Review  Problems,  Chapter  Four, 
find  a  formula  that  gives  the  position  of  the  shadow  if  the  sun  is  not 
directly  overhead,  but  makes  an  angle  a  with  the  horizontal. 

10.  Graph  the  equation^  =  sin  {2-k/x). 

11.  Two  circles  of  radius  r  are  situated  so  that  the  center  of  one  is  on  the 
circumference  of  the  other,  (a)  Find  an  expression  for  the  area  that 
is  common  to  both  circles,  (b)  Calculate  this  common  area  if  the 
radius  of  each  circle  is  2. 

12.  A  man  on  the  bridge  of  a  ship  at  sea  is  h  ft  above  the  water.  Show  that 
the  distance  which  he  can  see  is  approximately  v  3/z/2  miles  if  the 
radius  of  the  earth  is  assumed  to  be  3960  miles. 

13.  The  waves  that  transmit  television  pictures  travel  in  a  straight  line. 
A  television  broadcasting  station  has  a  transmitting  antenna  that  is 
660  ft  high.  What  is  the  approximate  range  of  the  station?  What  is 
the  approximate  minimum  height  at  which  a  receiving  antenna  should 
be  placed  to  insure  reception  at  a  point  50  miles  away  from  the  broad- 
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casting  station?     (Use   the   approximation   we  found   in   the   previous 
problem.) 

14.  Find  the  area  of  a  regular  5-pointed  star  inscribed  in  a  circle  of  radius  r. 

15.  A  picture  5  ft  tall  is  hung  on  the  wall  of  an  art  gallery  with  its  bottom 
edge  9  ft  above  the  floor.  A  man  whose  eye  level  is  5  ft  above  the  floor 
stands  x  ft  from  the  wall.  Show  that  the  vertical  angle  6  subtended  by 
the  picture  at  the  man's  eye  can  be  found  from  the  equation  tan  6  = 
5x/(x2  +  36).  Show  that  the  man  has  the  best  view  when  he  stands 
6  ft  from  the  wall.     (Hint:  Show  that  5x/(x2  +  36)  <  &.) 


CHAPTER 


FIVE 


THE    COMPLEX    NUMBERS 


In  Chapter  One  we  discussed  briefly  three  systems  of 
numbers:  the  integers,  the  rational  numbers,  and  the  real  numbers. 
The  system  of  integers  is  adequate  for  solving  problems  involving- 
addition  and  subtraction,  but  not  for  solving  certain  problems  in- 
volving multiplication  and  division.  For  example,  there  is  no  integer 
x  that  satisfies  the  equation  2x  +  1  =0.  To  solve  such  a  problem, 
we  must  use  the  system  of  rational  numbers.  But  the  rational  numbers 
are  not  completely  satisfactory  either,  since,  for  example,  they  do  not 
provide  us  with  a  number  that  can  be  used  to  designate  the  length 
of  the  diagonal  of  a  unit  square.  In  other  words,  there  is  no  rational 
number  x  that  satisfies  the  equation  x2  —  2  =  0.  So  we  must  con- 
sider a  still  larger  system — the  real  number  system.  However,  the  real 
numbers,  which  are  satisfactory  for  many  purposes,  fail  to  provide  a 
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solution  to  the  equation  x2  +  1  =  0.  In  order  to  solve  this  equation 
and  more  complicated  equations  we  shall  encounter  in  the  next 
chapter,  we  introduce  here  a  still  broader  class  of  numbers — the 
complex  number  system.  Complex  numbers  are  extremely  useful  for 
describing  many  physical  phenomena,  and  no  physical  scientist  or 
engineer  can  afford  to  be  ignorant  of  them.  In  this  chapter  we  will 
study  only  the  very  basic  ideas  relating  to  complex  numbers.  If  you 
pursue  your  study  of  mathematics  long  enough,  you  will  study  the 
"theory  of  the  functions  of  a  complex  variable,"  one  of  the  most 
beautiful  and  useful  branches  of  mathematical  analysis. 


46      THE  COMPLEX  NUMBERS 

In  our  earlier  discussion  of  number  systems  we  concentrated  on  three 
main  points: 

(i)  how  to  recognize  that  a  number  belongs  to  the  system, 
(ii)  how  the  system  can  be  related  to  other  number  systems,  and 
(iii)  how  various  mathematical  operations  were  performed  with 
the  numbers  of  the  system. 

Let  us  illustrate  these  points  by  briefly  reviewing  our  discussion  of  the 
system  of  rational  numbers.  We  recognized  a4ational  number  as 
one  that  can  be  written  in  the  form  a/b,  where  a  and  b  are  integers 
and  b  ^  0.  A  rational  number  of  the  form  a/1  is  regarded  as  the 
same  as  the  integer  a;  hence,  the  integers  can  be  considered  part 
of  the  system  of  rational  numbers.  The  product  of  two  rational 
numbers  a/b  and  c/d  is,  by  definition,  the  rational  number  ac/bd. 
Note  that  this  definition  assumes  that  we  already  know  how  to  com- 
pute the  products  ac  and  bd — this  mathematical  operation  with  ra- 
tional numbers  is  defined  in  terms  of  the  mathematical  operations 
with  integers.  The  definitions  of  the  operations  with  the  rational 
numbers  are  motivated  by  a  desire  to  preserve  certain  laws  of  arith- 
metic, such  as  a(b  +  c)  =  ab  +  ac,  which  are  valid  for  operations  on 
the  integers. 

The  development  of  the  complex  numbers  from  the  real  numbers 
follows  a  similar  pattern.  Just  as  the  rational  numbers  arc  deter- 
mined by  pairs  of  integers,  so  a  complex  number  z  is  determined  by  a  pair 
of  real  numbers  (a,  b).  The  pair  is  not  written  as  a/b  or  (a,  /;),  how- 
ever, but  as  z  =  a  +  bi.     Two  examples  of  complex  numbers  are 
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3  +  5i  and  17  -f-  iri.  For  the  moment  we  can  consider  the  letter  i 
as  an  indicator  to  show  that  the  number  b  is  the  second  member  of 
the  pair  (a,  b).  We  shall  shortly  see  that  the  notation  a  +  bi  makes 
it  easy  for  us  to  remember  the  rules  of  arithmetic  for  complex  numbers. 
The  real  number  a  and  the  complex  number  a  -f-  Oi  are  regarded  as  the  same. 
In  particular,  0  is  written  for  0  +  Oi.  Thus,  we  say  that  the  real 
numbers  are  part  of.  the  complex  number  system.  It  is  also  con- 
venient to  write  bi  instead  of  0  +  bi.  Thus-,  2i  really  means  0  +  2*. 
Other  notational  simplifications  are  i  =  \i  =  0  +  \i  and  a  —  bi  =  a 

+  (-*)». 

The    rules    of   arithmetic    for    the    complex    numbers   follow.     If 

u  =  a  +  bi  and  v  =  c  +  di  are  two  complex  numbers  that  are  expressed 
in  terms  of  the  real  numbers  a,  b,  c,  and  d,  then 

46-1  U  =  V  means  a  =  c  and  h  =  d  (Definition  of  Equality), 

46-2  u  -\-  v  =  (a  +  c)  +  (b  +  d)i  (Definition  of  Addition), 

46-3          u  •  v  =  (ac  —  bd)  +  (be  +  ad)i  (Definition  of  Multiplication) . 

The  associative,  commutative,  and  distributive  laws  we  studied  in 
Section  1  remain  valid  for  the  system  of  complex  numbers,  which 
means  that  the  arithmetic  of  complex  numbers  is  similar  to  the  arith- 
metic of  real  numbers.  Ordinarily  the  symbol  <  is  not  used  with 
complex  numbers;  symbols  such  as  1   <  i  are  not  defined. 

Example  46-1.     Calculate  P. 

Solution.  \\Ve  have  i  =  0  +  \i.    /According  to  Equation  46-3, 

(0  +  10(0  +  li)  =  ■  (0  -  1)  +  (Q  +  0)i  =  -1  +  0i. 
Hence,  in  the  simplified  notation  we  discussed  above,  P  =  —  1 . 

If,  in  adding  or  multiplying  two  complex  numbers  a  +  bi  and 
c  +  di,  we  treat  all  terms  in  the  "ordinary"  way  (that  is,  as  if  they 
were  real  numbers),  except  that  i2  is  replaced  by  —1,  then  we  obtain 

(a  -\-  bi)  +  (c  +  di)  =  a  +  c  +  bi  +  di 

=  (a  +  c)  +  (b  +  d)i, 
and 

(a  -f-  bi)(c  +  di)  =  ac  +  bci  +  adi  +  bdi2 

-  (ac  -  bd)  +  (be  +  ad)  i. 
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These  results  agree  with  Equations  46-2  and  46-3.  The  notational 
form  a  ■+  bi  thus  provides  an  easy  way  to  remember  the  rules  for 
adding  and  multiplying  complex  numbers.  We  operate  with  complex 
numbers  just  as  if  ire  were  dealing  wilh  real  numbers,  except  that  we  replace 
P  by   -  1 . 

Example  46-2.  Compute  the  sum  and  product  of  the  complex  num- 
bers 3  +  2/  and  1  —  3/. 

Solution. 

(3  +  20  +  (1  -  30  =  3  +  1  +  2i  -  3i  =  4  -  i. 
(3  +  20(1  -  30  =  3  -  li  -  6i2  =  3  -  li  +  6  =  9  -  7i. 

According  to  the  definition  of  equality,  one  equation  involving  complex 
numbers  is  equivalent  to  two  equations  involving  real  numbers. 

Example  46-3.     Find  the  real  numbers  a  and  b  such  that 
(a+  bi)  +  (2  -  30  =  2(-2  +  0- 

Solution.     We  see  that  a  -f-  fo'  =  (  — 4  +  2z')  —  (2  —  30 

=  -6  +  5i, 
and  hence  a  =   —  6  and  £  =  5. 

We  mentioned  in  the  introduction  to  this  chapter  that  the  system 
of  real  numbers  fails  to  provide  a  solution  to  the  equation  *2  -f-  1  =  0. 
Since  i2  =  —1,  the  complex  number  i  is  a  solution  to  the  equation 
x2  +  1  =  0.  It  is  easy  to  verify  that  —i  is  also  a  solution  and  that 
there  are  no  others  (Exercise  5  of  Problems  46). 

Example  46-4.     Solve  the  equation  x2  =  2i. 

Solution.  We  seek  a  complex  number  x  =  a  -\-  bi,  where  a  and  b 
are  real  numbers,  such  that  (a  +  bi)2  =  2i.  Therefore,  according  to 
the  multiplication  rule,  a2  —  b2  +  2abi  =  0  -f-  2f.  From  the  defini- 
tion of  equality,  this  equation  is  equivalent  to  two  equations  involving 
the  real  numbers  a  and  b, 

a*  -  b2  =  0     and     lab  =  2. 


§46  THE    COMPLEX    NUMBERS  203 

Replacing  b  in  the  first  of  these  equations  with  the  expression  b  =  \/a 
that  we  obtain  from  the  second,  gives  us  the  equation  a4  =  1.  The 
only  real  numbers  that  satisfy  this  last  equation  are  a  —  1  or  a  =  —  1 . 
If  a  =  1 ,  then  b  =  \/a  =  1  and  x  —  1  -f-  i.  If  a  =  —  1 ,  then  6  =  —  1 
and  x  =  —  1  —  i.  Hence  there  are  two  solutions  to  the  equation 
x2  =  2i,  1  +  i  and  —  1  —  i. 

Some  of  the  terminology  used  with  complex  numbers  is  rather 
unfortunate.  In  the  complex  number  z  =  a  +  bi,  the  real  number  a 
is  called  the  real  part,  and  the  real  number  b  is  called  the  imaginary 
part  of  z.  There  is  a  historical  reason  behind  this  choice  of  words 
that  harks  back  to  the  days  when  complex  numbers  were  considered 
in  some  sense  not  as  "real"  as  real  numbers.  It  would  perhaps  be 
better  to  identify  these  numbers  merely  as  the  "non-2  part"  and  the 
"z  part"  of  the  complex  number,  but  the  other  terminology  is  almost 
always  used. 

Problems  46 

1.  Perform  the  following  additions  and  subtractions: 

(a)  (3  +  40  +  (6  -  20  (c)   6  -  "2i  +  7  -  i  -  5 

(b)  (2  +  20  -  [3*  +  (4  -  20]      (d)  1  -  [(2  -  0  -  (2i  -  3)] 

2.  Perform  the  following  multiplications: 

(a)  (6  -  20(1  +0  (c)   i(4'+0(4-  0 

(b)  2(3  +  il(\  -  i)  (d)  (2i  -  1)(1  +  30 (t  -  4) 

3.  Calculate  in  if  n  =  3,  4,  6,  13,  54. 

4.  Perform  the  indicated  operations.     Write  your  answer  in  the  form  a  -f-  bi. 

(a)   (3  +  40  -  (6  -  20(1  -  0 


(b)  (2  +  03 


(f) 


(H)+.(?-;:) 


(c)  (V2  +  3t)(V?  -  30  (g)   (-1  +  vV 

(d)  (v"2  +  0(^4  -  0  (h)   (jV2  +  |\/2020 

(e)  t[i(3  +  0  -  (1  +  0(2  +  0] 

5.  (a)   Show  that  —  i  is  a  solution  to  the  equation  x2  +  1  =  0. 

(b)  Solve  the  equation  .v2  -f-  1  =  0  by  the  method  used  in  Example  46-4. 

6.  Follow  the  procedure,  in  Example  46-4  to  solve  the  equation  x2  +  3/  =  0. 

7.  Let/  be  a  function  whose  domain  is  the  set  of  all  complex   numbers. 
Calculate /(0  and/(l  +  i)  if /  is  defined  by  the  equation: 

(a)  f{z)  =  Iz  -  1  (b)  f{z)  =  #  -  3z  +  2  +  i 


204  THE    COMPLEX    NUMBERS  §47 

8.  Let  /  be  the  function  whose  domain  is  the  set  of  all  complex  numbers 
whose  real  part  is  zero  and  whose  rule  of  correspondence  is  given  by  the 
equation /(z)  =  iz.     What  is  the  range  of/? 

9.  If  instead  of  denoting  a  complex  number  as  a  +  hi  we  merely  write  it  as 
(a,b),  then  the  rule  for  addition  is  (a,b)  +  (c,d)  =  (a  +  c,b  +  d).  Use 
this  notation  to  write  the  rule  for  multiplication. 

47   THE  CONJUGATE  OF  A  COMPLEX  NUMBER 

In  the  preceding  section  we  saw  that  the  easiest  way  to  add,  subtract, 
and  multiply  with  complex  numbers  was  to  proceed  as  if  we  were 
dealing  with  real  numbers,  except  that  we  substitute  —  1  for  i2. 
The  problem  of  division  cannot  be  handled  in  exactly  the  same  way. 
Just  as  in  the  case  of  real  numbers,  the  number  x  +  yi  is  the  quotient 

— ■ — -  if,  and  only  if,  a  +  bi  =  (c  +  di)(x  +  yi).  (Division  by  zero 
c  +  di 

is  again  excluded.)     To  find  the  quotient  we  must  solve  this  last 

equation  for  the  real  numbers  x  and  y.     A  simple  method  for  finding 

the  quotient  is  based  on  the  notion  of  the  conjugate  of  a  complex 

number,  which  we  will  now  introduce. 

Definition  47-1.  The  conjugate  of  the  complex  number  z  —  a  +  bi 
{a  and  b  are  real  numbers)  is  the  complex  number  z  =  a-{-bi  =  a  —  bi. 


For  example,  3  +  Ai  =  3  —  Ai  and  ir  —  3/  =  7r  +  3i. 

We  summarize  a  number  of  simple  results  concerning  complex 
conjugates  in  the  theorems  that  follow. 

Theorem    47-1.     Suppose    that    u  =  a  +  bi    and    v  =  c  +  di.     Then 
u  +  v  =  u  +  v  and  uv  =  u  v. 

Written  out,  the  theorem  states  that  the  result  will  be  the  same 
complex  number  whether  we  first  add  two  complex  numbers  and  then 
take  the  conjugate  of  the  sum,  or  first  take  the  conjugate  of  the  two 
numbers  and  then  add.     The  same  is  true  for  multiplication. 

Proof.  According  to  the  definition  of  addition,  //  +  v  =  (a  +  c)  + 
{b  +  d)i,  and  from  the  definition  of  conjugation, 


(a  +  c)  -  (b  +  d)i. 
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On  the  other  hand,  u  =  a  —  bi  and  v  =  c  —  di,  so 
u  +  v  =  (a  +  c)  -  (b    f  flf)/, 


which  is  ihe  same  ;is  7/  -(-  y.      The  proof  for  multiplication  is  similar. 

Theorem  47-2.      The  equation  z  —  z  is  valid  if,  and  only  if,  z  is  a  real 
number. 

Proof.  If  z  is  a  real  number,  then  it  may  be  written  in  the  form 
z  =  a  +  Oi.  Therefore,  z  —  a  —  Oz,  so  z  =  z.  Conversely,  if  z  =  z, 
where  z  =  a  +  bi,  then  a  —  bi  =  a ■+  &z.  Hence,  —b  =  b,so2b  =  0. 
Therefore,  b  =  0  and  z  =  «  +  Oz';  that  is,  z  is  a  real  number. 

Example  47-1.  Let  z  be  a  complex  number  such  that  22  =  2-2-  —  2. 
Show  that  z  also  satisfies  the  same  equation. 

Solution.  Let  us  take  the  conjugate  of  both  sides  of  the  given  equation 
to  get 

47-1  P  =  2z  -  2. 

According  to  Theorem  47-1,  z2  =  zz  =  z  z  =  z1.  Also  according  to 
Theorem  47-1,  2z  -  2  =  2z  -  2.  Since  2  =  2  (Theorem  47-2),  we 
have  2z  —  2  =  2z  —  2.  Therefore,  Equation  47-1  may  be  written 
z1  =  2z  —  2,  which  is  what  we  were  to  show.  You  might  check  to 
see  that  the  numbers  1  +  i  and  1  —  i  satisfy  the  given  equation.  We 
shall  have  more  to  say  about  this  subject  in  the  next  chapter. 

It  is  useful  to  observe  that  if  z  =  a  +  bi,  then  z  z  =  (a  +  bi){a  —  bi) 
=  a2  +  b2,  which  is  a  positive  number  unless  z  =  0.  This  fact 
makes  the  problem  of  division  easy.  To  calculate  (a  -+-  bi)/(c  +  di) 
we  need  only  multiply  both  the  numerator  and  the  denominator  of 
this  fraction  by  c  -f  di  =  c  —  di.     The  result  is 

{a  -f-  bi)(c  —  di)    _  {ac  +  bd)    ,    {be  —  ad)  . 
c2  +  d2  c2  +  d2  c2  +  5s    '' 

(We  are  assuming,  of  course,  that  the  complex  number  c  -\-  di  ^  0.) 
Example  47-2.     Find  (10  +  50/(3  +  4;). 
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Solution.     Multiply    the    numerator    and    denominator    by    3  -f  4/ 
3       W  in  obtain 

(10  +  5Q(3  -  4Q  _  50  -  25/  _       _   . 


(3  +  40(3-40  25 

You  might  check  to  see  that  this  number  really  is  the  quotient  of  the 
given  numbers  by  showing  that  10  +  Si  =  (2  —  z)(3  +  4/). 

The  product  of  two  real  numbers  a  and  b  is  0  if,  and  only  if,  either 
a  =  0  or  b  =  0  (or  both).  This  property  is  one  of  the  most  important 
that  a  number  system  can  possess.  From  it  we  can  conclude,  for 
example,  that  if  (x  —  l)(x  —  3)  =0,  then  either  x  =  1  or  x  =  3. 
There  are  systems  in  which  a  multiplication  is  defined  and  in  which 
the  above  property  does  not  hold,  but  the  next  example  shows  that 
it  is  valid  in  the  complex  number  system. 

Example  47-3.  If  u  =  a  -f-  hi  and  v  =  c  +  di  are  complex  numbers, 
show  that  uv  =  0  if,  and  only  if,  u  =  0  or  v  =  0  (or  both). 

Solution.  If  u  =  0  or  v  =  0  (or  both),  it  follows  from  direct  multipli- 
cation that  uv  =  0.  Conversely,  if  we  know  that  uv  =  0,  then  uv  =  0 
also,  so  uv  uv  =  uu  vv  =  0.  Since  uu  =  a2  -f-  b2  and  vv  =  c1  +  d/2,  the 
equation  www  =  0  becomes  (a2  +  £2)(c2  +  d2)  =0.  We  now  have  a 
product  of  two  real  numbers,  and  such  a  product  can  be  0  only  if  at 
least  one  of  the  factors  is  0.  But  a2  +  b2  =  0  implies  that  a  =  b  =  0 
and  hence  w  =  0.  Similarly  c2  +  d2  =  0  implies  that  v  =  0,  so  at 
least  one  of  the  numbers,  u  or  z>,  must  be  0. 

Problems  47 

1.  Show  that  z  —  z. 

2.  If  z2  =  z2,  what  can  you  say  about  z? 

3.  Show  by  direct  computation  that  the  following  equations  are  true: 


(a)  (2  +  0  +  (3  -  20  =  (2  +  0  +  (3  -  20 

(b)  (2  +  0(3  -  20  =  (2~+7)(3  -  20 

4.  If  2  =   —  2,  show  that  the  real  part  of  z  is  zero. 

5.  If  z  satisfies  the  equation  2z2  +  Iz  +  13  =  0,  show  that  2  also  satisfies  it. 

6.  Show  that  the  numbers  z  +  z  and  — — -  are  real  numbers  for  every 

1 

complex  number  z. 


48 
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7.  Calculate  in  for  n  =  —  1 


2,  -3,  -4, 


17. 


51. 


8.   Express  the  following  quotients  in  the  form  a  +  bi 


(a) 
(b) 


6  -  li 

3  -  li 

i 

1  -  t 


(c) 


(d) 


2  + 


V2  -  V6i 
V3  -  2i 


9.   Perform   the  indicated  operations.     Write  your  answers   in   the  form 
a  +  bi. 


(2  +  i)'- 
1  -  i 
6-i       l-i 


(a)   3  +  * 
(b) 


(c) 


(3  -  0s 


(2  +  04 
(d)   (1  -  2i)-\i  +  2)2 


2  +  i       4-z 

10.  Find  the  reciprocal  of  a  +  ^  if  a2  +  62  =  1. 

11.  Let^be  a  function  whose  domain  is  the  set  of  complex  numbers.     Find 
the  zeros  of/  if  the  equation  that  defines/  is: 

(a)  f(z)  =  2iz  +  3 

(b)  f(z)  =  (1  -  i)z  +  2 

(c)  f(z)  =  (3  -  i)z  +  i  - ■  1 

12.  Solve  the  equation  log  a  -\-  2bi  =  2  -\-  Si  for  the  real  numbers  a  and  £. 


(d)/W 


(4  -  2i)z        3  -  i 
1  +  i  7  -  2i 


48      GRAPHICAL  REPRESENTATION  OF  COMPLEX  NUMBERS 

In  Section  3  we  introduced  the  geometrical  representation  of  real 
numbers  as  points  on  a  line.     Since  a  complex  number  is  determined 


Figure  48-1 


, 

, 

*  =  a+bi 

/ 

r 

/  V 

0 

*  =  a  -bi 
o 
(a,-b) 
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by  a  pair  of  real  numbers,  and  since  we  are  accustomed  to  the  associa- 
tion of  pairs  of  real  numbers  with  points  in  a  plane,  it  is  natural  to 
represent  complex  numbers  as  points  in  a  plane.  We  therefore  associate 
with  each  complex  number  z  =  a  +  bi,  where  a  and  b  are  real  numbers, 
the  point  (a,b)  in  a  cartesian  plane  (see  Fig.  48-1).  The  number  z  =  a 
—  bi  may  then  be  plotted  as  the  point  (a,—b).  Let  r  denote  the  dis- 
tance from  the  origin  to  the  point  that  represents  z.  Then  r2  = 
a2  +  b2  =  z  z,  and  r  =  0  only  when  z =  0.  If  r  ^  0,  let  6  denote 
an  angle  in  standard  position  whose  terminal  side  passes  through  the 
point  z.  (We  say  an  angle  because  there  are  really  infinitely  many 
possibilities,  all  differing  by  360°.)  From  Theorem  41-1  we  see  that 
a  =  r  cos  6  and  b  =  r  sin  0.     Thus 


48-1 


z  —  a  +  bi  =  r  (cos  0  +  i  sin  6) 


The  expression  r  (cos  Q  -\-  i  sin  0)  is  called  the  trigonometric  form 
of  the  complex  number  z.  The  number  r  is  termed  the  absolute 
value  of  z  and  the  angle  6  is  called  the  argument  of  z.  Note  that 
the  absolute  value  of  a  complex  number  z  is  the  distance  between  the 
origin  and  the  point  z,  just  as  the  absolute  value  of  a  real  number  x 
is  the  distance  between  the  origin  and  the  point  x.  We  use  the  sym- 
bol 


\z\  to  denote  the  absolute  value  of  z,  so  that 


Example  48-1.     Express  the  complex  number  1 
form. 


/  in  trigonometric 


1 

1 

J 

, 

0 

\/-45° 

O    1  -  r 

(1,    -1) 

Figure  4«J- 


Solution.  We  plot  the  point  (1,-1) 
and  note  (Fig.  48-2)  that  r  =  V2. 
The  angle  6  is  determined  from 
the     equations     1  =  V2cos#     and 

—  1  =  V  2  sin  6.  In  this  case  we 
may   let   the    angle    measure    either 

—  7r/4  radians  or  —45°.     Hence, 

z=  V^cos^-^  +  .sm^-^^ 

=  V2^cos^  -  /sin^l     or 
2  =  V  2  (cos  45°  -  i  sin  45°). 
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It  is  particularly  advantageous  to  write  complex  numbers  in 
trigonometric  form  when  we  multiply  or  divide.  Suppose  that 
u  and  v  are  two  complex  numbers  whose  trigonometric  forms  are 
u  =  r  (cos  0  +'z  sin  0)  and  v  =  s  (cos  <j>  +  i  sin  0).  Then  by  straight- 
forward multiplication  their  product  is 

uv  =  rs  [cos  0  cos  0  —  sin  0  sin  0)  +  i  (sin  0  cos  0  +  cos  0  sin  0)]. 

From  the  addition  Formulas  34-2  we  have 

cos  0  cos  0  —  sin  0  sin  0  =  cos  (0  +  0),     and 

sin  0  cos  0  +  cos  0  sin  0  =  sin  (0  +  0) . 
Hence, 

48-2  uy  =  rs  [cos  (0  +  0)  +  j  sin  (0  +  0)] . 

Written  out,  Equation  48-2  states  that  the  product  of  two  complex  numbers 
is  the  complex  number  whose  absolute  value  is  the  product  of  the  absolute  values 
of  the  factors,  and  whose  argument  is  the  sum  of  the  arguments  of  the  factors. 

Example  48-2.  Let  z  be  a  complex  number.  Find  the  trigonometric 
form  of  the  product  iz. 

Solution.  Suppose  the  trigonometric  form  of  the  number  z  is 
z  =  r  (cos  6  +  i  sin  6).  Since  i  =  1  (cos  90°  +  i  sin  90°),  iz  = 
r  [cos  (0  +  90°)  +  i  sin  (0  +  90°)].  Thus  we  obtain  the  complex 
number  iz  from  the  complex  number  z  by  rotating  the  line  joining  z 
and  the  origin  90°  in  a  counter-clockwise  direction. 

Example  48-3.  If  z  —  r  (cos  6  +  i  sin  6),  express  z1  in  trigonometric 
form. 

Solution.  The  absolute  value  of  z1  is  r2,  and  the  argument  of  z2  is 
6  +  6  =  2d.     Hence,  z2  =  r2  (cos  20  +  i  sin  26). 

To  find  the  quotient  u/v  of  the  two  complex  numbers  u  —  r  (cos  0  + 
i  sin  0)  and  v  =  s  (cos  0  +  i  sin  0),  where  ^  0,  we  find  the  com- 
plex number  w  =  t  (cos  \p  +  i  sin  ^)  such  that  u  =  zw.  Hence,  if 
we  use  Equation  48-2  we  see  that  t  and  \p  should  be  chosen  so  that 

48-3       r  (cos  0  +  f  sin  0)  =  rf  [cos  (0  +  ;//)  +  i  sin  (0  +  ^)  ]. 

Now  it  is  clear  that  /t<w  complex  numbers  are  equal  if\  and  only  ij\ 
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(i)   their  absolute  values  are  equal, 
(ii)   their  arguments  are  equal  or  differ  by  a  multiple  of  360°. 

Thus,  we  must  have 

r  =  st 

6  =  4>  +  \p  +  k  •  360°     (k  may  be  any  integer). 

So  we  have  t  =  r/s  and  \p  =  6  -  0  -  k  •  360°.  Since  T(6  -  4>  - 
k  •  360°)  =  T(d  —  4>),  the  trigonometric  form  of  the  quotient  u/v 
can  be  written  as 

48-4  -  =  -  [cos  (0  -  0)  +  i  sin  (0  -  <f>)] . 

U  o 

Example  48-4.     Find  the  trigonometric  form  of  the  reciprocal  of  the 
complex  number  z  =  r  (cos  6  +  i  sin  6). 

Solution.     We  are  to  calculate  the  quotient   \/z.     Since   1   may  be 
written  as  1  =  1  (cos  0°  +  i  sin  0°),  it  follows  that 

-  =  -  [cos  (0°  -  0)  +  i  sin  (0°  -  0)] 

=  ~  (cos  6  —  i  sin  B) . 
r 

Problems  48 

1.  Find  the  absolute  value  and  argument  of  each  of  the  following  complex 
numbers  and  plot  as  a  point  in  the  plane. 

(a)  V3  +  i  (c)    - 1  (e)    -  1  -  V?>i 

(b)  -i  (d)   -2  +2i  (f)    1  -  2i 

2.  Write  each  of  the  following  numbers  in  non-trigonometric  form  a  -f-  bi 
and  plot  as  a  point  in  the  plane. 

f  N       /        5f   .    .  ,     5ir\  (d)  5  (cos  1  -f-  i  sin  1) 

(a)  2  ^cos  T  +  ,  sin  -  j  (<j)   ?  ^  20QO  +  .  sin  ^ 

(b)  3  (cos  7r  +  t  sin  7r)  (f)    4  (cos  3  +  z  sin  3) 

(c)  2  fcos^  +  ?  sin  ^  J 

3.  Show  that  \uv\  =  \u\  •  |z;|  and  that  \u/v\  =   |m|/|^|- 

4.  Show  that  |z|  =  |-z|  =  |5|  =  \iz\  =  \z  (cosO  +  i  sind)\. 

5.  l^se  the  facts  staled  in  (he  preceding  problem  (<>  show  that    |4        3:| 
-  14  -  351. 
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6.  Let  u  —  a  +  bi  and  v  =  c  +  di.     Show  that    |w  —  v\   is  the  distance 
between  the  points  that  represent  u  and  v. 

7.  Describe  in  your  own  words  the  result  stated  in  Equation  48-4. 

8.  Find  the  product  uv  and  the  quotient  -  if  u  =  12  I  cos  -  +  i  sin  -  J  and 

if: 

,  /       7T   ,    .  .    tt\  (c)  v  =  .5  (cos  20°  +  i  sin  20°) 

(a)  v  =  4  (  cos  7  +  e  sin  -  ]  ,  1N  „  r  /        .^0        .   .     ,_ON 
v  y              \       4               4/         (d)  »  =  1.5  (cos  40°  —  i  sin  40°) 

(b)  v  =  3  (cos  7r  +  z  sin  7r) 

9.  Perform  the  following  operations  both  algebraically  and  by  first  writing 
the  numbers  in  trigonometric  form. 

(a)   (1  +0(2  +  20(3  +  30 

/M    -1  +* 

(b)  vTVi 

(c)(1  +  0(1  +  ,V3)(4  +  i,)(-i  +  ^) 

(V3+j)(-i_-Q 

(1  +iV3)(2V3  -  20 

10.  Prove  that  two  complex  numbers  are  equal  if,  and  only  if,  (i)  their 
absolute  values  are  equal,  and  (ii)  their  arguments  are  equal  or  differ  by 
a  multiple  of  360°  or  2ir  radians. 

11.  Describe  geometrically  the  location  of  all  points  z  that  satisfy  the  follow- 
ing conditions: 

(a)  |*|  =  1  (c)    \z\  <  2 

(b)  z  +  z  =  2  (d)  z  +  z  >  1. 


49     ROOTS  OF  COMPLEX  NUMBERS 

In  Example  48-3  we  showed  that  if  z  =  r  (cos  0  +  i  sin  0),  then 
z2  =  r2  (cos  26  +  z  sin  20).  Now  z3  =  z2  -  z,  so  another  application 
of  the  rule  for  multiplying  complex  numbers  in  trigonometric  form 
(Equation  48-2)  shows  that 

z3  =  r3  [cos  (2d  +  6)  +  i  sin  (2(9  +  6)]  =  r3  (cos  30  +  » sin  30). 

If  we  repeat  the  process  once  more  we  get 

z*  =  zs  •  z  =  r4  (cos  40  +  i  sin  40). 

Indeed,  for  any  positive  integer  n,  it  may  be  shown  that 


212  THE    COMPLEX    NUMBERS  §49 

49-1  zn  =  rn  (cos  nd  +  i  sin  nd). 

Example  49-1.     If  0  is  any  angle  and  n  is  any  positive  integer,  show 

that 

49-2  (cos  0  +  I  sin  0)n  =  cos  n0  +  i  sin  nd. 

Solution.  We  simply  let  z  be  the  complex  number  z  =  (cos  0  +  i  sin  0). 
Then  Equation  49-1  becomes  (cos  6  +  i  sin  0)n  =  \n  ■  (cos  «0  + 
t  sin  w0),  which  is  the  equation  to  be  verified.  Equation  49-2  is  known 
as  DeMoivre's  Theorem. 

Let  n  be  a  positive  integer  and  w  be  a  complex  number.     ^4  complex 
number  z  is  called  an  nth.  root  of  u  if 

49-3  zn  =  u. 

The  numbers  1,  —  1,  i,  and  —  i,  for  example,  are  4th  roots  of  the 
number  1,  since  (—  l)4  =  (l)4  =  (04  =  (  —  04  =  1-  We- can  easily 
solve  Equation  49-3  if  u  and  z  are  expressed  in  trigonometric  form. 
Suppose  that  u  =  s  (cos  4>  +  i  sin  0)  and  that  z  is  an  nth  root  of  u 
expressed  in  the  trigonometric  form  z  =  r  (cos  6  +  i  sin  6) .  Let  us 
suppose  that  u  ^  0,  and  therefore  j  >  0.  Then,  using  Equation 
49-1,  we  may  write  Equation  49-3  in  the  form 

rn  (cos  nd  +  i  sin  nd)  =  s  (cos  <j>  -\-  i  sin  </>). 

Our  problem  is  to  find  a  positive  number  r  and  an  angle  6  for  which 
this  last  equation  is  valid.  Two  complex  numbers  can  be  equal  only 
if  their  absolute  values  are  equal,  and  hence  we  must  choose  r  so 
that  r  >  0  and  rn  =  s.     Therefore, 

49-4  r  =  -\/s. 

Our  equation  then  reduces  to  the  two  equations 

cos  nd  =  cos  (f>     and     sin  nd  =  sin  </>. 

It  is  clear  from  these  equations  that  the  angles  nd  and  <j>  can  differ 
only  by  a  multiple  of  360°  or  2w  radians  (see  Exercise  10  of  Problems 
48).  More  precisely,  nd  =  cj>  +  k  •  360°,  where  k  is  an  integer — 
positive,  negative,  or  0.     Therefore 

49-5  0  =  *  +  I-  560!. 
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We  can  also  write  this  equation  as 

49-6  6  =  ^  +  k  —  radians. 


Example  49-2.  Find  the  cube  roots  of  the  complex  number  u  = 
8  (cos  60°  +  i  sin  60°). 

Solution.  According  to  Equations  49-4  and  49-5,  z  =  r  (cos  0  +  i  sin  0) 
will  be  a  cube  root  of  u  if  r  =  V  8  =  2  and  6  is  an  angle  of  the  form 
(60/3)°  +  £(360/3)°  =  20°  +  k  120°,  where  k  is  any  integer.  The  cube 
roots  we  are  seeking  can  therefore  be  expressed  as 

zk  =  2  [cos  (20°  +  *  120°)  +  i  sin  (20°  +  k  120°)]. 

We  now  observe  that  even  though  there  are  an  infinite  number  of 
possibilities  for  the  integer  k,  there  are  really  only  three  values  of  zk. 
To  illustrate  this  statement,  we  will  list  a  few  values  of  zk  for  specific 
choices  of  the  integer  k: 

z0  =  2  (cos  20°  +  i  sin  20°), 

*i  =  2  (cos  140°  +  » sin  140°), 

z2  =  2  (cos  260°  +  i  sin  260°), 

zz  =  2  (cos  380°  +  i  sin  380°), 

zA  =  2  (cos  500°  +  i  sin  500°). 

But  it  is  clear  that  zz  =  z0  and  z4  =  zh  since  jT(380°)  =  T(20°)  and 
7"(500°)  =  T(140°)  for  any  trigonometric  function  T.  You  should 
be  able  to  convince  yourself  that  any  choice  of  k  will  lead  to  one  of  the 
numbers  z0,  zh  or  22. 

The  results  of  our  work  with  the  roots  of  complex  numbers  suggest 
the  following  theorem. 

Theorem  49-1.     A  non-zero  complex  number  u  —  s  (cos  <f>  +  i  sin  0)  has, 
for  any  given  positive  integer  n,  exactly  n  distinct  nth  roots  given  by  the  formula 

49-7     zk  =  vs    cosF  +  R* )  +  i  sin  (  ^  +  ft  •  ) 

L      V"  n  /  \n  h   /_ 

^  ==  Oj  1,  2,  .  .  .  ,  (n  —  1).      (An  analogous  formula  applies  when  <j>  is 
measured  in  radians.) 
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Example  49-3.     Find  the  5th  roots  of  32. 


§49 


Solution.  Using  radian  measure  for  the  angles,  we  can  write  32  = 
32  (cos  0  +  i  sin  0).  Hence,  the  5th  roots  of  32  are  the  five  numbers 
given  by  the  formula 


Zk 


^32[cos(0  +  2-f?)  +  ,sin(0  +  2-^)] 

_  /        2/for    .    .   .     2kir\    ,.        .    .    _    _     .. 
=  2  (cos  —  +  z  sin—  J,  [k  =  0,  1,  2,  3,  4). 

It  is  interesting  to  plot  the  5th  roots  of  32  as  points  in  the  plane.  We 
see  that  all  the  5th  roots  of  32  are  on  a  circle  with  a  radius  of  2  and 
are  equally  spaced  about  the  circumference  with  one  of  them  on  the 
#-axis.  The  geometric  picture  of  the  5th  roots  of  32  appears  in  Fig. 
49-1. 


Figure  49-1 


If  u  >  0,  we  reserve  the  symbol  V  u  to  mean  the  non-negative 
number  whose  square  is  u.  This  usage  is  standard;  wherever  you 
see  the  symbol  V93  for  example,  it  always  means  3,  not  —3.  If  u 
is  not  a  positive  number,  the  symbol  V  u  is  ordinarily  not  used  with- 
out some  explanation  of  its  meaning.  Since  we  shall  have  occasion 
to  use  this  symbol  later,  we  will  agree  that  if  u  is  not  a  negative  real 
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number,  then  the  symbol  vu  will  denote  the  solution  to  the  equation  z2  —  u, 
whose  real  part  is  not  negative.  If  u  <  0,  then  vu  =  iv\u\.  These 
statements  do  not  represent  fundamental  mathematical  truths.  They 
are  just  a  means  of  selecting  which  of  the  two  numbers  whose  square 
is  u  we  shall  designate  by  the  symbol  Vw.  A  different  selection  may 
be  used  in  other  books. 

Example  49-4.     Find  Vli  and  V^4. 

Solution.  In  Example  46-2  we  found  that  the  two  numbers  whose 
square  is  2i  were  the  numbers  1  +  i  and  —1  —  i.  The  real  part  of 
the  first  is  the  positive  number  1,  so  according  to  our  agreement,  we 
write  V  2*  =  1  +  A.  Since  —  4  <  0,  we  have  agreed  that  —  4  = 
tV|-4|  =  iV?  =  2i. 


Example  49-5.     Find  y-1  +  V$i. 


Solution.  To  find  -y  —  1  +  V  3i  we  must  find  that  solution  to  the 
equation  z2  =  —  1  +  V  3i  whose  real  part  is  non-negative.  In  trig- 
onometric form, 

-1  +  V3i  =  2  (cos  120°  +  i  sin  120°), 


so 


Zl  =  V2  (cos  60°  +  i  sin  60°)  =  -—  (1  +  V3i)     and 

^2  =  V2  (cos  240°  +  *  sin  240°)  =  :=y^  (1  +  V3z). 

Since  the  real  part  of  a  is  V  2/2  >  0,  we  write 

V2 


V-l  +  V3i  =  -^  (1  +  V3i). 


Problems  49 


1.  Use  DeMoivre's  Theorem  to  calculate  the  following: 

(a)  (cos  45°  +  i  sin  45°)8  (d)  (3  +  3f)6 

(b)  (1  -r  08  (e)    (cosl  +  zsiril)12 

(c)  (V3  +  012  (f)    (-8192  +  -573609 

2.  If  u  is  a  solution  to  the  equation  z8  —  1  =  0,  show  that  u  is  also  a  solution. 
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3.  Find  the  3  cube  roots  of  u\  write  in  non-trigonometric  form  a  +  hi, 
and  plot  as  points  in  the  plane. 

(a )  //  =  1  (c)   u  =  —  1 

(b)  ?/  =  t  (d)  w  =  — i 

4.  Describe  how  you  can  geometrically  construct  the  5th  roots  of  u  if: 

(a)  u  =  1  (c)  m  =  —  1 

(b)  m  =  i  (d)  u  =  1  +  t 

5.  Write  the  following  radicals  in  the  form  a  +  bi\ 

(a)  V^T6  (c)  V2  -  2i  (e)  Vr3 

(b)  VS  (d)  V^  -  i  (f)   V.1736  +  .9848i 

6.  Can  the  two  square  roots  of  a  complex  number  z  be  written  as  V  z  and 

-vQ? 

7.  Use  DeMoivre's  Theorem  to  find  a  formula  for  cos  30. 

8.  Suppose  that  z6  =  1,  and  that  z  j*  1.     Let  S  =  z5  +  z4  +  £3  +  z2  +  z 
+  1.     Show  that  Sz  =  £,  and  hence  S  =  0. 

9.  Let/  be  a  function  whose  domain  is  the  set  of  complex  numbers.     Find 
the  zeros  of/  if: 

(a)  /(*)  =  z2  +  li      (b)  /(*)  =  3z"  +  1  (c)  /(*)  =  iz*  -  1 

10.  Let  n  be  a  positive  integer.     Use  DeMoivre's  Theorem  to  show  that  if 
z  =  r  (cos  0  +  2  sin  0),  then  z~n  =  r_n  [cos  (  — w0)  +  z  sin  (— n6)]. 


Review  Problems,  Chapter  Five 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  Find  the  solution  to  the  equation 

iz        _  (2  +  Si)z  +  5 
(3  -  0  "      (-4  +  30 

2.  If  the  sum  of  two  complex  numbers  is  real,  are  the  two  numbers  com- 
plex conjugates? 

3.  Let  /  be  the  function  that  is  defined  by  the  equation  f(z)  =  z  +  z. 
What  is  the  range  of/? 

4.  Describe  geometrically  the  result  of  multiplying  a  number  by  wi. 

5.  Which  of  the  following  equations  are  always  true? 

(a)  \z\*  =  H  (c)    |3*|  =  3|«| 

(b)  \u  +  v\=  \u\  +  \v\  (d)V\z\  =  \Vz\ 

6.  Let  the  function/  be  defined  as  follows:  f(z)  is  the  real  part  of  z. 

(a)  What  is/(3  +  i)? 

(b)  Does  f(u  +  v)  equal  f(u)  +/(*)? 

(c)  Does  f(uv)  equal  f(u)f(v)? 
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7.  Answer  the  preceding  problem  if: 

(a)  f(z)  =  z  (b)  f(z)  =  log  \z\ 

8.  Make  a  careful  sketch  showing  the  point  u  =  f-J  +  ff?  and  the  three 
cube  roots  of  u.  Write  the  three  cube  roots  of  u  in  the  form  a  +  bi 
by  using  your  sketch  to  estimate  the  values  of  a  and  b. 

9.  Let  co  denote  any  cube  root  of  1,  except  that  co  7^  1.  Show  that  the 
three  cube  roots  of  1  are  co,  m2,  and  co3. 

10.  Let/  be  defined  by  the  equation  f(x)  =  x  -\-  ilogx.  What  is  the  do- 
main of  f?  What  is  the  range  of  /?  Prove  that  \f(x)  \  9^  0  for  all 
numbers  x  in  the  domain  off. 

Miscellaneous  Problems,  Chapter  Five 

These  problems  are  designed  to  test  your  ability  to  apply  your  knowledge  of  complex 
numbers  to  somewhat  more  difficult  problems. 

1.  Describe  geometrically  the  location  of  all  points  z  that  satisfy  the  following 
conditions: 

(a)  \z  -.2-]  =  3  (c)    1  <  |*|  <  2 

(b)  \z-~z\  =2  (d)  1  <  \z-  3|  <  4 

2.  Let/  be  a  function  whose  domain  is  the  set  of  complex  numbers.  De- 
scribe geometrically  the  relation  between  the  numbers  z  and/(z)  if: 

(a)  f(z)  =  (cos  a  +  i  sin  a)z  (a  a  given  real  number) 

(b)  f(z)  =  kz  (k  a  given  real  number) 

3.  Let  U  and  V  denote  the  points  representing  u  =  r  (cos  6  +  i  sin  6)  and 
v  =  s  (cos  4>  +  i  sin  0),  where  6  and  </>  are  acute  angles,  Let  0  denote 
the  origin,  A  the  point  (1,0),  and  P  the  point  that  represents  the  product 
uv.     Show  that  triangle  OVP  is  similar  to  triangle  OAU. 

4.  Solve  the  equation  (z  +  z)z  =  2  +  M. 

5.  Let  w  and  v  be  complex  numbers  that  are  not  real  numbers.  If  both  uv 
and  u/v  are  real  numbers,  what  can  you  conclude  about  u  and  v? 

6.  Let/  be  a  function  whose  domain  is  the  set  of  points  in  the  complex  plane 
defined  by  the  inequality  \z\  <  1.     Describe  geometrically  the  range  of 

/if: 

(a)  M  =  Iz  (b)  j{z)  =  z* 

7.  Show  that  for  any  complex  number  z  7^  1 , 

1  +  z  +  z2  +  zz  +  z4  +  z5  =  (1  -  z6)/(l  -  z). 
Use    this   relation    and    DeMoivre's   Theorem    to    derive    the    formula 

1    f  cos  6  +  cos  20  +  cos  30  +  cos  4(9  +  cos  SO  =  \  +  SI"  U^2- 

2         2  sin  50 
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Anyone  who  knows  how  to  add,  subtract,  and  multiply 
can  show  that  when  we  substitute  2  for  x  in  the  expression  2xz  — 
3x  +  7,  we  get  the  number  17.  But  it  is  more  difficult  to  start  with 
the  number  17  and  then  solve  the  equation  2*3  —  3x  +  7  =  17.  In 
this  chapter  we  will  touch  on  some  of  the  high  spots  of  the  theory  of 
such  algebraic  equations. 


50      POLYNOMIALS 

If  n  is  a  positive  integer  or  0,  and  if  a0,  d\z 
where  an  ^  0,  then  the  expression 

a„x"   \  a„  \X"  '  H    ... 
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.  ,  an  are  n  +  1  numbers, 
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is  called  a  polynomial  of  degree  n  in  x.  We  shall  use  symbols  such 
as  P(x),  Q(x),  R(x),  and  D(x)  to  denote  polynomials.  The  numbers 
flo5  Q\,  .  .  .  ,  an  are  the  coefficients  of  the  polynomial.  Note  that  in  a 
polynomial  of  degree  n,  the  coefficient  an  is  not  0,  but  some  of  the 
other  coefficients  may  be.  Each  expression  such  as  a3-x3  is  called  a 
term  of  the  polynomial.  The  number  0  is  also  regarded  as  a  poly- 
nomial, but  no  degree  is  assigned  to  it.     Examples  of  polynomials  are : 

(i)  P(x)  =  3x4  —  irx2  —  2x  +  1 .     The  degree  of  this  polynomial 
is  n  =  4,  and  its  coefficients  are  the  numbers  <24  =  3,  a%  =  0, 
a2  =  —T,ai=  —  2,  and  a0  =  1. 
(ii)   Q(x)  =  ix2  —  3x  +  17  —  2i.     In  this  example,  n  =  2,  a2  =  i, 

a\  =  —  3,  and  a0  =  17  —  2z. 
(iii)   /?(x)  =  4.     The  degree  of  this  polynomial  is  0,  and  its  only 
coefficient  is  a0  =  4. 

A  polynomial  in  x  consists  of  a  sum  of  one  or  more  terms;  each 
term  is  either  a  number  or  consists  of  the  product  of  a  number  and  a 
positive  integral  power  of  x.  Expressions  such  as  3x2  +  2Vx  —  5, 
2X  +  i,  2x  +  3  —  l/#,  and  2x  +  sin  x  +  3  are  not  polynomials  in  x. 
If  P(x)  is  a  polynomial,  and  if  r  is  a  given  number,  then  we  use  the 
symbol  P(r)  to  denote  the  number  that  results  from  replacing  x  in 
P(x)  by  r.  Thus,  if  P{x)  =  x2  -  3x  +  1,  then  P(2)  =  22  -  3(2) 
+  1  =  —  1 .  At  times  we  shall  confine  our  attention  to  polynomials 
whose  coefficients  are  real  numbers,  or  rational  numbers,  or  integers ; 
but  unless  otherwise  indicated,  the  following  theory  is  applicable 
when  the  coefficients  are  any  complex  numbers. 

Two  polynomials  are  equal  if,  and  only  if,  the  coefficients  of  the 
corresponding  powers  of  x  are  equal.  Thus  ax2  +  bx  +  c  =  —  x2  +  2, 
if,  and  only  if,  a  =  —  1,  b  =  0,  and  c  =  2.  If  P(x)  and  Q(x)  are  equal 
polynomials,  then  the  numbers  P(r)  and  Q(r)  are  equal  every  time 
a  number  r  is  substituted  for  x.  The  algebraic  operations  of  addi- 
tion, subtraction,  and  multiplication  of  polynomials  should  be  familiar 
to  you  from  elementary  algebra.     Thus,  for  example, 

(3x2  -  2x  +  1)  +  03  -  5)  =  x3  +  3x2  -2x  -  A, 
and 

(3x2  -2x+  1)03  -  5)  =  3x5  -  2x*  +  x*  -  15x2  +  10*  -  5. 

The  process  of  division,  however,  demands  a  more  extended  dis- 
cussion.    In  Section  1,  we  defined  the  quotient  a/b  of  two  numbers 
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a  and  b  as  the  number  q  that  satisfies  the  equation  a  =  qb.  We 
then  noticed  that  if  the  numbers  a,  b,  and  q  were  limited  to  the 
integers,  a  given  pair  of  numbers  need  not  have  a  quotient.  If 
a  =  1  and  b  =  3,  for  example,  then  there  is  no  integer  q  such  that 
7  =  3q.  To  cope  with  this  situation,  we  then  considered  the  rational 
numbers  and  found  that  there  was  a  rational  number  that  satisfies 
the  equation  7  =  3q.  There  is,  however,  another  way  to  avoid  the 
difficulty — namely,  to  devise  a  somewhat  different  definition  of  divi- 
sion. Suppose  that  we  do  not  demand  that  a  =  qb,  but  that  a  = 
qb  +  r,  where  the  integer  r  is  in  some  sense  the  smallest  possible 
choice.  For  example,  we  could  write  7  =  2-3  +  1.  The  number 
q  is  then  called  the  quotient  and  the  number  r  is  called  the  remainder 
in  the  division  of  a  by  b.  The  ordinary  process  of  "long  division" 
of  a  positive  integer  a  by  a  positive  integer  b  is  simply  a  method  of 
finding  the  numbers  q  and  r  such  that  a  —  qb  +  r  and  0  <  r  <  b. 

Example  50-1.     If  a  =  217  and  b  =  23,  find  the  quotient  q  and  the 
remainder  r  when  a  is  divided  by  b. 

Solution.     By  long  division, 

9  =  q 


23)217 
207 
10  =  r. 

Thus,  217  =  9  •  23  +  10  and  0  <  10  <  23. 

A  similar  situation  exists  in  regard  to  the  division  of  polynomials. 
We  state  the  result  as  a  theorem,  but  omit  the  proof. 

Theorem  50-1.  Let  P{x)  and  D(x)  be  polynomials  of  degrees  n  and  m 
respectively,  where  m  <  n.  Then  there  are  polynomials  Q(x)  and  R(x), 
where  R(x)  is  either  the  number  0  or  is  of  lower  degree  than  D(x),  such  that 

50-1  P(x)  =  Q(x)  D(x)  +  R(x). 

The  dividend  P(x)  and  the  divisor  D(x)  determine  the  quotient  Q(x)  and  the 
remainder  R(x)  uniquely. 

Finding  the  polynomials  Q(x)  and  R(x),  which  are  the  quotient 
and  remainder  when  polynomials  P(x)  and  D(x)  are  given,  is  merely 
a  matter  of  "long  division." 
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Example  50-2.     Let   P{x)  =  2x*  -  x*  +  7x2  -  2x  -  2    and   D{x)  = 
2x2  -  x  +  1.     Find  Q(x)  and  R(x). 


Solution. 

=  2x2  - 

x2  +  3  =  Q(x) 

D(x) 

-  x  +  1  \2x*  -  x3  +  7x2  -  2x  -  2  = 

=  P{x) 

2x*  -  x3  +    x2 

6x2  -  2*  -  2 

6x2  -  3x  +  3 

x  -  5  =  #0). 
Thus  Q(x)  =  x2  +  3  and  /?(*)  =  x  -  5. 

Example   50-2   illustrates   the  following   useful  fact.     If  P(x)  = 
anxn  +  .  .  .  +  a0  and  D(x)  =  bmxm  +  .  .  .  +  b0  (m  <  n),  then  the  first 

term  of  the  quotient  polynomial  Q(x)  is  -^-  xn~m. 

V  m 

If  D(x)  is  of  the  form  x  —  d ,  the  process  of  long  division  can  be 
shortened  considerably  by  a  method  known  as  synthetic  division. 
This  method  will  be  explained  in  Example  50-3. 

Example  50-3.     Divide  2*4  +  xz  -  3x2  +  x  -  10  by  x  -  2. 

Solution. 

2xz  +  5x2  +  Ix  +  15  =  QO) 


-  2|2*4+    x3  - 

3x2  +  x  -  10 

2*4  -  4x3 

5x3  - 

3.r2 

5*3  - 

10*2 

7x2  +      x 

lx2  -  14* 

15a:  -  10 

15*  -  30 

20  =  £. 

The  remainder  /?  will  always  be  simply  a  number,  maybe  0,  since  the 
degree  of  the  divisor  polynomial  is  1.  We  have  put  the  number  R 
and  the  coefficients  of  the  quotient  Q(x)  in  bold-faced  type  where 
they  first  appear  in  the  division.  The  problem  of  division  amounts 
to  finding  these  bold-faced  numbers.  When  we  inspect  our  division 
we  see  that  each  coefficient  of  the  quotient  results  from  multiplying  the  coefficient 
that  precedes  it  by  (  —  2)  and  then  subtracting  the  result  from  the  corresponding 
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coefficient  of  the  dividend.  For  example,  the  coefficient  5  is  1  —  (  —  2)2 
=  5.  Since  the  first  coefficient  of  the  quotient  is  the  first  coefficient 
of  the  dividend,  we  can  start  with  this  information  and  determine  all 
the  coefficients  (and  the  remainder)  successively.  Instead  of  multi- 
plying by  (  —  2)  and  then  subtracting,  we  multiply  by  +2  and  add. 
The  result  in  schematic  form  is 

2         1-31  -10 

^4      f  10    y,  14        *    30 

2  |    2/      5  /        7/      15    /\      20 

The  first  row  in  the  array  consists  of  the  coefficients  of  the  dividend. 
We  write  the  number  2  at  the  lower  left  because  we  are  dividing  by 
(x  —  2);  if  we  were  dividing  by  x  +  2,  the  number  would  be  —2. 
The  arrows,  usually  omitted,  indicate  that  the  number  at  the  "tail," 
when  multiplied  by  2,  gives  the  number  at  the  head.  The  number  20 
at  the  lower  right  is  the  remainder. 

Example  50-4.  Use  synthetic  division  to  find  Q(x)  and  R  if  P(x)  = 
2x5  -  30x3  +  x  -  1  and  D(x)  =  x  +  4. 

Solution.  The  coefficients  of  the  terms  in  x4  and  x2  of  P(x)  are  0; 
that  is,  P(x)  =  2x5  +  Ox4  -  30x3  +  Ox2  +  x  -  1.  Then  the  starting 
point  of  our  synthetic  division  is  the  array 

2         0  -30         0         1  -1 


The  coefficients  of  Q(x)  and  R  will  appear  in  the  last  line.  To  carry 
out  the  synthetic  division,  we  bring  down  the  first  coefficient,  2,  and 
then  follow  the  procedure  outlined  above. 

2  0  -30  0  1  -1 

-8  32         -8    .     32  -132 

-4  I     2         :r8  2         :r8         33     I     =rT33 


We  therefore  have  Q(x)  =  2x*  -  8x3  +  2x2  -  8*  +  33,  and  R  =  -133. 
Problems  50 
1.  Write  each  of  the  following  expressions  in  the  form 
anxn  +  a„_i*n_1  +  .  .  .  +  a\x  +  tf0- 

(a)  (*  -  4)(*  +  6)  +*(r5  -  D 

(b)  (x2  -  4)(3  -  *)  -  4(x  -  2) 

(c)  (x  +  4)(x2-  2)(.r3  +  l) 

(d)  (3  -  x)(2  -  Ax  +  3a--)  -  (x3  -  1) 
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2.  Let  A(x)  =  3x2  -  Ax  +  1,  B(x)  =  2x*  -  5,  and  C(x)  =  x  +  3.     Find: 

(a)  4(*)  PO)  +  A(x)  C(x)  (c)  *4(*)  +  SB(x)  -  5C(*) 

(b)  [A(x)f  -  [B(x)]2  (d)  BW  +  2[C(x)  -  3? 

3.  If  P(x)  is  a  polynomial  of  degree  n,  and  QO)  is  a  polynomial  of  degree  m, 
what  is  the  degree  of: 

(a)  P(x)  Q(x)  (c)   [P(*)]* 

(b)  P(*)  +  QO)  (d)  P(a*  +  b) 

4.  Let  PO)  =  3x3  +  x2  -  2x  +  1.     Find: 

(a)  P(2)  (c)  PW  +  PC-*)  (e)  P(x  +  h)  -  P(x) 

(b)  P(-*)  (d)  P(x)  -  P{-x)  (f)    [P(x  +  h)-  P(x)]/k 

5.  If  A(x)  =  x*  +  2x  -  4,  B(x)  =  x*  +  24,   PO)  =  -*2  +  2*  -  8,   and 
Q(x)  =  x,  show  that  P(*)  ,40)  +  Q(x)  B(x)  =  32. 

6.  Find  positive  integers  q  and  r  such  that  «  =  qb  +  r,  0  <  r  <  b,  if: 

(a)  a  =  13,  6  =  3  (c)   a  =  331,  6  =  19 

(b)  a  =  5216,  b  =  46  (d)  a  =  3716,  6  =  2617 

7.  Find  the  quotient  Q(x)  and  remainder  PO)  such  that  P(x)  =  Q(x)  D(x) 
+  R(x)  if: 

(a)  P(x)  =  x*  +  x2  -  x  +  1,  £>(*)  =  x2  +  *  +  1 

(b)  P(x)  =  3x*  -  x  +  1,  DO)  =  2x2  -  1 

(c)  P(x)  =  X4  +  x2  +  1,  ^0)  =  *4  -  *2  -  1 

8.  Use  synthetic  division  to  find  the  quotient  QO)  and  the  remainder  R 
such  that  P(x)  =  Q(x)  D(x)  +  R  if: 

(a)  PO)  =  xs  -  x2  +  x  -  1,  DO)  =  *  -  1 

(b)  PO)  =  x5  -  4x*  +  5x2  -  5,  D(x)  =  x  +  1 

(c)  PO)  =  *5  +  1,  D(x)  =  x  +  1 

(d)  PO)  =  *3  ~  x  +  x4  -  x2,  DO)  =  *  +  3 

(e)  P'O)  =  3x4  -  14*3  -  7x2  +  2\x  -  55,  DO)  =  x  -  5 

(f)  PO)  =  3x4  +  22x3  -  19x2  -  22*  +  16,  DO)  =  *  +  8 

9.  Show  that  the  quotient  obtained  by  dividing  xm  —  7r100  by  x  —  ir  is 

*"  +  *987T  +  *977T2  +    .    .    .    +   *7T98   +   7T99. 

10.  Explain  how  the  method  of  synthetic  division  can  be  used  if  DO)  is  of 
the  form  ax  +  b.  Illustrate  the  method  by  dividing  3x3  —  x  +  1  by 
2x  -  4. 

51     POLYNOMIALS  OF  THE  FIRST  DEGREE 

A  polynomial  of  the  first  degree  has  the  form  P(x)  =  ax  +  b,  where 
a  f^  0.  One  of  the  main  problems  we  will  encounter  in  our  study 
of  polynomials  will  be  to  find  values  of  x  for  which  a  polynomial  is 
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zero.     These  numbers  are  called  the  zeros  of  the  polynomial.      It  is 
easy  to  find  l  he  zeros  of  polynomials  of  degree  1  ; 

b 


ax  +  b  =  0  if,  and  only  if,  x  = 


a 


Anticipating  some  of  our  future  discussion,  we  now  state  a  theorem 
that  is  extremely  simple,  but  which  possesses  an  important  generaliza- 
tion in  regard  to  polynomials  of  higher  degree. 

Theorem  51-1.     If  P(x)  =  ax  +  b  andr  is  the  number  such  that  P(r)  =  0, 
then  P(x)  =  a(x  —  r). 


Proof.  Since  r  =  —b/a,  we  have 


a(x  —  r)  =  a 


(-;)] 


=  ax  +  b  =  P(x). 


Many  algebraic  equations  may  be  reduced  to  the  form  ax  -\-  b  =  0 ; 
let's  look  at  some  examples. 


Example  51-1.     Solve  for  x,  3*/2  —  |  =  2x  +  1. 

Solution.     The  equation  may  be  written  as  3x/2  —  2x  =  1  +  f .     Then 
—  x/2  =  -§-,  and  so  x  =  —2^-> 

5  1  3 

Example  51-2.     Solve  for  x, + 


x  —  1       4  -  3*       6x 


Solution.     This  equation  may  be  written  as 

5     +     i      +:>       _fl_ 


x  -  1    '    4-3*   '    2(4-3*) 

Multiplying  both  sides  of  this  last  equation  by  2(x  —  1)(4  —  3*)  yields 
the  equation 

10(4  -  3*)  +  2(x  -  1)  +  3(*  -  1)  -  0. 
Hence, 

_  5*  +  7  =  0, 
and 

Example  51-3.     Seven  engineering  firms  agree  to  contribute  equally 
to  the  cost  of  a  joint  technical  library.     If  three  more  firms  join  the 
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plan,  the  cost  to  each  member  of  the  group  would  be  reduced  by  $600. 
Find  the  cost  of  the  library. 

Solution.  Let  x  be  the  cost,  in  dollars,  to  each  member  of  the  seven- 
member  group.  Then  Ix  =  10(#  —  600),  so  6000  =  3x  and  hence 
x  =  2000.     Therefore,  the  cost  of  the  library  is  $14,000. 

In  Section  16  we  learned  that  a  real  linear  function  /  is  defined  by 
an  equation  f(x)  =  mx  +  b.  Thus  the  expression  that  defines  a 
linear  function  is  a  polynomial  of  the  first  degree  if  m  7^  0.  First- 
degree  polynomials  are  also  known  as  linear  polynomials,  and  an 
equation  mx  +  b  =  0  is  called  a  linear  equation.  We  saw  in  Sec- 
tion 16  that  the  graph  of  any  real  linear  function  is  a  line;  that  is, 
the  graph  of  an  equation  y  =  mx  +  b,  where  m  and  b  are  real  num- 
bers, is  a  line.  The  question  of  whether  or  not  every  line  must  be 
the  graph  of  such  an  equation  is  answered  by  the  following  theorem. 

Theorem  51-2.  Any  line  not  parallel  to  the  y -axis  is  the  graph  of  an  equa- 
tion y  =  mx  +  b.  A  line  parallel  to  the  y-axis  is  the  graph  of  an  equation 
x  =  a. 

Proof.  First,  let  us  consider  the  case  where  a  line  is  parallel  to  the 
jy-axis.  A  line  parallel  to  the  j/-axis  must  intersect  the  ;c-axis  at  some 
point  (<2,0).  Then  the  x-coordinate  of  every  point  on  the  line  must 
be  x  =  <3,  which  is  the  equation  of  the  line. 

If  a  line  is  not  parallel  to  the  jy-axis,  then  it  must  intersect  that 
axis  and  every  line  parallel  to  that  axis.  Suppose  such  a  line  inter- 
sects the  y-axis  at  the  point  (0,6)  and  the  line  x  =  1  at  the  point 
(l,c),  and  let  m  =  c  —  b.  A  given  line  therefore  determines  the 
numbers  m  and  b,  and  we  shall  show  that  the  equation  of  the  line  is 
y  =  mx  +  b.  We  know  that  the  graph  of  the  equation;;  =  mx  +  b  is  a 
line.  Furthermore,  it  is  easy  to  establish  that  the  graph  of  this 
equation  contains  the  points  (0,b)  and  (l,c).  Since  there  is  only 
one  line  containing  these  points,  it  follows  that  the  graph  of  the 
equation  y  =  mx  +  b  must  be  the  line  we  started  with. 

The  following  theorem  completes  our  discussion  of  lines. 

Theorem  51-3.  If  A,  B,  and  C  are  three  real  numbers  such  that  A  and  B 
are  not  both  0,  then  the  points  whose  coordinates  (x,  y)  satisfy  the  equation 
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Ax  +  By  +  C  =  0  form  a  line.      This  line  is  the  graph  of  the  equation 
Ax  +  By  +  C  =  0. 

Proof,  (i)  Suppose  B  ^  0  and  (x,ji)  is  a  pair  of  numbers  such 
that  Ax  +  By  +  C  =  0.  Then  j  =  (-A/B)x  -  C/B.  Thus  every 
pair  of  coordinates  that  satisfies  the  given  equation  satisfies  the  equa- 
tion y  =  mx  +  b,  where  m  =  —A/B  and  b  =  —C/B.  We  know 
this  latter  equation  is  the  equation  of  a  line,  so  the  points  whose 
coordinates  satisfy  the  given  equation  lie  on  a  line. 

(ii)  If  B  =  0,  then  A  ^  0,  since  we  have  assumed  that  A  and  B 
are  not  both  0.  The  equation  Ax  +  By  +  C  =  0  then  reduces  to 
the  equation  #  =  —  C/A,  which  we  know  is  the  equation  of  a  line 
parallel  to  the  ;y-axis. 

Problems  51 

1.  Solve  the  following  equations  for  x.  State  any  conditions  that  are 
necessary  for  your  solution  to  be  valid;  e.g.,  b  9^  0  in  1(c). 

(a)  2x  -  4(3  -  2x)  =  5  .        =  x  -  xrn 

/M  x-=Ll    .    ^ZL3  =  ?_+^  U  1  -  r 

W       3      "*"      2  10  (g)  *y-W*-j>  =  1 

(c)  2&x  =  3  -{-  d  ,.  v        a:  2at      _ 

(d)  62  +  ^  =  a2  -  fl*  (   ]  y  +  1  ~j^  -  1  = 

(e)  xf  -  2xy  +  3j>  +  1  =  0 

2.  A  rectangular  plot  of  ground  is  twice  as  long  as  it  is  wide.  When  each 
side  is  increased  by  2  J  rods,  31  rods  of  fencing  are  required  to  enclose  it. 
Find  the  dimensions  of  the  original  plot. 

3.  One  metal  stamping  machine  can  complete  one  lot  of  finished  material 
in  8  min,  while  another  requires  10  min.  How  long  does  it  take  to 
complete  900  lots  of  material  if  both  machines  are  running? 

4.  A  vat  contains  homogenized  milk  whose  butterfat  content  is  5%  by 
volume.  How  much  of  this  milk  should  be  withdrawn  and  replaced 
by  skim  milk  (0%  butterfat)  to  reduce  the  butterfat  content  of  the 
mixture  to  3.5%? 

5.  How  many  ounces  of  a  30%  acetic  acid  solution  should  a  photographer 
add  to  15  oz  of  a  5%  acetic  acid  solution  in  order  to  obtain  a  12% 
solution? 

6.  At  what  time  between  9  and  10  o'clock  will  the  minute  hand  of  a  watch 
be  directly  over  the  hour  hand? 
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7.  Solve  for  x.     (These  equations  are  linear  in  log  x  or  10*.) 

(a)  3  log  x  -  2  =  6  ( ..   10*  -  1  =  IP*"1 

(b)  4(log*-  1)  =  2(2  .--log*)       W_     2  2 

10x 

(c)  y-  =  7  -  2(10*  +  1) 

8.  One  alloy  contains  20%  nickel  and  another  contains  55%  nickel.  How 
much  of  each  alloy  should  be  melted  together  to  produce  20  lb  of  an 
alloy  that  contains  30%  nickel? 

9.  Sketch  the  graphs  of  the  following  equations: 

(a)  x  =  3  (c)  x  +  2y  -  4  =  0 

(b)  2x  -  3y  =  1  (d)  5*  +  2  =  3(y  -  4) 

10.  Show  that  the  graphs  of  the  equations  x  —  2y  +  3  =  0  and  Ay  —  2x  —  6 
=  0  are  the  same  line. 

11.  Suppose  sugar  is  10^  a  lb  and  shortening  is  40^  a  lb.  A  mixture  contains 
x  lb  of  sugar  and  y  lb  of  shortening  and  is  worth  50^.  Graph  the  set  of 
points  (x,y)  that  represent  the  possible  values  of  x  andj;. 

12.  Graph  the  equation  \x\  -j-  \y\  —  1. 


52      POLYNOMIALS  OF  THE  SECOND  DEGREE 

A  polynomial  of  the  second  degree  is  called  a  quadratic  polynomial 
and  has  the  form  P(x)  =  ax2  +  bx  +  c,  where  a  ^  0.  In  the  pre- 
ceding section  we  noted  that  every  polynomial  of  the  first  degree 
has  exactly  one  zero,  and  it  is  easy  to  find.  We  will  now  find  the 
zeros  of  a  quadratic  polynomial. 

Example  52-1.     Find  the  zeros  of  the  polynomial  P(x)  =  x2  +  x  —  6. 

Solution.  Since  x2  +  x  —  6  =  (x  +  3)(#  —  2),  our  problem  is  to  find 
those  numbers  x  for  which  (x  +  3)(#  —  2)  =  0.  Now  the  product 
of  two  numbers  is  0  if,  and  only  if,  at  least  one  of  the  numbers  is  0. 
Therefore,  #  is  a  zero  of  P(x)  if  x  is  either  2  or  —3. 

Finding  the  zeros  of  a  quadratic  polynomial  by  factoring,  as  we 
did  in  Example  52-1,  works  well  if  we  can  easily  recognize  the  factors. 
If  we  cannot  recognize  the  factors,  the  following  device,  known  as 
completing  the  square,  will  always  work.  To  illustrate  this  method, 
consider  finding  the  zeros  of  a  general  quadratic  polynomial ;  that  is, 
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consider  solving  the  quadratic  equation 

52-1  ax2  +  bx  +  c  =  0. 

We  first  subtract  c  from  both  sides  of  the  equation,  and  then  divide 
both  sides  by  a  (which  is  not  0  by  hypothesis)  to  obtain 

52-2  *2  +  -x  =  --• 

a  a 

b2 
Now  we  add  the  quantity  — -  to  both  sides  of  Equation  52-2  to  get 

co  Q  2    \    b       ,     b2         b2  —  4ac 

52-3  x2  +  -  x  +  —  =  — — — 

a  Aa2  Aa2 

It  is  now  apparent  that  the  left  side  of  Equation  52-3  is  simply  the 
expression  (x  +  b/2a)2.  We  added  the  particular  quantity  b2/4a2  to 
both  sides  in  order  to  "complete"  the  left-hand  side  in  such  a  way  as 
to  make  it  a  perfect  square.     Thus  we  have 


hi) 


Aac 


Aa2 
It  follows  from  this  last  equation  that  either 


b         Vb2  -Aac  ,     b  Vb2  -  Aac 

x  +  —  =  ~ or     x  -j-  —  = 

2a  2a  2a  2a 

These  last  two  equations  lead  to  a  result  which  is  so  important  that 
we  list  it  as  a  theorem. 


Theorem    52-1.      The  polynomial  P(x)  =  ax'2  +  bx  +  c  has  two  zeros 
{which  may  be  equal)  given  by  the  formulas 


b  +  Vb2  -Aac  -b  -  Vb2  -  Aac 

and     r2 


2a  2a 

These  formulas  are  called  the  Quadratic  Formulas,  and  you  should 
memorize  them. 


Example  52-2.     Find  the  zeros  of ,the  polynomial  P(x)  —  2x£  —  2x  \   1 
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Solution.     The  quadratic  formulas  yield 

2  +  V4  -  8       2  +  2*       1  +  i 
ri  =  -   — =  — —  =  __     and 

2  -  V4  -  8        1  -  i 
n  =  ^  =  — • 

Two  interesting  facts  emerge  from  Example  52-2. 

(i)    Although   the   coefficients   of  P(x)   are  real  numbers,   indeed 

integers,  the  zeros  of  P(x)  are  not  real, 
(ii)  The  relation  between  the  numbers  n  and  r2  is  n  =  72. 

The  fact  that  a  quadratic  polynomial  with  real  coefficients  may 
have  zeros  that  are  not  real  should  not  surprise  you  if  you  examine 
the  Quadratic  Formulas.  Finding  the  zeros  involves  taking  the 
square  root  of  the  number  b2  —  Aac,  and  if  this  quantity  is  negative, 
the  zeros  will  not  be  real.  The  number  b2  —  Aac  is  called  the  dis- 
criminant of  the  quadratic  polynomial  ax2  +  bx  +  c.  Table  52-4 
summarizes  the  relationship  between  the  sign  of  the  discriminant 
and  the  character  of  the  zeros  of  a  quadratic  polynomial  with  real 
coefficients.  You  can  easily  verify  these  facts  by  referring  to  the 
Quadratic  Formulas. 

P(x)  —  ax2  +  bx  +  c;  a,  b,  and  c  real 


Aac 


52-4  positive 

zero 
negative 


zeros  of  P{x) 


real,  unequal 
real,  equal 
complex  conjugates 


Example  52-3.     Solve  the  equation  x2  +  2ix  —  2  =  0. 
Solution.     According  to  the  Quadratic  Formulas, 

1—2     and 


-2t  +  V-4  +  8 

-li  +  2 

-2 

2 

-2i  -  V-4  +  8 

-2H-  2 

n  = ^ =  —j—  =  -1  -  i. 

Note  that  b2  —  Aac  >  0,  but  ri  and  r2  are  not  real  numbers.     Why 
doesn't  this  fact  contradict  Table  52-4? 
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The  method  of  completing  the  square  has  many  uses  in  addition 
to  solving  quadratic  equations,  so  it  is  a  procedure  worth  remember- 
ing. In  order  to  improve  our  understanding  of  this  method,  let  us 
solve  a  quadratic  equation  by  completing  the  square  rather  than  by 
using  the  Quadratic  Formulas. 

Example  52-4.     Solve  the  equation  2x2  +  8x  +  4  =  0  by  completing 
the  square. 


Solution.  To  solve  this  equation  by  completing  the  square,  we  go 
through  the  steps  we  followed  in  deriving  the  Quadratic  Formulas, 
replacing  the  letters  a,  b,  and  c  by  the  numbers  2,  8,  and  4.  Thus, 
we  have 

r*  +  4X  =  _2, 

x2  +  Ax  +  4  =  2, 
(*  +  2)2  =  2. 
Therefore, 


and  hence, 


x  +  2  =  V2, 
:  =  -2  +  V2, 


or     x 


+  2  =  -VI 


or     x 


=  -2  -V2. 


X 

-2 

-1 

0 

1 

2 

3 

4 

5 

6 

JV 

17 

10 

5 

2 

1 

2 

5 

10 

17 

Figure  52-1 
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The  graph  of  a  polynomial  P(x)  with  real  coefficients  is  the  graph 
of  the  equation^  =  P(x).  The  graph  of  every  quadratic  polynomial 
is  similar  in  appearance  either  to  the  graph  in  Fig.  52-1  or  to  the 
graph  in  Fig.  52-2. 

Example  52-5.     Graph  the  polynomial  x2  —  Ax  +  5. 

Solution.  In  order  to  sketch  the  graph  of  the  equation  jy  =  x2  —  Ax  +  5, 
we  construct  a  table  that  shows  corresponding  values  of  x  and  y.  If 
we  plot  the  points  whose  coordinates  (x,y)  are  given  in  this  table  and 
join  them  by  a  smooth  curve,  we  obtain  the  graph  shown  in  Fig.  52-1. 
The  graph  does  not  intersect  the  *-axis.  We  could  have  predicted 
that  it  would  not  because  the  discriminant  of  the  polynomial 
x2  —  Ax  +  5  is  —A,  which  means  that  this  polynomial  does  not  have 
any  real  zeros. 

In  Section  4  we  devoted  some  time  to  the  solution  of  inequalities 
that  involve  quadratic  polynomials  (see  Example  4-4).     The  next 
example  illustrates  another  method 
by  which  we  can  solve  such  in- 
equalities. y 

Example  52-6.     Solve   the   ine- 
quality 1  -  2x  -  x2  >  0. 

Solution.     We    first    sketch    the 

graph    of    the     equation    y  = 

-x2-  2x  +  \  (Fig.  52-2).     Our 

problem  is  to  determine  those 

values  of  x  for  which  y  >  0.     It 

is  clear  from  Fig.  52-2  thatjy  >  0 

for   those   numbers   x    that    lie 

between   the    two    points    where 

the  graph  crosses  the  *-axis.     In 

other  words,  the  solution  to  the  inequality  is  given  by  the  inequalities 

r\  <  x  <  n,  where"  n  and  r^  are  the  zeros  of  the  polynomial  —  **2  — 

2x  +  1.     By  using  the  Quadratic  Formulas,  we  find  that  the  zeros  of 

this  polynomial  are  —  1  —  V 2  and  —  1  +  V2.     Thus,  a  number  x 

such  that  1  —  2x  —  x2  >  0  must  satisfy  the  inequalities 


Figure  52-2 


V'2 


1     |    V2. 
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Problems  52 

1.  Solve  the  following  equations  by  factoring: 

(a)  2x2  +  3x  =  0  (c)  f  -  2y  -  3  =  y  -  3 

(b)  z2  -  z  -  2  =  0  (d)  2m2  +  11m  -  6  =  0 

2.  Solve  the  following  equations  by  completing  the  square: 

(a)  x2  +  2x  -  1  =  0  (b)  3/2  -  It  +  1  =  0 

3.  Use  the  Quadratic  Formulas  to  solve  the  following  equations: 

(a)  x1  -  Ix  -  7  =  0  (d)  4/  +  4  =  ly 

(b)  *2  +  *  +  1  =  0  (e)   x2  +  Vs/lx  -1=0 

(c)  8z(z  +  1)  =  1  (f)    V5x2  +  Ax  +  V5  =  0 

4.  (a)  If  a*2  +  2b x  +  £  =  0,  solve  for  at. 

(b)  If  Lm2  +  Rm  +  \/C  =  0,  solve  for  m. 

(c)  If  s  =  z>o£  —  |^2,  solve  for  t. 

(d)  If  ay2  -{-  by  -\-  c  =  by2  -\-  cy  -\-  a,  solve  for  y. 

5.  Calculate  the  discriminant  to  determine  the  character  of  the  zeros  of 
P(x). 

(a)  P(x)  =  32x2  -  20a-  -  3 

(b)  p\x)  =  36x2  -  60*  +  25 

(c)  P(x)  =  2x2  -  Ix  +  7 

(d)  P(x)  =  x2  +  2V.3294*  +  log  2.135 

6.  Solve  the  following  equations  for  x: 

(a)  2*2  +  ix  -  1  =  0  (c)  *2  -  2**  -  (1  +  20  =  0 

(b)  3*2  -  iVlx  -  i  =  0  (d)  x2  -  2a:  +  (1  -  80  =  0 

7.  Determine  how  many  times  the  graph  of  the  function/ crosses  the  #-axis 
if: 

(a)  /(*)  =  x*  +  x  -  1  (b)  /(*)  =  **  +  x  +  1 

8.  Solve  the  following  equations  for  x: 

(a)  x2  -  xy+y2  =  0  (b)  2x2  -  x  +  xy  -  y  =  0 

9.  Sketch  the  graphs  of  the  following  equations: 

(a)  y  =  1  _  x*  (c)  y  =  2x2  -  Ax  +  1 

(b)  y  =  x2  —  x  (d)  y  =  x  +  1  —  x2 

10.  Solve  the  following  inequalities: 

(a)  x2  -  2x  -  1  <  0  (c)  4  +  3*  <  ** 

(b)  *2  -  3*  -  5  >  0  (d)  x(2  -  x)  <  2 

11.  For  each  of  the  following  equations,  determine  the  values  of  k  for  which 
the  solutions  are  real  numbers. 

(a)  .v2  +  kx  +  5  =  0  (c)   kx2  -  2x  +  7  =  0 

(b)  x2  =  Ikx  -  A  (d)  kx2  -  2x  +  U  =  0 
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12.  A  circular  field  is  surrounded  by  a  circular  track  20  ft  wide.  The  area 
of  the  track  is  .1  of  the  area  of  the  field.     Find  the  radius  of  the  field. 

13.  A  plane  takes  J  hr  to  fly  150  miles  with  the  wind  and  65  miles  back 
against  the  wind.  The  speed  of  the  wind  is  30  mph.  What  is  the 
plane's  airspeed? 

14.  The  outside  dimensions  of  a  rectangular  picture  frame  are  2  ft  by  3  ft. 
The  area  of  the  frame  is  equal  to  the  area  of  the  picture  inside  the  frame. 
What  is  the  width  of  the  frame? 

53     EXPRESSIONS  IN  QUADRATIC  FORM 

We  may  sometimes  use  the  methods  described  in  Section  52  to  solve 
equations  that  do  not  involve  quadratic  polynomials  in  x. 

Example  53-1.     Find  the  zeros  of  the  polynomial  P(x)  =  #4  —  x2  —  6. 

Solution.  If  we  let  x2  =  y,  the  problem  is  reduced  to  solving  the 
equation  y2  —  y  —  6  =  0.  When  we  factor  the  polynomial  on  the 
left,  we  have  (y  —  3)(jy  +  2)  =0  and  hence y  =  3  or y  =  —  2.  From 
the  original  substitution  x2  =  y,  we  see  that  x2  =  3  or  x2  =  —2. 
Thus,  the  zeros  of  P(x)  are  VJ,  -Vl,  iV%  and  -iVl. 

Example  53-1  illustrates  the  fact  that  many  equations  that  can 
be  written  in  the  form  ax2  +  bx  +  c  =  0,  even  if  a  substitution  is 
necessary,  may  be  solved  by  the  technique  we  use  for  solving  quad- 
ratic equations. 

Example  53-2.  Find  those  zeros  of  the  function  /,  defined  by  the 
equation  f(t)  =  sin2 1  —  3  cos  t  —  2,  which  lie  between  0  and  -k. 

Solution.  If  we  use  the  identity  sin2 1  =  \  —  cos2 1,  the  problem  is 
reduced  to  finding  the  solution  to  the  equation  cos2 1  +  3  cos  t  +  1 
=  0.  This  equation  has  the  form  of  a  quadratic  equation,  as  the 
substitution  x  =  cos  t  will  readily  show.  The  Quadratic  Formulas 
yield  the  solutions 

-3  +  V5  -3-V5 

COS  /  aa or      COS  t  =    r 

_3  _  V5 
Since <  —  1  and  |cos  t\  <  1,  the  only  zeros  of /are  found 
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from  the  other  solution.  If  we  take  2.24  as  the  approximate  value  of 
V  5,  we  get  cos  t  =  —.38.  The  only  number  t  between  0  and  -k  such 
that  cos*  =  -.38  is  (Table  II)  tt  -  1.18  =  1.96. 

Example  53-3.     Solve  the  equation  2x213  +  5#1/3  —3  =  0. 

Solution.  Letjy  =  x1'3.  Thenjy2  =  x213  and  the  equation  to  be  solved 
becomes  2y2  +  5y  —  3  =  (2y  —  \){y  +  3)  =  0.  Therefore,  y  =  x113 
=  \  or y  =  x113  =   —  3.     Since  x  =  y3,  x  =  ^  or  x  =  —27. 

Many  equations  involving  radicals  may  be  solved  by  reducing 
them  to  either  a  linear  or  quadratic  equation.  In  such  a  reduction 
the  process  of  squaring  both  sides  of  the  equation  is  usually  involved. 
This  process  can  lead  to  a  new  equation  with  some  solutions  that 
are  not  solutions  of  the  original  equation.  Such  solutions  are  called 
extraneous  solutions.  To  illustrate  how  these  extraneous  solutions 
can  appear,  consider  the  simple  linear  equation  2x  =  x  -f-  1.  Now 
if  we  square  both  sides  and  simplify,  we  get  the  equation  3x2  —  2x  — 
1  =  (3x  +  1)(#  —  1)=0.  The  only  solution  to  the  original  equa- 
tion is  x .  =  1 ;  the  new  equation  has  two  solutions,  x  =  1  and  x  =  —^. 
When  we  squared  both  sides  of  the  original  equation,  we  really 
argued  as  follows:  If  x  is  a  number  such  that  2x  =  x  +  1,  then  x 
is  a  number  such  that  3x2  —  2x  —  1  =0.  Thus,  every  solution  of 
the  first  equation  is  a  solution  of  the  second,  but  not  every  solution  of 
the  second  equation  is  necessarily  a  solution  of  the  first. 

Because  algebraic  operations  can  yield  extraneous  solutions,  you 
should  check  every  solution  you  find  by  substituting  it  in  the  original 
equation  to  be  solved. 

Example  53-4.     Solve  the  equation 


53-1  Vx  +  7  =  V2x  +  9. 

Solution.  If  we  square  both  sides  of  Equation  53-1,  we  obtain  the 
equation  x  +  7  =  2x  +  9.  The  solution  to  this  equation  is  x  =  —2. 
If  we  replace  x  with  —2  in  Equation  53-1,  we  get  V  —  2  +  7  = 
V  —  4  +  9;  that  is,  Vs  =  VI.  Thus  —2  is  a  solution  to  Equation 
53-1. 

Example  53-5.     Solve  the  equation 


53-2  Vx  +  5 
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Solution.     Squaring  both  sides  of  Equation  53-2,  we  get 

x  +  5  =  x2  -  2x  +  1. 

This  equation  may  be  simplified  to 

x2  -  3x  -  4  =  (*  -  4)(*  +  1)  =  0. 

It  then  follows  that  x  =  4  and  x  =  —1  are  possible  solutions  to 
Equation  53-2.  If  we  replace  x  with  —1  in  Equation  53-2,  we  see 
that  V  4  7^  —2,  so  that  —1  is  not  a  solution  of  the  equation  to  be 
solved;  x  =  —1  is  an  extraneous  solution.  You  can  easily  verify  that 
x  =  4  is  a  solution  of  Equation  53-2. 

The  fact  that  extraneous  solutions  sometimes  appear  when  we 
solve  an  equation  such  as  Equation  53-2  may  bother  you  a  little, 
but  it  does  not  present  any  serious  difficulties.  A  more  serious  situa- 
tion involves  "losing"  a  solution  in  the  process  of  trying  to  solve  an 
equation.  For  example,  if  we  try  to  solve  the  equation  x2  =  x  by 
improperly  dividing  both  sides  of  the  equation  by  x  to  obtain  the 
solution  x  =  1,  we  "lose"  the  solution  x  =  0.  We  need  not  mem- 
orize an  elaborate  set  of  rules  in  order  to  deal  with  the  introduction 
of  extraneous  solutions,  or  the  possible  loss  of  solutions.  All  we  have 
to  do  is  carefully  check  the  logical  steps  in  our  work.  Solving  equa- 
tions consists  of  a  series  of  steps  in  which  one  equation,  say  Equation 
A,  is  replaced  by  another,  say  Equation  B.  In  each  step  we  must 
ask  ourselves  two  questions. 

(i)  "If  x  is  a  solution  to  Equation  A,  is  x  necessarily  a  solution 

to  Equation  B?" 
(ii)  "If  x  is  a  solution  to  Equation  B,  is  x  necessarily  a  solution  to 

Equation  A?" 

If  the  answer  to  either  question  is  "No,"  then  we  have  either  intro- 
duced an  extraneous  solution  or  we  have  lost  a  solution. 

Problems  53 

1.  Solve  the  following  equations  for  x: 

(a)  x*  -  x2  -  2  =  0  (c)  x*  -  2x2  +  2  =  0 

(b)  x2  -  5  +  6/x2  =  0  (d)  x*  +  2ix2  -2  =  0 

2.  Solve  the  following  equations  for  x: 

(a)  x2'5  -  x1'5  -2  =  0  (c)   3x2/3  -  4  =  4xl1* 

(b)  x^  -  1  =  \2x-u*  (d)  5x  +  Wx  =  2 
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3.  Find  the  smallest  positive  zero  of  the  function/  if: 

(a)  f(t)  =  sin2 1  —  sin  t  —  cos2 1 

(b)  f(t)  =  (log  ty  -  log  t  -  log  100 

(c)  /(0  =  cos  2*  +  cos  t 

4.  Solve  the  following  equations  for  x: 

(a)  Vx  +  1  =  V3x  +  1 

(b)  Vx  -  1  =  Vx  -  1 

(c)  Vx  +  1  -  Vx  =  2 

(d)  V4x2  +  6x  +  6  -  2Vx2  +  x  -  1  =  2 

5.  What  is  wrong  with  dividing  both  sides  of  the  equation  x2  =  x  by  x? 

6.  Are  there  any  numbers  £  for  which  4  (sin2  £  —  cos  t)  +  1 1  =0?     Explain. 

7.  Solve  for  x:  x6  -  7x3  -  8  =  0. 

8.  The  area  of  a  given  circle  can  be  doubled  by  increasing  its  radius  by  1 
unit.     Find  the  radius  of  the  circle. 

9.  Find  two  real  numbers  whose  difference  is  1  such  that  the  sum  of  their 
reciprocals  is  also  1 . 

10.  The  base  of  a  rectangle  is  2  ft  longer  than  the  height.  If  the  base  were 
to  be  increased  by  6  ft,  the  length  of  the  diagonal  would  be  doubled. 
Find  the  dimensions  of  the  rectangle. 

54   FACTORING  POLYNOMIALS  OF  THE  SECOND  DEGREE 

Factoring  a  polynomial  and  finding  its  zeros  are  closely  related  prob- 
lems. In  Section  51,  for  example,  we  stated  the  simple  theorem 
that  if  the  polynomial  P(x)  =  ax  +  b  has  the  number  rasa  zero, 
then  P{x)  =  a(x  —  r).  We  also  know  that  it  is  easy  to  find  the  zeros 
of  any  polynomial  that  we  can  factor.  In  this  section  we  shall  show 
how  our  knowledge  of  the  zeros  of  a  quadratic  polynomial  enables  us 
to  factor  the  polynomial. 

Before  we  discuss  the  factoring  problem,  we  will  establish  two  facts 
that  are  interesting  in  themselves.  If  r\  and  r<i  are  the  zeros  of  the 
quadratic  polynomial  P(x)  =  ax2  +  bx  +  c,  then 

54-1  ri  +  r2  =  —     and     rjz  =  — 

a  a 

These  equations  stem  directly  from  the  Quadratic  Formulas  52-4,  for 


-/>  +  Vb2  -  Aac    ,    -b  -   Vb2  -  Aac  b 

2a  2a  a 
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and 

l-b  +  Vb2  -  4ac\  (-h  -  Vb2  -  4a r 

r.ro  =      


)( 


^  2a  )  \  2a 

=  b2  -  (b2  -  Aac)  =  c_ 
4a2  a 

It  is  now  an  easy  matter  to  show  that  every  second-degree  poly- 
nomial may  be  written  as  the  product  of  first-degree  polynomials. 

Theorem  54-1.     If  P(x)  =  ax2  +  bx  +  c  is  a  polynomial  of  the  second 
degree  with  zeros  r\  and  r2,  then 

54-2  P{x)  =  a{x  -  ri)(x  -  r2). 

Proof.     Using  Equations  54-1  we  have 

a{x  —  ri)(x  —  r2)  =  a[x2  —  (rx  +  r2)x  +  rfa] 

=  a[x2  +  bx/a  +  c/a] 

=  ax2  +  bx  +  c  =  P(x). 

Example  54-1.     Factor  the  polynomial  P(x)  =  2x2  +  8#  +  4. 

Solution.  In  Example  52-4  we  found  that  the  zeros  of  this  polynomial 
are  n  =  -2  +  V2  and  r2  =  -2  -  V2.  It  follows  from  Theorem 
54-1  that 

2x2  +  8*  -f-  4  =  2[x  -  (-2  +  V2)][x  -  (-2  -  V2)] 

=  2(x  +  2  -  VS)(*  +  2  +  V2). 

Example  54-2.     Factor  the  polynomial  P(x)  =  2x2  —  2x  +  \. 

Solution.  The  zeros  of  P(x)  are  n  =  (1  +  i)/2  and  r2  =  (1  —  0/2 
(see  Example  52-2).     Therefore, 

«*>-[«-^]['-L?] 

=  J(2x  -  1  -  0(2*  -  1  +  0- 

Note  that  even  though  the  coefficients  of  the  original  polynomial  are 
real  numbers,  the  coefficients  of  its  factors  are  not. 
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Example  54-3.     Factor  the  polynomial  P(x)  =  x2  +  2ix  —  2. 

Solution.     From  Example  52-3  we  have  n  =  1  —  i  and  r%  —  —1  —  i. 

Thus 

x2  +  2ix  -  2  =  [x  -  (1  -  i)][x  -  (-1   -  01 
=  (x  -  \  +00+  1  +  0- 

Problems  54 

1.  The  sum  of  the  zeros  of  a  quadratic  polynomial  P(x)  is  5  and  their 
product  is  —1. 

(a)  Write  P(x)  in  the  form  x2  +  bx  +  c. 

(b)  Find  the  zeros  of  P(x). 

(c)  Write  P(x)  in  factored  form. 

2.  Use  Equations  54-1  to  find  k  if: 

(a)  P(x)  =  3x2  —  x  +  (k  —  1)  and  1  is  a  zero  of  P(x). 

(b)  P(x)  =  2x2  —  5x  +  k  and  the  zeros  of  P(x)  are  reciprocals  of  each 
other. 

(c)  P(x)  =  5^?  -f-  18^  +  A:  and  the  quotient  of  the  zeros  of  P(x)  is  5. 

3.  Prove  that  one  solution  to  the  equation  ax2  +  bx  +  c  =  0  is  the  negative 
of  the  other  solution  if,  and  only  if,  6  =  0. 

4.  Find  a  quadratic  polynomial  such  that  the  sum  of  its  zeros  is  twice  their 
product. 

5.  Factor  the  following  quadratic  polynomials: 

(a)  x2  -  7x  -  1  (d)  x2  +  x  -  i  -  1 

(b)  2x2  -  4*  -  3  (e)   ix2  -  \x  +  6 

(c)  x2  +  *  +  1  (f)    5zx2  -  *  +  j 

6.  Find   a   quadratic   polynomial  of  the   form   x2  +  bx  +  c   that   has   the 
following  numbers  as  zeros: 

(a)  -1,  -I  (e)   V2  -  i,  -V2  +  i 

(b)  1  +  V5,  1  -  V5  (f)    i,  1  +  i 

(c)  2  -  i,  2  +i  (g)  W,  -W 

(d)  V^5  V^  (h)  0  1  -  Vi 

7.  Factor  the  following  expressions  into  a  product  of  linear  polynomials  in  x: 

(a)  x2  -  xy  +/  (c)   kx2  -  (k2  -  \)x  -  k 

(b)  x2  +  3.r^  -  y2  (d)   18x2  -  9ajz  -  35/z2 

55      THE  REMAINDER  AND  FACTOR  THEOREMS 

In  Section  50  (see  Theorem  50-1)  we  discussed  the  problem  of  divid- 
ing   a    polynomial    P(x)  =  anxn  +  an-\Xn~l  +  .  .  .  +  #o    by    a    poly- 
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nomial  D(x)  =  dmxm  +  dm-\xm~l  +  .  .  .  +  d0,  where  the  degree  m  of 
D(x)  is  not  greater  than  the  degree  n  of  P(x).  We  mentioned  that 
the  process  of  long  division  produces  two  polynomials  Q(x)  and 
R(x),  where  R(x)  is  either  the  number  0  or  a  polynomial  of  lower 
degree  than  D(x),  such  that 

55-1  P(x)  =  Q(x)  D{x)  +  R{x). 

Now  suppose  that  P(x)  =  anxn  +  .  .  .  +  a0,  where  n  >  0,  and  D(x)  = 
x  —  r,  where  r  is  a  given  number.  The  polynomial  R(x)  in  Equation 
55-1  is  either  the  number  0  or  a  polynomial  of  lower  degree  than 
D(x).  Since  D(x)  is  a  first-degree  polynomial,  R(x)  is  0  or  its  degree 
is  0.  In  either  case  R(x)  is  merely  a  number.  These  facts  are  sum- 
marized in  the  following  theorem. 

Theorem  55-1.  If  P(x)  =  anxn  +  .  .  .  +  a0  is  a  given  polynomial  and  r 
is  a  given  number,  then  there  is  a  polynomial  Q(x)  and  a  number  R  {which 
may  be  0)  such  that 

55-2  P{x)  =  Q(x)(x  -  r)  +  R. 

It  is  apparent  that  the  first  term  of  Q(x)  is  anxn~l,  and  therefore 
Q(x)  has  the  form  anxn~l  +  •  •  •  +  qo-  For  our  purposes  it  is  un- 
necessary to  find  the  general  expressions  for  the  coefficients  of  the 
terms  of  Q(x)  other  than  the  first;  they  can  be  easily  computed  in 
any  specific  example. 

Example  55-1.      Let  P(x)  =  3*3  —  2x2  +  x  —  2  and  r  =  2.      Find 
Q(x)  and  R. 

Solution.     We  can  find  Q(x)  and  R  by  dividing  P(x)  by  (x  —  2).     We 
can  use  synthetic  division  here  to  shorten  our  labor. 

3-2         1-2 
6         8  18 


2  I    3  4         9      |      16 

We  therefore  see  that  Q(x)  =  3x2  +  Ax  +  9  and  R  =  16,  so 
3*3  -  2x2  +  x  -  2  =  (3x2  +  Ax  +  9)(*  -  2)  +  16. 

A  number  of  important   theorems  are  immediate  consequences  of 
leorem  55- 1 . 


^^WWM 
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Theorem  55-2  (The  Remainder  Theorem).     If  R  is  the  remainder 
when  P(x)  is  divided  by  x  —  r,  then  R  =  P(r). 

Proof:  Equation  55-2  is  valid  if  x  is  replaced  by  any  number,  so 
we  may  let  x  =  r  to  obtain 

P(f)  =  Q(r)(r  -r)  +  R  =  0  +  R  =  R. 


Example  55-2.  If  P(x)  =  3r3  -  2x2  +  x  -  2,  find  P(2)  by  using  the 
Remainder  Theorem. 

Solution.  If  we  divide  P{x)  by  x  —  2,  then  R  =  16  (Example  55-1). 
Therefore,  according  to  the  Remainder  Theorem,  P(2)  =  16.  To 
check  this  result  we  note  that  P(2)  =  3(2)3  -  2(2)2  +  (2)  -  2  = 
24  -  8  +  2  -  2  =  16. 

From  the  Remainder  Theorem  and  Equation  55-2  we  see  that  if 
P(x)  is  any  polynomial  of  degree  greater  than  zero  and  r  is  any  num- 
ber, then  there  is  a  polynomial  Q(x)  such  that 

55-3  P(x)  =  (x  -  r)Q(x)  +  P(r). 

The  polynomial  D(x)  is  a  factor  of  the  polynomial  P(x)  if  there  exists 
a  polynomial  Q(x)  such  that  P(x)  =  Q(x)D(x) ;  that  is,  if  after  divid- 
ing P{pc)  by  D(x)  the  remainder  is  zero.  It  is  clear  from  Equation 
55-3  that  x  —  r  is  a  factor  of  P(x)  if,  and  only  if,  P(Y)  =  0.  This 
result  is  known  as  the  Factor  Theorem  and  its  converse. 

Theorem  55-3  (The  Factor  Theorem).  //  P(x)  =  anxn  +  .  .  .  +  aQ 
is  a  polynomial  of  degree  n  >  0  and  if  r  is  a  zero  of  P(x),  then  x  —  r  is  a 
factor  of  P{x) . 

Theorem  55-4  (Converse  of  the  Factor  Theorem).     If  P(x)   is  a 

polynomial  and  x  —  r  is  a  factor  of  P(x)}  then  r  is  a  zero  of  P(x). 

The  Factor  Theorem  tells  us  that  if  we  can  find  a  zero  of  P(x), 
then  we  can  factor  P(x)  into  a  product  of  a  polynomial  of  lower 
degree  than  the  degree  of  P(x)  and  a  linear  factor.  According  to 
the  Converse  of  the  Factor  Theorem,  if  we  know  a  linear  factor  of 
P(x),  then  wc  know  a  zero  of  P(x), 
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Example  55-3.     Let  P(x)  =  xz  -  8.     Factor  P(x). 

Solution.  The  number  2  is  clearly  a  zero  of  P(x).  According  to  the 
Factor  Theorem,  x  —  2  will  be  a  factor,  and  the  other  factor,  found  by 
dividing  P(x)  by  x  —  2,  will  be  a  quadratic  polynomial.  Using  long 
division  we  get 

r*  _  8  =  (x  _  2)(x2  +  2x  +  4). 

We  can  use  the  methods  we  covered  in  Section  54  to  factor  the  quad- 
ratic polynomial  x2  +  2x  +  4. 

Problems  55 

1.  Find  Q(*)  and  P  such  that  P(*)  =  Q (*)'(*  -  0  +  P  if: 

(a)  P(*)  =  *5  +  x  +  1,  r  =  -3  (c)   P(a-)  =  x*  +  5,  r  =  V5 

(b)  P(*)  =  a:6  -  x2  -  6,  r  =  2  (d)  P(x)  =  x3  +  .*,  r  =  -  2 

2.  Use  the  Remainder  Theorem  to  find  P(r)  if: 

(a)  P(x)  =  x4  -  x2  +  ^  +  1,  r  =  1 

(b)  P(*)  =  3x3  -  2*2  +  x  -  5,  r  =  -2 

(c)  />(*)  =  a5  +  3*4  -  *  +  2,  r  =  3 

(d)  P(x)  =  x3  -  3x2  -  1,  r  =  | 

3.  Find  the  remainder  if: 

(a)  x8  +  3  is  divided  by  x  —  10 

(b)  x7  +  a/2  is  divided  by  x  +  V2 

4.  Find  a  polynomial  of  the  form  xn  +  ^-i*71-1  +  .  .  .  +  a^x  +  a0  that  has 
the  following  numbers  as  its  only  zeros. 

(a)  1,  i,  —i  (c)   i,  -1  +  i,  I  +  i 

(b)  1  +  V2,  1  -  V2,  1  +  i,  1 ■  -  z      (d)  V3,  2V2,  V5 

5.  The  graph  of  a  polynomial  P(x)  —  x4  +  <23x3  +  a2.v2  +  tfi*  +  a0  crosses 
the  #-axis  at  the  points  whose  ^-coordinates  are  1,  —1,  2,  —2.  Find 
P(0) .     Sketch  the  graph  of  P(x) . 

6.  Use  the  Factor  Theorem  to  show  that: 

(a)  x  —  a  is  a  factor  of  xn  —  an,  where  n  is  any  positive  integer 

(b)  x  +  2/  is  a  factor  of  x5  +  32/° 

7.  Factor  P(V)  into  a  product  of  linear  polynomials. 

(a)  P(x)  =  x4  -  16  (c)   P(x)   =  12^3  -   17x2  -  6*  +  8 

(b)  P(x)  =  xs  +  x2  —  x  —  1  (one  zero  is  f ) 

8.  Determine  k  such  that: 

(a)  x  -  1  is  a  factor  of  2a3  +  x2  -  2kx  +  1 

(b)  x  +  3  is  a  factor  of  x3  +  £V  -  2kx  -  9 

(c)  x  -  2  is  a  factor  of  2.v4  -  fe)2  +  3kx  -  1 
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56      FACTORING  A  GENERAL  POLYNOMIAL 

The  Factor  Theorem  states  that  if  r  is  a  zero  of  the  polynomial 
P(x)  =  anxn  +  .  .  .  +  a0,  then  there  is  a  polynomial  Q(x)  =  anxn~l  + 
.  .  .  +  #o  such  that 

56-1  P(x)  =  (x  -  r)Q(x). 

Obviously  the  theorem  is  not  applicable  unless  we  know  something 
about  the  zeros  of  P(x).  We  know  how  to  find  the  zeros  of  first- 
and  second-degree  polynomials,  but  so  far  we  have  said  nothing 
about  polynomials  of  higher  degree.  In  fact,  we  have  not  even 
said  that  polynomials  of  higher  degree  necessarily  have  any  zeros. 
For  example,  it  is  not  immediately  evident  that  there  is  a  number 
r  that  satisfies  the  equation 

37x7  -  (5  +  2i>«  +  2x2  +  w  =  0. 

The  following  theorem  does  not  help  us  to  find  the  zeros  of  a  poly- 
nomial, but  it  does  tell  us  that  they  do  exist.  We  must  accept  this 
theorem  on  faith  because  proving  it  is  not  a  simple  matter.  We  give 
this  theorem  its  traditional  name,  but  you  should  not  infer  that  it  is 
necessarily  the  most  basic  theorem  in  the  entire  field  of  algebra. 

Theorem  56-1  (The  Fundamental  Theorem  of  Algebra).  If  P(x) 
is  a  polynomial  of  degree  greater  than  zero,  then  there  is  at  least  one  number  r 
{which  is  not  necessarily  a  real  number)  for  which  P(r)  =  0. 

Suppose  that  P(x)  =  anxn  -\-  .  .  .  +  a0  is  a  polynomial  of  degree 
n  >  0.  According  to  the  Fundamental  Theorem  of  Algebra,  there 
is  a  zero,  call  it  rh  of  P(x).  Hence,  according  to  Equation  56-1, 
there  is  a  polynomial  Qi(x)  =  anxn~1  +  .  .  .  +  q\  such  that 

56-2  P(x)  =  (x  -  n)QiW. 

Now  if  n  —  \  >  0,  we  can  apply  the  Fundamental  Theorem  to  the 
polynomial  Qi(x)  to  see  that  there  is  a  number  r2  such  that  Q\(r2)  =  0. 
Then  according  to  the  Factor  Theorem,  there  is  a  polynomial  Qi(x)  = 
anxn~2  +  .  .  .  +  q2  such  that 

56-3  0,(.v)  =  (.v  -  r,)Q,{x). 

I' mm  Equations  56-2  and  56-3  we  have 
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56-4  P{x)  =  (x  -  n)(x  -  r2)Q2(x). 

If  the  degree  of  Q2(x)  (which  is  n  —  2)  is  greater  than  zero,  then 
there  is  a  polynomial  Qs(x)  =  anxn~3  +  •  •  •  +  qz  and  a  number  r3 
such  that 

56-5  P{x)  =  (x  -  n)(x  -  r2)(x  -  r3)Q3(x). 

Clearly  we  can  continue  this  process  until  the  degree  of  the  quotient 
polynomial  is  zero — that  is,  for  n  steps.  The  last  quotient  poly- 
nomial is  Qn(x)  =  anxn~n  =  an,  and  we  see  that 

56-6  P(x)  =  ajx  -  ri)0  -  r2)  .  .  .  (x  -  rn). 

We  can  state  the  result  of  our  reasoning  as  a  theorem. 

Theorem  56-2.  If  P(x)  is  a  polynomial  of  degree  n  >  0,  then  there  me 
n  numbers,  r\,  r2,  .  .  .  ,  and  rn  (which  need  not  all  be  different)  such  that  Equa- 
tion 56-6  is  valid.  In  other  words,  any  polynomial  of  degree  n  can  be  written 
as  a  product  of  n  linear  factors. 

We  have  already  covered  two  special  cases  of  this  theorem  (when 
n  =  1  and  n  =  2)  in  Theorems  51-1  and  54-1  respectively. 

From  Equation  56-6  it  is  clear  that  P(x)  =  0  if,  and  only  if,  x  is 
one  of  the  numbers  rh  .  .  .  ,  rn.  These  numbers  may  not  all  be  differ- 
ent, but  there  can't  be  more  than  n  different  numbers  for  which 
P(x)  =  0. 

Theorem  56-3.     A  polynomial  of  degree  n  has  at  most  n  zeros. 

Example  56-1.  Suppose  that  there  are  11  distinct  numbers,  n,  r2, 
.  .  .  ,  rh,  for  which  the  polynomial  P(x)  =  ai0x10  +  a9x9  +  .  .  .  +  a0  is 
zero.     What  can  we  conclude  about  P(x)? 

Solution.  P(x)  is  either  a  polynomial  of  degree  n  <  10,  or  P(x)  is  the 
zero  polynomial;  that  is,  P(x)  =  0.  But  P(x)  cannot  be  a  polynomial 
of  degree  n  <  10  because  it  has  11  zeros,  and  this  fact  contradicts 
Theorem  56-3.     Thus  P(x)  =  0;  that  is,  a0  =  ai  =  .  .  .  =  ai0  =  0. 

This  result  is  important,  for  on  the  basis  of  it  we  can  conclude  that 
P(r)  =  0  for  every  number  r  by  showing  that  P(r)  =  0  for  only  11 
choices  of  r. 
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If  a  number  r  appears  twiee  in  the  sequence  rh  r2,  .  .  .  ,  rn  of  zeros  of 
<\  polynomial  P(x),  then  it  is  called  a  double  zero  of  P(x).  A  number 
appearing  three  times  in  the  sequence  is  called  a  triple  zero.  In 
general,  if  a  number  r  appears  m  times  in  the  sequence  of  zeros  of  a 
polynomial  P(x),  then  r  is  a  zero  of  multiplicity  m.  If  we  should 
agree  to  count  every  zero  as  many  times  as  its  multiplicity,  then 
Theorem  56-3  could  be  replaced  by  the  statement  that  a  polynomial 
of  degree  n  has  exactly  n  zeros. 

Example  56-2.     Let   P(x)  =  2xz  —  x2  —  1.     If  r\  =  1    is  a   zero   of 
P(#),  write  P(x)  as  the  product  of  linear  factors. 

Solution.     Since  r\  is  a  zero  of  P(x),  we  know  from  the  Factor  Theorem 
that  x  —  1  divides  P(x).     Performing  the  division  synthetically  we  have 


1  0  -1 

2  1  1 


_LT 


1  1  0 


Thus,  P(x)  =  (2x2  +  x  +  1)(*  -  1).  We  then  find  the  other  zeros  of 
P(x)  by  solving  the  equation  2x2  +  x  +  1  =  0.  If  we  use  the  Quad- 
ratic Formulas  we  get 

- 1  +  iVl         J             - 1  -  iVl 
r2  = and     r3  = 

Thus, 

-l  +  iVi\  (       -l  -  iVi\ 


PW  =  2(,-l)(,-^±lV7)(; 


Example  56-3.  Find  the  zeros  of  the  polynomial  P(x)  =  x3  —  2x2  + 
4x  -  8. 

Solution.  By  trial  and  error  we  find  that  P{2)  =  0.  Then,  by  di- 
vision, we  find  that  P(x)  =  (x  —  2)(x2  +  4).  Hence,  the  remaining 
zeros  of  P(x)  are  the  solutions  to  the  equation  x2  +  4  =  0,  which  are 
2i  and  —2i.  The  zeros  of  P{x)  are  therefore  the  numbers  2,  2*',  and 
—  2i.     Theorem  56-3  tells  us  that  these  are  all  the  zeros  there  are. 


Problems  56 

1.  Let  P(x)  =  anxn  +  .  .  .  +  a0.     Is  it  true  that  the  graph  of  y  =  P(x) 
must  cross  the  x-axis  n  times?     Can  it  cross  the  x-axis  more  than  n  times? 
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2.  Let  A(x)  and  B(x)  both  be  polynomials  of  degree  n.  What  can  you 
conclude  if  you  find  that  A  (*)  =  B(x)  for  more  than  n  different  sub- 
stitutions for  x? 

3.  For  what  numbers  a  and  b  is  x  —  9  =  a(x  —  1)  +  b(x  +  3)? 

4.  Let/  be  the  function  that  is  defined  by  the  equation 

/(*)  =  3  sin3  x  +  6  sin2  *  —  sin  x  +  2. 
Does  the  Fundamental  Theorem  of  Algebra  state  that  /  must  have  at 
least  one  zero?     How  many  zeros  does  the  function  g  have  if  g(x)  = 
2  sin  x  -  1? 

5.  Prove  that  there  does  not  exist  a  polynomial  P(*)  such  that  sin  x  =  P(x) . 

6.  Write  P(*)  as  a  product  of  linear  factors.  In  each  case  it  is  easy  to 
guess  one  or  more  zeros  of  P(*). 

(a)  P(*)  =  x*  -  2x  +  1 

(b)  P(*)  =  2*3  +  *2  +  1 

(c)  P(x)  =  x*  +  2x3  -  x  -  2 

(d)  PO)  =  x5  -  3xi  +  4x3  -  4x2  +  3*  -  1 

(e)  P{x)  =  x5  -  10a;2  +  15*  -  6 

(f)  P(*)  =  *5  -  1 

7.  Let  n,  n,  rz  be  three  given  numbers,  no  two  of  which  are  equal,  and  let 
fli,  tf2,  and  a3  be  three  other  given  numbers.     Let 

p(  )  =  a^x  ~  r2">(x  ~  r^    i    a^x  ~  ri)(-Y  ~  ^ 

(ri  -  n)(n  —  r3)         (r2  —  ri)(r2  —  r3) 

fl3(-y  —  ri)(*  —  r2) 

(r3  -  ri)(r3  —  r2) 

Show  that  P(x)  is  the  only  quadratic  polynomial  such  that  P(ri)  =  «i, 

P(r2)  =  fl2,  P(r3)  =  fl3. 

8.  Find  the  quadratic  polynomial  P(*)  such  that  P(— 1)  =  2,  P(0)  ==  1, 
and  P(l)  =  3  (see  Problem  7).     Write  P(*)  in  the  form  a*2  -\-  bx  -\-  c. 

9.  Find  the  quadratic  polynomial  whose  graph  passes  through  the  points 
(0,0),  (1,3),  and  (2,1)  (see  Problem  7). 

10.  Find  all  the  zeros  of  P(*)  =  2*3  +  5*2  +  2k2x  +  24k  if  *  =  2  is  one 
zero  of  P(*) . 

11.  Let  r  be  a  zero  of  P(*)  =  *3  +  bx2  -{-  ex  -\-  d.     Show  that  the  two  re- 
maining zeros  of  P(*)  are  zeros  of  the  polynomial  *2  +  (b  +  r)*  —  *//r. 

57     ZEROS  OF  POLYNOMIALS  WITH  REAL  COEFFICIENTS 

In  this  section  we  shall  confine  our  attention  to  polynomials  that 
have  real  numbers  as  coefficients.     Since  we  must  use  some  simple 
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facts  regarding  the  conjugate  of  a  complex  number,  it  will  be  profit- 
able for  you  to  review  the  remarks  concerning  complex  conjugates 
given  in  Section  47  before  proceeding. 

Theorem  57-1.  Let  P(x)  =  anxn  +  .  .  .  +  «o  be  a  polynomial  of  degree 
n  >  0  with  real  coefficients.  Then  if  r  is  a  zero  of  P(x),  the  conjugate  r  of  r 
is  also  a  zero  of  P{x) . 

Proof.     To  say  that  r  is  a  zero  of  P{x)  means  that 

57-1  P(r)  =  anrn  +  .  .  .  +  a0  =  0. 

If  we  take  the  conjugate  of  both  sides  of  this  equation,  we  obtain  the 
equation 


57-2  P(r)  =  anrn  +  .  .  .  +  a0  =  0  =  0. 

Theorem  47-1  states  that  the  conjugate  of  the  sum  of  two  complex 
numbers  is  the  same  as  the  sum  of  the  conjugates  of  the  numbers. 
We  can  easily  extend  this  fact  to  the  sum  of  any  number  of  terms, 
so  Equation  57-2  can  be  written  as 


57-3  anrn  +  «n-irn_1  +  .  .  .  +  a0  =  0. 

Theorem  47-1  also  states  that  we  can  reverse  the  order  of  multiplica- 
tion and  of  taking  conjugates,  which  means  that 


anrn  =  anrn,     an-\rn  1  =  an-i?n  \     and  so  on. 

Now  Theorem  47-2  states  that  the  conjugate  of  a  real  number  is  the 
number  itself,  and  since  the  numbers  ak  are  real  numbers  in  this  case, 
Equation  57-3  can  be  written  as 

ajn  +  tfn-ir"-1  +  .  .  .  +  0O  =  0. 

But  this  equation  merely  states  that  P(f)  =  0;  that  is,  r  is  a  zero  of 

p(X). 

Example  57-1.     Illustrate  Theorem  57-1  by  letting  P(x)  =  *3  —  x1  +  2. 

Solution.  You  can  easily  check  to  see  that  —  1,  1  +  i,  and  1  —  i  are 
zeros  of  P(x).  Then  7i  =  (—1)  =  —1  =  f\  is  "also"  a  zero  of  P(x). 
Likewise,  r2  =  (1  +  i)  =  1  —  i '  =  r3  is  a  zero,  and  so  is  73  =  (1  —  0 
=  1+  i  =  r2. 
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Example  57-2.     Two  zeros  of  P(x)  =  xi  —  Axz  +  \Ax2  —  Ax  +  13  are 
n  =  2  +  3i  and  r2  =  z.     Find  the  other  two. 

Solution.     According  to  Theorem  57-1  we  can  let  rz  =  7i  =  2  —  3£  and 
r4  =  r2  =  —  f. 

If  P(x)  =  fl„^w  +  •  .  .  +  flo,  we  saw  in  Section  56  that  P(x)  can 
be  written  as 

57-4  P{x)  =  an(x  —  n)(x  —  r2)  .  .  .  (x  —  r„), 

where  ri3  r2,  .  .  .  ,  rn  are  the  zeros  of  P(x).  Some  of  the  numbers 
ri,  .-*..,  rn  may  be  real,  and  some  may  not.  They  need  not  all  be 
different,  but  every  zero  of  P(x)  must  appear  somewhere  in  this  set 
of  numbers.  If  the  coefficients  of  P(x)  are  real,  Theorem  57-1  tells 
us  that  if  r  =  a  +  bi  is  a  zero  (where  a  and  b  are  real  and  b  ^  0), 
then  so  is  r  =  a  —  bi.  Therefore  if  (x  —  r)  appears  in  the  factoriza- 
tion of  P(x),  so  must  (x  —  r),     Now 

(x  —  r)(x  —  f)  =  x2  —  (r  +  r)x  +  r  r  =  x2  —  2#*  +  ^2  +  b2, 

so  the  latter  quantity  is  a  factor  of  P(#) .  Further,  since  a  and  b  are 
real  numbers,  this  quantity  has  real  coefficients.  This  observation 
enables  us  to  see  how  a  polynomial  with  real  coefficients  can  be 
written  as  the  product  of  polynomials  with  real  coefficients. 

Theorem  57-2.  If  P(x)  =  anxn  +  .  .  .  +  ao  is  a  polynomial  of  degree 
n  >  0  with  real  coefficients,  then  it  can  be  factored  as  an  times  the  product 
of  polynomials  with  real  coefficients,  which  are  either  of  the  form  x  —  r  or 
X2  +  px  +  q. 

Proof.  If  r  is  a  real  zero  of  P(x),  then  (x  —  r)  is  a  factor  of  P(x). 
If  a  zero  r  is  not  real,  we  just  saw  that  (x  —  r)(x  —  r),  which  is  of 
the  form  x2  +  px  +  q,  is  a  factor.  The  remainder  of  the  proof  follows 
the  line  of  argument  we  used  to  prove  Theorem  56-1. 

Example  57-3.     Factor  the  polynomial  P(x)  =  xs  —  x2  +  2  into  linear 
and  quadratic  factors  with  real  coefficients. 

Solution.     The  zeros  of  this  polynomial  (see  Example  57-1)  are  —1, 
1  +  i,  and  1  —  i.     Therefore, 

P(x)  =  (x+  1)[*  -  (1  +  i)][x  -  (1  -  0] 

=  (x  +  l)(.v2  -  2x  +  2). 
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Example  57-4.  Write  the  polynomial  of  Example  57-2  as  a  product 
of  real  polynomials  of  the  first  or  second  degree. 

Solution.  In  Example  57-2  we  found  that  the  zeros  of  P(x)  are  i,  —i, 
2  +  3i,  and  2  -  2>i.     Now 

(x-  i)(x  +  i)  =  x*  +  1, 
and 

[x  -  (2  +  3i)][*  -  (2  -  30]  =  x2  -  Ax  +  13, 

so  we  may  write 

*4  -  4x3  +  14V  -  4*  +  13  =  (x2  +  l)(x2  -  Ax  +  13). 

Example  57-5.  Write  the  polynomial  *4  +  1  as  the  product  of  real 
polynomials  of  the  first  or  second  degree. 

Solution.  First,  we  solve  the  equation  *4  +  1  =0,  that  is,  we  find  the 
fourth  roots  of  —  1.  Since  —  1  =  cos  t  +  i  sin  ir,  the  methods  of  Sec- 
tion 49  give  us  the  four  roots 


cos 


/tt        kir\         .    .     (-K        kir\ 

(-4  +  j)  + ' Sln  (4  +  2) 


where  k  can  take  any  of  the  values  0,  1,  2,  or  3.  When  we  substitute 
these  values  of  k  into  the  formula,  we  find  that  the  four  zeros  of  our 
polynomial  xA  -f-  1  are  the  numbers 

1  i  ^  _  J i_^ 

V2      V2  V2      y/l 

X--4,  and  _- 1=  +  -*=. 

V2        V2'  V2        V2 


Hence, 

xA  +  1 


After  some  multiplication,  this  last  expression  becomes 
*4  +  1   =  (x2  _  V2x  +  1)02  +  V2x  +  1). 
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Problems  57 

1.  Find  the  lowest  degree  polynomial  with  real  coefficients  and  with  1  as 
the  coefficient  of  the  term  of  highest  degree  if  two  of  the  zeros  of  the 
polynomial  are  the  numbers  given. 

(a)  -1,  i  (c)    1  -  i   1  -  li 

(b)  3,  1  +  i  (d)  i,  iVl 

2.  Find  all  the  zeros  of  P(x)  if  one  zero  is  the  number  in  the  parentheses  at 
the  right. 

(a)  P(x)  =  2x3  -  x2  -f  2x  -  1 ;  (i) 

(b)  P(x)  =  x*  -  3*3  +  3x2  -  2;  (1  +  0 

(c)  P(x)  =  3x4  -  Ux*  +  24x2  +  44*  -  39;  (3  +  2i) 

(d)  P(x)  =  x*  -  2x*  +  Ax2  +  Ax  -  12;  (1  -  Vli) 

(e)  P(x)  =  x3  +  (2  -  0*2  ~  (5  +  2*>  +  5i;  (i) 

3.  Let  «  +  ftz  be  a  zero  of  P(x)  =  x3  +  jfrx2  +  ^  +  r,  where  /?,  ^,  and  r  are 
real  numbers.  Show  by  actual  substitution  that  a  —  bi  is  also  a  zero 
bfP(*). 

4.  Using  the  methods  described  in  Section  49  calculate  the  five  5th  roots  of  1 
to  solve  the  equation  x5  —  1  =  0.  Verify  that  each  of  the  roots  is  the 
complex  conjugate  of  a  root. 

5.  Prove  that  every  cubic  polynomial  with  real  coefficients  has  at  least  one 
real  zero. 

6.  Write  P(x)  as  a  product  of  first-  and  second-degree  polynomials  with  real 
coefficients. 

(a)  P(x)  =  x3  -  1 

(b)  P{x)  =  *4  +  16 

(c)  P{x)  =  x4  -  3*3  +  3x2  -  2  (Problem  2(b)) 

(d)  P(x)  =  3*4  -  16x3  +  24*2  +  AAx  -  39  (Problem  2(c)) 

58     THE  RATIONAL  ZEROS  OF  POLYNOMIALS 
WHOSE  COEFFICIENTS  ARE  INTEGERS 

In  this  section  we  will  consider  polynomials  P(x)  =  anxn  +  .  .  .  +  aQ 
whose  coefficients,  a0,  .  .  .  ,  an;>  are  integers.  Such  polynomials,  of 
course,  have  zeros  but  they  may,  or  may  not,  have  zeros  that  are 
rational  numbers.  In  this  section  we  will  learn  how  to  determine 
whether  or  not  a  polynomial  with  integral  coefficients  does  have 
rational  zeros  and  if  it  does,  how  to  find  them. 

Before  taking  up  the  question  of  polynomials  with  integral  coeffi- 
cients, we  should  emphasize  one  point  about  integers. 
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Remark.  Let  b  and  c  be  integers  with  no  common  factors.  Let  a 
be  an  integer  and  r  be  a  positive  integer.  If  c  is  a  factor  of  abn, 
then  c  is  a  factor  of  a. 

Although  we  will  not  give  a  formal  proof  of  this  statement,  you  can 
probably  convince  yourself  of  its  validity  by  considering  a  few  exam- 
ples such  as  the  following.  Suppose  that  c  =  6,  b  =  35,  and  n  =  4. 
Then  c  and  b  have  no  common  factors.  If  a  is  an  integer  such  that  6 
is  a  factor  of  354a,  there  must  be  an  integer  d  such  that  2  •  3  •  d  = 
5474#.  Clearly,  then,  the  number  a  must  contain  the  numbers  2 
and  3  as  factors,  so  6  is  a  factor  of  a. 

Recall  that  a  rational  number  is  a  number  that  can  be  represented 
as  the  quotient  of  two  integers.  This  fraction  can  always  be  reduced 
to  lowest  terms ;  that  is,  a  rational  number  r  can  always  be  represented 
as  a  quotient  b/c,  where  b  and  c  are  integers  with  no  common  factors. 
We  then  say  that  b/c  is  the  reduced  form  of  r. 

We  now  turn  to  the  problem  of  finding  the  rational  zeros  of  a  poly- 
nomial with  integral  coefficients.     The  basic  theorem  follows. 

Theorem  58-1.  If  r  is  a  rational  zero  of  the  polynomial  P(x)  =  anxn  + 
.  .  .  +  aoj  where  the  coefficients  a0,  .  .  .  ,  an  are  integers,  and  if  b/c  is  the 
reduced  form  of  r,  then  b  is  a  factor  of  a0  and  c  is  a  factor  of  an. 

Proof.     Since  r  =  b/c  is  a  zero  of  P(x), 

58-1  an  (-X  +  0«-i  (-X1  +  .  .  .  +  fli  (-}  +  aQ  =  0. 

We  can  multiply  both  sides  of  this  equation  by  cn  to  obtain  the  equa- 
tion 

58-2  anbn  +  an-Ybn-h  +  .  .  .  +  axbcn~l  +  a^  =  0. 

Now  we  can  write  Equation  58-2  as 

58-3  anbn  =  (-an-ib*-1  -  ...  -  a{)c"   l)c. 

From  Equation  58-3  we  see  that  c  is  a  factor  of  a„b" .  Since  l>  t 
is  the  reduced  form  of  r,  the  integers  b  and  c  have  no  common  factors. 
It  follows  immediately  from  the  "Remark"  we  made  about  integers 
that  c  is  a  factor  of  an. 

We  can  also  write  Equation  58-2  as 

58-4  a&n  -    (-aj>"    '    ■     .  .  .        ./,.■'    [)b. 
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This  equation  shows  that  b  is  a  factor  of  a0cn.  Now  we  can  again 
utilize  the  "Remark"  about  integers  (the  roles  of  b  and  c  are  inter- 
changed) to  see  that  b  is  a  factor  of  aQ. 

It  is  important  to  note  that  Theorem  58-1  does  not  state  that  P(x) 
has  any  rational  zeros  at  all.  It  merely  says  that  if  it  does,  they 
must  be  of  a  certain  form. 

Example  58-1.     Find  the  rational  zeros  (if  any)  of  the  polynomial 

P(x)  =  2x3  +  3*2  +  2*  +  3. 

Solution.  If  P(x)  has  a  rational  zero  of  reduced  form  b/c,  then  b  must 
be  a  factor  of  3  and  c  must  be  a  factor  of  2.  The  factors  of  3  are  1,  3, 
—  1,  and  —3,  and  the  factors  of  2  are  1,  —  1,  2,  and  —2.  Hence, 
the  only  possible  rational  zeros  will  be  found  among  the  numbers 
1,  —1,  3,  —3,  J,  —  J,  §,  —  f.  Obviously  not  all  these  eight  numbers 
are  zeros  of  P(x),  since  P(x)  has  at  most  three  zeros,  and  perhaps  none 
of  these  eight  numbers  is  a  zero.  To  see  which  of  them  (if  any)  are 
zeros,  we  must  calculate  P(l),  P(  — 1),  and  so  on.  We  can  calculate 
these  numbers  directly  or  we  can  use  synthetic  division,  in  which 
case  the  numbers  will  appear  as  remainders.  Either  method  will  re- 
veal that  P(  —  -§)  =  0,  and  that  none  of  the  other  seven  possible 
rational  zeros  is  a  zero. 

Example  58-2.  Show  that  the  polynomial  P(x)  =  #3  +  3x  —  5  has 
no  rational  zeros. 

Solution:  If  r  =  b/c  is  a  rational  zero  of  P(x),  then  b  must  be  a  factor 
of  5  and  c  must  be  a  factor  of  1 .  The  possible  choices  for  b  are  1,-1, 
5,  and  —5;  for  c,  only  1  or  —  1.  Therefore,  the  possible  choices  for  r 
are  the  integers  1,  —  1,  5,  —  5.  But  when  we  check  these  numbers,  we 
find  that  none  is  a  zero.  Hence,  P(x)  has  no  rational  zeros.  Of 
course,  P(x)  has  zeros,  but  they  are  not  rational  and  may  not  be  real. 
Incidentally,  we  can  show  that  P(x)  must  in  fact  have  one  irrational 
real  zero  (see  Exercise  5  of  Problems  57). 

Example  58-3.     Find  all  the  zeros  of  the  polynomial  of  Example  58-1 . 

Solution.  In  Example  58-1  we  saw  that  — f  is  a  zero  of  P(x),  so  x  +  § 
is  a  factor  of  P(x),  We  find  by  dividing  that  P(x)  =  2(x2  +  1)(*  +  |). 
The  other  two  zeros  of  P(x)  are  the  zeros  of  the  quadratic  polynomial 
x2  +  1;  namely,  i  and  —i. 
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Although  Theorem  58-1  pertains  specifically  to  polynomials  whose 
coefficients  are  integers,  it  may  also  be  used  to  investigate  the  rational 
zeros  of  polynomials  with  rational  coefficients.  If  we  multiply  a 
polynomial  P(x)  by  a  non-zero  number  /-,  it  is  clear  that  kP{x)  is 
again  a  polynomial.     In  factored  form 

58-5  kP(x)  =  kan(x  —  ri)  .  .  .  (x  —  rn). 

From  Equation  58-5  it  is  obvious  that  the  zeros  of  kP{x)  are  the  same 
as  the  zeros  of  P(x).  Now  if  the  coefficients  of  P(x)  are  rational,  a 
proper  choice  of  k  (the  product  of  all  the  denominators  of  the  coeffi- 
cients of  P(x),  for  example)  will  insure  that  P(x)  has  integral  coeffi- 
cients. We  can  therefore  study  the  rational  zeros  of  P(x)  by  investi- 
gating the  rational  zeros  of  kP(x). 

Example  58-4.     Find  all  the  rational  zeros  of  P(x)  =  §x3  —  \x2  + 

2y  _   1 
3*  2- 

Solution.     If  we  multiply  P(x)  by  6,  we  get  the  equation 

6P(x)  =  4xz  -  3x2  +  4x  -  3. 

The  only  possible  rational  zeros  of  this  polynomial  are  1,  —1,  3,  —3, 
h  ~2,  h  -f>  h  ~h  f>  and  "J-  We  find  bY  checking  that  f  is  the 
only  rational  zero  of  6P(x);  hence,  f  is  the  only  rational  zero  of  P(x). 

Problems  58 

1.  If  P(x)  =  xn  +  an_ixn~l  +  .  .  .  +  a±x  +  a0,  where  the  a's  are  integers, 
show  that  the  only  possible  rational  zeros  of  P(x)  are  integers. 

2.  Find  all  the  rational  zeros  of  P(x)  or  show  that  none  exist. 

(a)  P(x)  =  x4  +  x2  +  2x  +  6 

(b)  P(x)  =  9*4  -  9x3  +  5x2  +  Ax  -  4 

(c)  />(*)  =  12x4  +  4x3  -  3*2  -  x 

(d)  P(*)  =  2x6  +  3x3  +  x 

3.  Find  all  the  zeros  of  P{x). 

(a)  />(*)  =  xs  -  3x  -  2 

(b)  P(x)  =  x*  -  4x2  -  5*  +  14 

(c)  P(*)  =  xA  -  6x*  -  3x2  -  24*  -  28 

(d)  P(*)  =  2x4  +  3a:3  +  2x2  -  1 

(e)  PW  =  48x4  -  52x3  +  13*  -  3 

(f)  P(x)  =  \2xA  +  7x3  +  7*  -  12 

4.  Prove  that  V2  is  irrational  by  considering  the  equation  x2  —  2  =  0. 
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5.  Prove  that  the  following  numbers  are  irrational: 

(a)  </s  (c)  V3/V2 

(b)  V40  (d)  V3  +  V2 

6.  Find  all  the  rational  zeros  of  P(x)  or  show  that  none  exist. 

(a)  P(x)  =  x*  +  f  x2  -  f x  +  1 


(b)  />(,) 


3* 


+ 


17  v2 


¥*  +  5 


59      FINDING  REAL  ZEROS  OF  POLYNOMIALS 
WITH  REAL  COEFFICIENTS 


Suppose  that  P(x)  =  anxn  +  •  •  .  +  #o  is  a  polynomial  with  real  coeffi- 
cients fl0,  •  •  •  j  0n.  The  Fundamental  Theorem  of  Algebra  states 
that  P{x)  has  at  least  one  zero, 
and  we  have  seen  that  it  can 
have  as  many  as  n  differ- 
ent zeros.  There  are  many 
ingenious  and  complicated 
methods  for  finding  the  zeros 
of  such  a  polynomial.  It  is 
an  important  problem,  but 
we  will  restrict  ourselves  only 
to  some  simple  observations 
about  it.  Our  results  will 
apply  only  to  finding  the 
real  zeros  of  P(x). 

The  method  of  successive 
approximations,  which  we 
consider  here,  can  best  be  de- 
scribed in  terms  of  a  graph. 
If  we  graph  the  equation 
y  —  P(x),  the  real  zeros  of 
P{x)  are  the  ^-coordinates  of 

the  points  at  which  the  curve  meets  (crosses  or  touches)  the  x-axis. 
This  fact  suggests  a  method  of  finding  the  real  zeros  of  a  polynomial — 
namely,  graph  the  equation  y  —  P(x),  and  find  the  points  where  the 
curve  meets  the  x-axis.  As  an  example,  let  us  consider  the  graph  of 
the  equation y  =  ,t3  +  x  —  1  (Fig.  59-1).  It  is  apparent  that  the  part 
of  the  curve  in  which  we  are  interested  lies  between  v  =  0  and  x  —  1, 
so  we'll  make  an  enlarged  graph  of  this  portion  of  the  curve  (Fig. 
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Figure  59-1 
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59-2).     From  Fig.  59-2  we  see  that  P(x)  =  xz  +  x  —  1  has  a  zero 
about  equal  to  .7. 

To  draw  graphs  such  as  the  one  in  Fig.  59-1  we  plot  a  number  of 
points  and  then  join  them  "by  eye."  This  is  all  we  can  do,  consider- 
ing our  present  knowledge  of  the  graphs  of  functions ;  but  of  course 
there  is  always  the  possibility  that  if  we  had  calculated  a  few  more 
points,  our  curve  would  have  had  a  radically  different  appearance. 
As  you  study  more  mathematics,  you  will  learn  how  to  sketch  fairly 
accurate  graphs,  like  those  in  Figs.  59-1  and  59-2,  even  though  plot- 
ting relatively  few  points. 


x  y 

0  -1 


1 


Figure  59-2 

We  shall  state  (without  proof)  one  theorem  of  advanced  mathe- 
matics that  is  important  for  us  here  and  which  you  will  probably 
regard  as  obvious. 

Theorem  59-1.  Let  P{x)  be  a  polynomial  with  real  coefficients  and  suppose 
that  a  and  b  are  two  numbers  such  that  a  <  b.  If  the  numbers  P(a)  and  P(b) 
have  opposite  signs,  then  there  is  a  number  c,  where  a  <  c  <  b  such  that 
P(c)  =  0. 

This  theorem  states  that  the  part  of  the  graph  of  the  equation 
y  =  P{x)  that  joins  the  points  (a,P(a))  and  (b,P(b))  must  cross  the 
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#-axis  at  least  once  if  these  points  are  on  opposite  sides  of  that  axis. 
Note  that  Theorem  59-1  does  not  say  how  many  zeros  lie  between 
the  numbers  a  and  b,  it  merely  says  that  there  must  be  at  least  one. 
And  it  does  not  say  that  there  cannot  be  a  zero  between  the  numbers 
a  and  b  even  though  the  numbers  P(a)  and  P(b)  do  have  the  same 
sign. 

It  is  apparent  from  the  table  of  values  that  accompanies  the  graph 
in  Fig.  59-2  that  the  polynomial  has  a  zero  between  \  and  f,  since 
P(i)  <  0  and  P(f)  >  0.     We  can  improve  our  rough  estimate  of  .7 
as  a  zero  of  this  polynomial  by 
using  Theorem  59-1  to  locate  the 
zero   between    successive    tenths.  y 

If  we  do  a  little  calculating, 
we  see  that  P(.6)  =  —.184  and 
P(.7)  =  .043.  Hence,  a  zero  of 
P(x)  lies  between  .6  and  .7.  To 
guess  just  where  it  lies  between 
these  two  numbers,  we  may  uti- 
lize the  following  scheme.  We 
plot  the  points  (.6,  —.184)  and 
(.7,  .043)  and  join  them  by  a 
straight  line.  Although  this  line 
is  not  the  graph  of  the  equation 
y  =  P(x),  we  can  consider  it  an 
approximation  to  the  graph.  So 
we  take  the  next  approximation 
to  the  zero  of  P(x)  as  the  ^-co- 
ordinate of  the  point  where  the 

line  crosses  the  x-axis.  This  crossing  occurs  at  about  the  point 
x  =  .68  (Fig.  59-3).  Actually,  P(.68)  =  -.0056  and  P(. 69)  =  .0285, 
so  the  zero  is  between  .68  and  .69.  Instead  of  reading  off  the 
value  .68  from  the  figure,  we  could  have  used  the  similar  triangles 
of  Fig.  59-3  to  calculate  h/A  =  .184/.227  =  .8.  Therefore,  h  =  .08, 
and  the  zero  is  about  .6  +  h  =  .68.  Obviously,  we  could  use  this 
procedure  over  and  over  to  locate  the  zero  as  accurately  as  we  wished. 
It  is  a  simple  process,  but  somewhat  laborious,  even  with  the  help 
of  a  desk  calculator. 


Figure  59-3 


Example  59-1.     Bracket  the  real  zeros  of  the  polynomial  x4  —  2.v3  — 
3x2  +  Ax  +  2  between  consecutive  integers. 
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Solution.     A  little  calculating  (we  might  use  the  Remainder  Theorem 
and  synthetic  division)  gives  us  the  following  tabic. 


X 

-2 

-1          0 

1 

2 

3 

P(x) 

14 

-2          2 

2 

-2 

14 

From  the  table  we  see  that  P(x)  has  zeros  between  —2  and  —  1, 
between  —1  and  0,  between  1  and  2,  and  between  2  and  3.  Since 
P(x)  is  a  polynomial  of  degree  4,  it  has  at  most  four  zeros.  Thus, 
there  is  exactly  one  zero  between  each  of  the  pairs  of  integers  listed. 

The  method  of  solution  that  we  employed  here  is  not  restricted  to 
polynomials.  We  can  often  approximate  the  zeros  of  a  function  / 
by  using  the  graph  of  the  equation  y  =  f(x),  even  though  f(x)  is  not 
a  polynomial.  In  particular,  we  will  discuss  in  Chapter  Ten  graph- 
ical methods  that  can  be  used  to  solve  the  equation  f(x)  =  0,  when  / 
involves  trigonometric  functions. 


Problems  59 

1.  Bracket  the  real  zeros  of  P(x)  between  consecutive  integers. 

(a)  P(x)  =  x*  -  x2  -  Ax  +  4 

(b)  P(x)  =  x5  +  5*4  -  3*3  -  29*2  +  2*  +  23 

(c)  P(x)  =  x*  -  20a2  -  21*  -  22 

(d)  P(x)  =  *4  -  \\x  -  50 

2.  Show  that  the  polynomial  P(x)  =  *3  —  3*2  —  Ax  +  13  has  two  real 
zeros  between  2  and  3  even  though  P{2)  and  P(3)  have  the  same  al- 
gebraic sign. 

3.  Find  the  real  zero  of  P(x)  that  lies  between  1  and  2  correct  to  one 
decimal  place. 

(a)  P(x)  =  3*3  -  x2  -  Sx  -  2 

(b)  P(x)  =  2x3  -  Sx2  -  x  +  5 

4.  Find  the  real  zero  of  P(x)  that  lies  between  0  and  1  correct  to  two  decimal 
places. 

(a)  P(x)  =  x*  +  2a'2  -  1 

(b)  P(x)  =  x3  +  2x2  -  x  -  1 

5.  We  can  find  the  approximate  value  of  Va;  by  using  the  methods  we 
employed  in  this  section  to  find  the  zeros  of  xn  —  k.  Find  the  values  of 
the  following  numbers  correct  to  two  decimal  places: 

(a)  Vl  (c)   </l_ 

(b)  Vl4  (d)  </V) 
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6.  Show  that  the  equation  log  x  —  x  +  3  =  0  has  a  solution  that  lies 
between  3  and  4.     Does  it  have  any  other  solutions? 

7.  There  is  a  zero  of  the  function  /,  defined  by  f(x)  =  sin  x  —  log  x,  which 
lies  between  2  and  3.     Find  the  zero  correct  to  two  decimal  places. 

8.  Find,  correct  to  two  decimal  places,  the  solution  to  x  sin  x  —  cos  x  =  0 
that  lies  between  0  and  tt/2. 

9.  The  dimensions  of  a  rectangular  box  are  1  ft,  2  ft,  and  4  ft.  In  order  to 
double  the  volume  of  the  box,  each  edge  is  to  be  increased  by  the  same 
amount.     How  much  should  each  edge  be  increased? 

10.  An  open  box  containing  20  cu  in.  is  to  be  made  from  a  sheet  of  tin  6  in. 
by  10  in.  by  cutting  equal  squares  out  of  the  corners  and  turning  up  the 
edges.     How  large  a  square  should  be  cut  out? 


Review  Problems,  Chapter  Six 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  If  A(x)  and  B(x)  are  polynomials  such  that  A(x)B(x)  =  1,  what  can 
you  conclude  about  A(x)  and  B (*)? 

2.  Let  k  be  a  positive  integer.     Determine  the  values  of  k  for  which: 

(a)  x  -\-  a  is  a  factor  of  xk  +  ak 

(b)  x  —  a  is  a  factor  of  xk  +  ak 

3.  For  what  value  of  c  will  2x2  —  x  +  c  and  Ax2  +  Ax  +  1  have  a  common 
factor? 

4.  Solve  for  x: 

(a)  1  iz  c  =  3cr  +  1  +  cr  ~  1       (c)   Vx  -  2  =  3  +  V2*  +  5 

CX  1    —   X  X    —    A2 

(b)  "  k 


kx2  +  *       2k2x  +  1 

5.  If  an  airplane  has  enough  fuel  to  fly  for  16  hr  at  400  mph,  how  far  can 
it  travel  from  its  base  if  it  flies  directly  into  a  50  mph  wind  and  returns 
with  a  50  mph  tail  wind? 

6.  Solve  for  x:  (1  -  a2)(x  +  a)  -  2a(l  -  *2)  =  0. 

7.  Find  the  value  of  k  such  that  k  is  the  remainder  after  the  polynomial 
x3  —  kx2  —  14*  +  15A:  is  divided  by  x  —  5. 

8.  Let  P(x)  =  3x2  -  2*  +  1  and  let  P'O)  =  6*  —  2.  Given  any  number 
r,  we  can  find  a  polynomial  such  that  P(x)  =  (x  —  r)Q(x)  +  R.  Use 
synthetic  division  to  divide  P(x)  by  #  —  r  to  calculate  Q(#)  and  i?f 
Show  that  Q(r)  =  P'(r). 
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9.  If  2  is  a  zero  of  the  polynomial  x3  +  ax  +  b,  what  quadratic  equation 
must  the  other  two  zeros  satisfy? 

10.  Solve  for  x:   (x  +  2a)s  +  (x  -  a)3  =  (2x  +  a)*. 

11.  The  zeros  of  x2  +  bx  +  c  are  — c  zb  vbc.     Find  b  and  c  if  c  y6  0. 

12.  Let  P(#)  =  2x3  -\-  x2  -)-  ax  +  b.     If  a  and  b  are  real  numbers  and  one 
zero  of  P(x)  is  1  +  i,  find  all  the  zeros  of  P{x). 

13.  Find  the  relation  between  a,  b,  and  c  if  one  zero  of  the  quadratic  poly- 
nomial ax2  +  bx  +  c  is  w  times  the  other. 

14.  The  square  of  twice  a  number  is  larger  than  the  square  of  the  sum  of 
the  number  and  1 .     Which  numbers  possess  this  property? 

15.  Let  r\  and  r<i  be  the  zeros  of  the  polynomial  ax2  +  bx  +  c.     Find: 

(a)  -  +  -  (c)   n3  +  ri 
n       r2 

(b)  n2  +  n2  (d)  |n  -  r2| 

Miscellaneous  Problems,  Chapter  Six 

The  following  exercises  are  designed  to  test  your  ability  to  apply  your  knowledge  of 
the  theory  of  equations  to  somewhat  more  difficult  problems. 

1.  Solve  for  x:  4s*  -  23*+1  +1=0. 

2.  Let  Q(x)  ==  (*  +  1)02  +  1)(^4  +  1)(*8  +  1)(^16  +  1).  Show  that 
(x  —  l)Q(x)  =  xZ2  —  1.  (Hint:  After  multiplying  both  sides  of  the 
original  equation  by  x  —  1,  combine  the  first  two  factors  of  the  product 
first.) 

3.  If  ri  and  ri  are  solutions  of  the  equation  x2  —  x  +  1  =0,  find  the  value 
of  ri3  +  3ri3r23  +  ri. 

4.  Let  P(a:)  be  a  polynomial  of  degree  n  with  real  coefficients.  Prove  that 
no  straight  line  can  intersect  the  graph  of  P(x)  more  than  n  times. 

5.  For  what  values  of  k  will  the  difference  between  the  zeros  of  5x2  +  Ax  +  k 
be  equal  to  the  sum  of  the  squares  of  the  zeros? 

x  ~\~  5       x 

6.  Solve  the  inequality  — - —  >  -• 

7.  Solve  the  following  equations  for  x: 

(a)  x  -  iVx  +  15  =  0  (c)    (x2  +  x  -  l)2  +  x2  +  x  -  2  =  0 

(b)  \/x  +  Vx  =  20 

8.  For  what  real  values  of  k  are  the  zeros  of  x2  —  2kx  —  k  +  1  real  numbers? 

9.  Find  a  quadratic  polynomial  whose  zeros  are  the  cubes  of  the  zeros  of 

x2  +  bx  +  c. 
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10.  A  rectangular  strip  of  carpet  3  ft  wide  is  laid  diagonally  across  the  floor 
of  a  room  9  ft  by  12  ft  so  that  each  of  the  four  corners  of  the  strip  touches 
a  wall.     How  long  is  the  strip? 

11.  Let  P(x)  =  xn  +  .  .  .  +  a\x  +  aQ  be  a  polynomial  with  integral  co- 
efficients such  that  P(0)  and  P(l)  are  odd  integers.  Show  that  P(x) 
does  not  have  any  rational  zeros. 

12.  If  P(x)  is  a  polynomial  and  a  is  a  number,  then  according  to  Theorems 
55-1  and  55-2  we  can  write 

P{x)  =  (x  -  a)Q(x)  +  P(a). 
Now  suppose  we  are  looking  for  a  number  r,  which  is  a  zero  of  P(x). 
Then, 

P(r)  =  0  =  (r  -  a)Q(r)  +  P(a). 
Thus, 

P(a) 

r-a  =  ~W) 

If  a  is  almost  equal  to  r,  then  we  might  expect  the  number  Q(a)  to  be  a 
good  approximation  of  Q(r).     Thus,  we  could  write 

P(a) 

that  is, 

r    =  „         PW 
Q(a) 

We  might  expect  n  to  be  a  closer  approximation  of  r  than  a  is.     For 

example,  a  quick  sketch  of  the  graph  of  P(x)  =  xd  +  x  —  1  shows  that 

P(#)   has  a  zero  at  about   .7.     Use  a  =  .7   and   the  formula    for    n 

to  find  a  closer  approximation  of  this  zero. 

13.  If  y  —  ax2  +  bx  +  c,   then  by  completing  the  square  we  may  write 

/         6\2  b2 

y  =  a\x  -\~  ~\   +£~"7~'     From  this  equation  deduce  that  if  <2,  b,  and 

^2  ^>2 

c  are  real  numbers,  then  y  <  c  —  —  if<2<0  and  y  >  c  —  —  if  a  >  0. 

14.  Let  y  =  ax2  -\-  bx  -\-  c,  where  a,  b,  c  are  real  numbers  and  a  <  0.  Use 
the  results  you  obtained  in  the  preceding  problem  to  show  that  the 
maximum  value  oiy  occurs  when  x  =  —b/2a.  What  is  this  maximum 
value?  Discuss  the  case  when  a  >  0  and  interpret  all  your  results 
geometrically. 

15.  A  man  has  100  ft  of  wire  and  wishes  to  fence  in  a  rectangular  area  by 
driving  2  stakes  in  a  line  parallel  to  a  stone  wall  and  putting  his  wire 
along  3  sides  of  the  enclosure  so  that  the  wall  forms  the  fourth  side. 
Where  should  he  drive  his  stakes  in  order  to  enclose  the  maximum  area? 
{Hint:  Use  the  result  obtained  in  the  preceding  problem.) 
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Suppose  we  know  that  the  area  of  a  rectangle  is  24  square 
inches  and  its  perimeter  is  20  inches.  How  can  we  determine  its 
dimensions?  In  this  problem  we  are  given  two  relations,  and  we 
wish  to  find  two  quantities,  length  and  width.  One  way  to  solve 
this  problem  is  to  denote  the  length  of  one  side  of  the  rectangle  by  x 
and  the  length  of  the  other  side  by  y  and  use  the  information  we  have 
to  write  the  following  two  equations  that  connect  x  and  y : 

xy  -  24 

2x  +  ly  =  20. 

The  solutions  to  this  system  of  equations  are  x  =  6,  y  =  4,  or  x  =  4, 
y  =  6,  so  the  dimensions  of  the  rectangle  are  4  inches  by  6  inches. 
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This  type  of  problem,  in  which  we  have  a  number  of  unknown 
quantities  and  a  given  set  of  relations  among  these  unknowns,  occurs 
frequently  in  the  applications  of  mathematics.  In  this  chapter  we 
will  discuss  methods  by  which  we  can  find  the  unknowns  in  problems 
of  this  type,  concentrating  on  cases  in  which  the  number  of  unknowns 
is  the  same  as  the  number  of  equations. 

60      EQUIVALENT  SYSTEMS 

A  solution  to  a  system  of  equations  consists  of  a  set  of  numbers 
x,  jy,  z,  .  .  .  that  satisfy  all  the  equations  of  the  system.  For  exam- 
ple, you  can  readily  verify  by  substitution  that  the  pair  of  numbers 
x  =  1  and  y  =   —1  is  a  solution  to  the  system. 

x  —  2y  =  3 
60-1 

2x2  +  3y2  =  5. 

We  now  turn  to  the  question  of  how  this  solution  can  be  found  and 
whether  or  not  there  are  other  solutions  to  this  system. 

The  most  direct  way  to  treat  a  system  such  as  the  one  in  Equations 
60-1  is  to  solve  one  of  the  equations  for  one  unknown  in  terms  of  the 
other  and  then  to  substitute  this  result  in  the  remaining  equation  to 
get  one  equation  in  one  unknown.  We  then  solve  the  equation  in 
one  unknown,  and  this  solution  leads  to  a  solution  of  the  original 
system.  The  equation  x  —  2y  =  3  yields  x  =  2y  +  3,  and  when  we 
substitute  this  expression  for  x  in  the  second  equation,  we  get  the 
equation  2(2y  +  3)2  +  3y2  =  5.  When  we  simplify  this  quadratic 
equation  we  get : 

lly2  +  24y  +  13  =  0 

(y+  \)(Uy  +  13)  =  0. 

It  follows  that  y  =  —  1  or  y  =  —  xf.  We  then  find  values  of  x 
from  the  equation  x  —  2y  +  3.  Corresponding  toy  =  —1,  we  have 
x  =  2(  — 1)  +3  =  1;  and  corresponding  to  y  =  — tt?  we  find  x  = 
y7T.  We  must  write  the  solutions  in  such  a  way  that  the  proper 
values  of  x  andjy  are  associated.  The  solutions  to  System  60-1  could 
be  written  as  (1,-1)  and  (tt5  —  tt)>  tne  first  number  of  the  pair 
being  the  value  of  x  and  the  second  number,  the  value  of  y.  The 
solutions  could  also  be  put  in  the  form  of  a  table : 
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X 

1 

7 
1  1 

y 

-l 

1  3 
—  TT 

60-2 


Example  60-1.     Solve  the  system  of  equations 
Ay  cos  x  =  3 

y  =  3  cos  x. 
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Solution.  If  we  substitute  3  cos  #  for  y  in  the  first  equation,  we  get  the 
equation  4  cos2  x  =  1,  which  means  that  cos  #  =  +J  or  cos  a:  =  —  §. 
If  the  value  of  x  is  such  that  cos  x  —  J,  then  j;  =  -§ ;  if  the  value  of  #  is 
such  that  cos  x  —  —  J,  thenjy  =  — f.  Recall  that  cos  *  is  positive  for 
values  of  *  that  satisfy  the  inequalities  —  7r/2  <  *  <  7r/2,  and  the 
only  numbers  in  this  range  such  that  cos  x  =  \  are  x  =  7r/3  and 
x  =  —  7r/3.  We  can  add  any  multiple  of  2ir  to  either  the  number  7r/3 
or  —  7r/3  to  obtain  another  solution  to  the  equation  cos  a:  =  §.  In 
the  same  way  we  find  that  2tt/3  +  k  •  2ir  and  47r/3  +  A;  •  27r,  where 
k  is  an  integer,  are  the  solutions  to  the  equation  cos  a:  =  —  J.  A 
partial  table  of  solutions  for  System  60-2  follows. 


IT 

5tt 

7tt 

7T 

5tt 

7tt 

2tt 

4tt 

X 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

y 

2 

2 

2 

2 

2 

2 

2 

2 

In  theory,  we  may  apply  the  procedure  we  have  just  outlined  to  a 
system  of  n  equations  in  n  unknowns,  where  n  is  any  positive  integer 
(for  example,  to  a  system  of  five  equations  in  five  unknowns) .  The 
first  equation  (or  any  one  for  that  matter)  is  used  to  express  one  of 
the  unknowns  in  terms  of  the  other  unknowns.  This  expression  is 
then  substituted  in  the  remaining  equations,  and  a  new  system  results 
that  has  one  less  equation  and  one  less  unknown.  The  process  is 
repeated  until  just  one  equation  in  one  unknown  remains.  This  last 
equation  is  then  solved,  and  its  solution  leads  to  the  values  of  the 
other  unknowns. 


Definition  60-1 .      Two  systems  of  equations  are  equivalent  if  every  solution 
to  either  one  is  also  a  solution  to  the  other. 
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The  systems 


Ix  +  3jy  =  4 

and 
x  -\-  y  =  0 


x  +  y  =  0, 


for  example,  are  equivalent,  since  the  only  solution  to  each  system 
is  the  pair  of  numbers  (1,-1). 

When  confronted  with  a  system  of  equations,  we  shall  try  to  replace 
it  with  an  equivalent  system  that  is  easier  to  solve.  We  can  transform 
a  system  of  equations  into  an  equivalent  system  by  performing  the  following 
operations. 

Operation  60-1.      We  can  interchange  the  position  of  any  two  equations. 

Operation  60-2.  We  can  replace  any  equation  with  a  non-zero  multiple  of 
itself.  (A  multiple  of  an  equation  is  the  equation  that  results  when  we 
multiply  both  sides  of  the  equation  by  the  same  number.) 

Operation  60-3.  We  can  replace  any  equation  with  the  equation  that  results 
when  that  equation  is  added  to  any  other  equation  in  the  system.  {Adding  two 
equations  means,  of  course,  adding  the  corresponding  sides  of  the 
equations.)  For  example,  we  may  replace  the  second  equation  of  a 
system  of  four  equations  with  the  sum  of  the  second  and  third  equa- 
tions. 

Operations  60-2  and  60-3  are  frequently  combined  as  follows. 

Operation  60-4.  We  can  replace  any  equation  with  the  sum  of  a  non-zero 
multiple  of  itself  and  a  multiple  of  any  other  equation  of  the  system.  For 
example,  we  may  replace  the  third  equation  of  a  system  of  three 
equations  with  the  equation  that  results  when  2  times  the  third 
equation  is  added  to  —  5  times  the  first  equation. 

Example  60-2.     Replace   the  following   system  with  an  equivalent 
system. 

x2  +  xy  +  v2  =  2 
60-3 

x*  +  y2  =  4. 

Solution  1.  We  can  replace  the  first  equation  with  the  equation 
that  results  when  the  second  equation  is  multiplied  by  —1  and  then 
added  to  the  first  (Operation  60-4).  This  operation  yields  the 
following  system: 
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xy  =   —2 
60-4 

x2  +j,«  =  4. 

Note    that    this    operation    could    be   described    as    "subtracting   the 
second  equation  from  the  first." 

Solution  2.  If  we  replace  the  first  equation  with  the  equation  that 
results  from  subtracting  the  second  equation  from  twice  the  first  we 
get  another  system  equivalent  to  System  60-3: 

x2  +  2xy  +  y2  =  0 
60-5 

x2  +  y2  =  4. 

Of  course,  there  are  many  other  systems  that  are  equivalent  to 
System  60-3.  We  are  interested  in  finding  a  system  that  is  easy  to 
solve.  For  example,  the  solutions  to  System  60-4  can  be  found  by 
solving  the  first  equation  of  the  system  for y  to  obtain^  =  —  2/x,  then 
substituting  in  the  second  equation  to  get 

4 

x2  +  ~2  =  4, 

x2 

*4  -  4x2  -f  4  =  0, 

(x2  -  2)2  =  0, 

x2  =  2, 

x  =  V2  or  x  =  -V2. 

If  x  =  V2,y  =  -2/V2  =  -V2.  If  x  =  -V2,;;  =  -2/-V2  = 
V  2.  Thus,  Systems  60-3,  60-4,  and  60-5  each  have  the  solutions 
(V2,  -V2)  and  (-V2,  V2). 

Problems  60 

1.  Determine  whether  or  not  the  given  numbers  are  a  solution  to  the  given 
system  of  equations. 

(a)  (3,  -2);  2x  -  y  =  8  (d)  (tt/2,  ir/3)       2  sin  *  cosjy  =  1 

*2  —  yz  =  17  sin2  x  +  cos2jv  =  1 

(b)  (4i-\);Vx-y  =  3  (e)   (-§,  |)  4*  +  4^  -  4 

xy2  =  4  4jy>  =  —  3 

(c)  (10,  3);  x  -  3y  -  1  (f)    (30,  \)  xy  =  15 

>  log  ^  =  3  sin  x  -\-jf  —  1 


(d) 

X 

—  4  sin y  = 

0 

x  smy  = 

3 

(e) 

x  —  y 

=  2 

X2 

+  y  +  2/ 

=  1 

(f) 

X* 

-  y2  =  Ax 

y2  =  x(x 

-4) 
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2.  Solve  one  equation  for  one  unknown  and  substitute  in  the  other  equation 
to  find  the  solutions  to  the  following  systems. 

(a)  xy  =  1 
x  +  2y  -  3 

(b)  ly  +  x  =  1 
zjy  —  6#  =  4 

(c)  /  -  2  log  *  +  1  =0 

_y  —  log  ^  =  0 

3.  Determine  which  of  the  following  systems  are  equivalent  to  the  system 

x2  +  y2  =  4 
xy  =  \. 

(a)  2*y  =  2  (c)   0  -  v)2  =  2 
a;2  +jv2  =  4  xy  =  1 

(b)  (*+j;)2  =  6  (d)  (x+y)2  =  6 

ry  =  1  (x  —  y)2  =  2 

4.  Replace  each  of  the  following  systems  with  an  equivalent  system  you 
consider  simpler. 

(a)  x2  -  2y2  =  1  (c)  x2y  +  xy2  =  - 1 
*2  -  3/  =  -2  x3+/  =  1 

(b)  x2  +  xy  -  y2  =  1  (d)     x  -  2j;  -  4  =  0 

(*  +  2j;)2  =  i  2x  +y  -  5  =  0 

4j;  -  2x  +  8  =  0 

5.  The  sum  of  the  circumferences  of  two  circles  is  247r  ft,  and  their  combined 
area  is  S4ir  sq  ft.     Find  the  radii  of  the  two  circles. 

6.  Find  the  values  of  m  and  k  such  that  (x  —  1)  and  (x  +  3)  are  factors  of 
the  polynomial  x4  —  3x2  +  mx  —  k. 

61     SYSTEMS  OF  LINEAR  EQUATIONS.    TRIANGULAR  FORM 

A  linear  equation  in  n  unknowns  x±,  X2,  .  .  .  ,  xn  has  the  form 

d\Xi  +  «2#2  +  .  .  .  +  anxn  =  b, 

where  ah  a2,  .  .  .  ,  an,  and  b  are  given  numbers.  For  example, 
3x  —  Ay  =  5  and  6x  —  ly  +  iz  —  3  =  0  are  linear  equations.  We 
shall  devote  the  next  few  sections  to  a  study  of  systems  of  linear 
equations. 

A  very  simple  system  of  linear  equations  is  a  system  in  triangular 
form.  A  system  of  linear  equations  in  n  unknowns  Xi,  x2,  .  .  .  ,  xn  is  in 
triangular  form  if  the  first  equation  involves  only  xn  the  second 
equation  involves  x2  and  perhaps  xi,  but  not  x9.  x<5  .  .  .  ,  and  xn;  the 
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third  equation  involves  #3  and  perhaps  X\  and  X2,  but  not  #4,  .  .  . ,  and 
xn;  and  so  on.  The  following  system,  for  example,  is  in  triangular 
form  : 

2x  =  4 

61-1  3x  -  2y  =  8 

x  +    y  —  4z  =  ]. 

From  the  first  equation  of  this  system  it  is  appareni  that  x  =  2. 
Once  we  know  that  x  =  2,  it  is  clear  from  the  second  equation  that 
y  =  —1,  and  then  we  can  solve  the  third  equation  to  find  z  =  0. 

It  is  easy  to  solve  a  system  of  equations  in  triangular  form  so  we 
adopt  the  following  method  of  solving  a  system  of  linear  equations. 
By  using  Operations  60-1,  60-2,  60-3,  and  60-4  we  try  to  replace  a  given 
system  of  linear  equations  with  an  equivalent  system  in  triangular  form. 
c'Most"  systems  can  be  reduced  to  triangular  form  in  this  way,  and, 
as  we  shall  see  later,  our  efforts  will  not  be  wasted  if  we  attempt  the 
reduction  on  a  system  that  is  not  equivalent  to  a  system  in  triangular 
form.  We  can  best  describe  the  procedure  by  applying  it  to  some 
typical  examples. 

Example  61-1.     Solve  the  system  of  equations 

2x  +  3y  =  4 
61-2 

6x  -  2y  =  -10. 

Solution.  We  first  multiply  the  second  equation  by  J  to  get  a  new 
second  equation  3x  —  y  =  —  5.  Then  we  replace  the  first  equation 
with  (2x  +  3y)  +  3(3*  -  y)  =  4  +  3(-5).  Thus,  we  obtain  the 
equivalent  system 

11*  =   -11 

61-3 

3x  —  y  =  —  5.  i 

System  61-3  is  in  triangular  form,  and  it  is  easy  to  see  that  its  solution 
is  x  =  —1  and  y  =  2.  We  can  describe  the  steps  we  used  in  this 
example  less  formally.  First,  for  simplicity,  we  "divided  out"  the 
common  factor  2  in  the  second  equation.  Then  we  "combined"  the 
two  equations  in  such  a  way  as  to  produce  a  new  first  equation  that 
did  not  contain  y. 
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Example  61-2.     Solve  the  system 

3x  —  2y  =  7 
2x  —  iy  =  6i. 

Solution.     By  replacing  the  first  equation  with  the  sum  of  —2  times 
the  second  and  i  times  the  first,  we  get  the  equivalent  system 

(-4  +  30*  =  ~5* 

2x  —  iy  =  6i. 


Therefore 


and 


_       ~5i      -  5*'(4  +  3Q  _    _3   ,   4  . 
*  "  -4  +  3i  25         ~      5  +  Sh 


2x  —  6i  22    .    6  . 

y  =  — : —  =  -t+  zl- 


Example  61-3.     Solve  the  system  of  equations 

61-4  2x  —    y  +  z  =  6 

3*  +  2y  =  4. 

Solution.  {Note:  It  takes  longer  to  describe  the  solution  process  than 
it  does  to  carry  it  out.  You  are  warned,  however,  against  trying  to 
carry  out  too  many  steps  at  once — it  is  all  too  easy  to  make  little  errors 
when  solving  linear  systems.)  To  simplify  things,  we  multiply  the 
first  equation  by  6,  and  change  the  order  of  the  equations  to 

3x  +  2y  =4 

61-5  3x  -  Ay  +  6z  =  16 

2x  —    y  +    z  =  6. 

Now  we  multiply  the  third  equation  by  6  and  subtract  it  from  the 
second  to  remove  z  from  the  second  equation. 

3x  +  2y  =4 

61-6  -9*  +  2y  -  -20 

2x  —    y  +  z  =  6. 
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Next  get  an  equivalent  system  in  triangular  form  by  subtracting  the 
second  of  Equations  61-6  from  the  first: 

12*  =  24 

61-7  -9*  +  2y  =  -20 

2x  —    y  +  z  =  6. 

System  61-7  easily  yields  the  solution  x  =  2,  y  =  —1,  and  z  =  \. 
Needless  to  say,  it  is  wise  to  check  the  final  results  in  the  original 
system. 

Example  61-4.     Solve  the  system 

x  —  6y  +  2z  =  5 

61-8  2x  -  3y  +    z  =  4 

3x  +  Ay  -    z  =  -2. 

Solution.  When  we  add  the  third  equation  to  the  second,  and  twice 
the  third  equation  to  the  first,  we  get  the  equivalent  system 

Ix  +  2y  =1 

61-9  5x  +    y  =2 

3x  +  Ay  —  z  =  —2. 

Next  we  subtract  twice  the  second  of  Equations  61-9  from  the  first 
to  get 

-3x  =  -3 

61-10  5x  +    y  =2 

3x  +  Ay  -  z  =   -2. 

The  solution  then  comes  easily;  a:  =  l9y  =  —  3,  and  z  =  —  7.  Notice 
that  the  last  equation  was  used  to  eliminate  one  of  the  unknowns  from 
all  the  other  equations,  then  the  next  to  the  last  equation  was  used  to 
eliminate  another  unknown  from  the  equation  above  it.  Although 
this  procedure  stops  after  two  steps  in  our  example,  it  is  clear  that  it  is 
a  direct  method  that  can  be  used  to  reduce  a  system  consisting  of  more 
linear  equations  in  more  unknowns  to  triangular  form. 

Note  that  all  the  operations  involved  in  solving  a  system  of  linear 
equations  are  the  simplest  possible — multiplication,  division,  addi- 
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tion,  and  subtraction.  But  there  are  a  lot  of  operations  involved. 
Because  these  systems  have  great  practical  importance,  many  schemes 
have  been,  and  are  still  being,  devised  to  solve  them  in  the  most 
efficient  way  possible.  Some  of  these  methods  are  especially  suited 
for  the  modern  electronic  computers.  Each  method  has  its  advan- 
tages and  its  drawbacks.  All  involve  large  amounts  of  computation. 
As  general  methods  go,  the  practice  of  reducing  the  system  to  tri- 
angular form  is  probably  as  efficient  as  any,  and  in  the  next  section 
we  introduce  some  notation  that  simplifies  this  method. 

Problems  61 

1.  Solve  the  following  systems  by  first  finding  an  equivalent  triangular 
system : 

(a)  2x  +  Ay  =  0  (c)  '■$*  +   y  =  2 

3*  -  2y  =  8  x  —  \y  =  —  1 


(b)     x-  5y=  -3  (d)  \x-   \y 


2x  +   y  =  -6  x  -  Ay  =  7.3 

2.  Solve  the  following  systems  by  first  finding  an  equivalent  triangular 
system: 

(a)  ix  -j   2y  =  3  (c)  x  +  2y  =  i(x  -  1) 
3*  +  2iy  =  A  x  -  2y  =  i(x  +  1) 

(b)  (1  +  i)x  -  3y  =  i  (d)  3x  -   iy  =  (4  +  OO  ~  2) 

x  +  (1  —  i)y  =  3  i*  —  Ay  =  (#  —  6y)/i 

3.  Solve  the  following  systems  by  first  finding  an  equivalent  triangular 
system: 

(c)  3*  -  Ay  +  2w  =  1 
2#  —    j>  +    w  =  2 

x  +  5jy  —     £  =  6 
j>  —  3z  +    w  =  —  1 

(d)  #i  —    #4  =  —  1 

ATI  +      X3  +      *4    =    1 

#1  +      *2  +      *4    =    —  2 

2*i  +  3*3  +  5*4  =  —2 

Solve  each  of  the  following  systems  by  first  making  a  substitution  that 
yields  a  linear  system;e.g.,  let  u  =  1/x  and  v  =  \/y  in  (a): 

(a)  3/x  +  A/y  =  6  (c)   5  log  *  —     logy  =  3 
1/x  —  5/y  =  1  log  *  +  3  logy  =  7 

(b)  2*2  +  3/  =  1  (d)  4  sin  *  -      siny  =  1 
*2  +  2j;2  =  3  2  sin  *  -f-  3  sin  )>  =  4 


(a) 

*  +  2y 
x  —  2y 
2x  +  Ay  - 

2z  = 

1 
3 

5 

(b) 

x  +  3y  —  Az  = 
2*  -    j;  +  22-  = 
4*  —  6y  +    z  = 

4 

13 
1 
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5.  Use  a  system  of  two  equations  in  two  unknowns  to  find  what  quantities 
of  coffee  worth  75<£  a  lb  and  $1.15  a  lb  are  needed  to  produce  a  blond 
worth  85^  a  II). 

6.  The  sum  of  the  digits  of  a  two-digit  integer  is  13.  The  number  formed 
by  reversing  the  digits  is  9  greater  than  the  original  number.  Find  the 
number. 

62      MATRICES 


The  process  of  solving  a  system  of  linear  equations  by  reducing  it  to 
triangular  form  requires  the  writing  of  a  number  of  equivalent  sys- 
tems. We  can  cut  down  the  amount  of  labor  involved  in  this  process 
by  using  a  notation  in  which  the  x's,  y's,  and  the  like,  need  not  be 
copied  down  every  time  we  write  out  a  new  equivalent  system. 
To  illustrate  this  notation,  consider  the  system 


i* 


62-1 


3y  +    z  =  5 
x  +  Ay  -  3z  =  2 
2x  +  \z  =  - 1 


The  coefficients  can  be  exhibited  as  an  array  of  numbers : 


62-2 


-3 
4 
0 


The  numbers  on  the  right-hand  sides  of  Equations  62-1  can  be  dis- 
played as  the  array : 


62-3 


An  array  of  numbers  such  as  62-2  is  called  a  matrix.  In  partic- 
ular, 62-2  is  the  coefficient  matrix  of  System  62-1.  We  combine 
the  two  arrays  62-2  and  62-3  to  get  the  augmented  matrix  of  Sys- 
tem 62-1, 


1 

2 

-3 

1 

51 

1 

4 

-3 

2 

2 

0 

i 

4 

-1_ 
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It  is  easy  to  construct  the  augmented  matrix  that  corresponds  to  a 
given  system  of  linear  equations.  We  must  arrange  the  system  so 
that  each  column  of  the  matrix  represents  the  coefficients  of  the  same 
letter,  of  course,  and  we  must  decide  which  column  corresponds  to 
which  letter.  But  once  we  have  disposed  of  these  points,  we  have  a 
unique  matrix  that  represents  the  system.  Conversely,  given  the 
augmented  matrix  it  is  easy  to  find  the  system  of  equations  that  gives 
rise  to  it.  For  us,  the  concept  of  a  matrix  is  nothing  more  than  a 
device  to  save  us  the  trouble  of  writing  out  the  #'s,  y's,  z's,  and  the 
like,  of  a  system  of  linear  equations. 

We  can  translate  the  operations  that  we  used  to  obtain  equivalent 
systems  of  equations  from  a  given  system  into  operations  to  be  per- 
formed on  the  rows  of  numbers  in  the  augmented  matrix  of  the  sys- 
tem. These  operations  always  produce  a  matrix  of  an  equivalent  system  of 
equations.     They  can  be  summarized  as  follows: 

Operation  62-1.      We  can  interchange  any  two  rows  in  a  matrix. 

Operation  62-2.     We  can  multiply  any  row  by  a  non-zero  number. 

Operation  62-3.  We  can  replace  any  row  by  the  sum  of  a  non-zero  multi- 
ple of  itself  and  a  multiple  of  any  other  row. 

Example  62-1.     Solve  System  61-2  by  matrix  operations. 

Solution.     The  system  is 

2x  +  3y  =  4 
6x  -  2y  =  -10, 


so  the  corresponding  matrix  is 


[ 


2         3 
6     -2 


10 


We  multiply  the  second  row  by  §  to  obtain  the  matrix 

G-?l-!} 

We  now  add  3  times  the  second  row  to  the  first  to  obtain  the  matrix 

i 


11  0 

3         1 


i] 
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This  matrix  represents  the  system 

11*  -  -11 

3x  —  y  =     —  5, 

for  which  the  solution  *  =  —  1  andj>  =  2  is  easily  found. 

Example  62-2.     Use  matrix  operations  to  solve  System  61-8. 
Solution.     The  matrix  that  corresponds  to  System  61-8  is 


1 

-6 

2 

5 

2 

-3 

1 

4 

3 

4 

-1 

-2 

If  we  add  the  last  row  to  the  second  row,  and  add  twice  the  last  row 
to  the  first,  we  obtain  the  matrix 


7 

2 

0 

1 

5 

1 

0 

2 

3 

4 

-1 

-2 

Now  subtracting  twice  the  second  row  from  the  first  produces  the 
matrix 


-3 

0 

0 

-3 

5 

1 

0 

2 

3 

4 

-1 

-2 

62-4 


62-5 


This  is  the  matrix  of  System  61-10,  from  which  we  easily  obtained 
the  solution  to  the  original  system. 

Example  62-3.     Solve  the  system  of  equations 
2x  —   j>  +     z  —  w  =  —  1 
x  +  3y  —  2z  =  —  5 

3*  —  2y  -\-  Aw  =  1 

—  x  +  jy  —  3z  —  zf  =  —6. 

Solution.     The  matrix  of  this  system  is 

2  -1 
1         3 

3  -2 
-1  I 


1 

-1 

-11 

2 

0 

-5 

0 

4 

1 

3 

-1 

-6_ 
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First  we  multiply  the  last  row  by  4  and  add  to  the  third,  then  we 
subtract  the  last  row  from  the  first  to  produce  the  matrix 


62-6 


3 

-2 

4 

0 

5 

1 

3 

-2 

0 

-5 

1 

2 

-12 

0 

-23 

1 

1 

-3 

-1 

-6 

The  fourth  column  is  now  in  satisfactory  form,  so  we  concentrate  on 
the  first  three  rows  and  work  to  obtain  zeros  in  the  third  position  in 
the  first  two  rows.  We  multiply  the  second  row  by  6.  Then  we 
subtract  the  third  row  from  this  new  second  row.  Now  we  multiply 
the  first  row  by  3  and  add  the  third  row.  These  operations  yield  the 
matrix 


62-7 


8-4  0  0 

7       16  0  0 

-1         2  -12  0 

-1          1  -3  -1 


-7 

-23 

-6 


Now  we  add  the  second  row  to  4  times  the  first  and  obtain  the  matrix 


62-8 


39  0 

7  16 

-1  2 

-1  1 


0 

0 

-12 

-3 


0 

-391 

0 

-7 

0 

-23 

-1 

-6_ 

This  matrix  is  the  matrix  of  the  system  of  equations  in  triangular  form 


62-9 


39* 

Ix  +  \6y 

—  x  +    2y  —  12z 

—  x  +      y  —     3z 


=  -39 

=  -7 

=  -23 

w  =  —6. 


From  System  62-9,  we  readily  find  the  solution  to  be  x  =  —  1,  y 
z  =  2,  and  w  =  1. 


A  little  practice  with  matrix  operations  will  enable  you  to  pick  up 
a  fair  degree  of  speed  in  solving  systems  of  linear  equations.  There 
is  nothing  fixed  about  the  sequence  of  operations  that  are  performed. 
The  above  systems  could  have  been  reduced  to  triangular  form  in  a 
slightly  different  manner  without  affecting  the  solution.  The  exact 
procedure  to  follow  is  a  matter  of  individual  choice. 
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Problems  62 

1.  Form  an  augmented  matrix  associated  with  each  of  the  following  systems: 

(a)  x  -  2y  =  3  (b)  Xl  -  x6  =  1 

y  —  3z  =  4  *2  +  #a  +  *4  =  6 

*  +  3    =  2z  3x3  —  x4  +  *5  =  7 

*2  +  *5  =  3 

*1  +      *3  +  *4  +     6    =   *5 

2.  Use  matrix  notation  to  solve  the  following  systems: 


(a)  2x  +  3y  =  1 

(c)      t  —  v  =  1 

a;  +  2jy  =  5 

2v  -  t  =  4 

(b)  2x  -  3y  =  14 

(d)    x  —   zj  =  2 

5*  -  \y  =  6 

zx  +  2y  =  3e 

Finish  solving  System 

62-1. 

Use  matrix  notation  to  solve  the  following  systems: 

3. 

4. 

(a)  2r  +  3*  -  t  =  3  (c)       2*  +  4y  -  z  +  3w  =  14 

s  -\-  t  =  r  -2x  +  2y  +  3z  -  2w  =  -13 

s  -     r  -  t  =  \  2x  -  2y  +  2z  +  w  =  5 

3x  —  Ay  —  2z  +  w  =  11 

(b)  X  —  jy  =  z  (d)  4x  —  Ay  +  z  +  w  —  v  =  2 
2*  -  3z  =  -  5  3y  +  4z  +  2w  -  v  +  5    =  0 

x  +  2jy  +  z  =  3  4x-jy  +  z-^  =  2 

2x  —  2y  —  z  +  2w  =  3 
4y  +  3*  -  «  +  2»  +'  1    =0 

5.  Let  ^4,  5,  and  C  denote  the  degree  measure  of  three  angles  of  a  triangle. 
One  angle  is  20°  less  than  the  sum  of  the  other  two,  and  10°  more  than 
the  positive  difference  of  the  other  two.     Find  the  measures  of  the  angles. 

6.  Three  pipe  lines  supply  an  oil  reservoir.  The  reservoir  can  be  filled 
by  pipes  A  and  B  running  for  6  hr,  or  by  pipes  B  and  C  running  for  8  hr, 
or  by  pipes  A  and  C  running  for  10  hr.  How  long  does  it  take  to  fill 
the  tank  if  (a)  all  three  pipes  run?  (b)  pipe  A  is  used  alone? 

7.  LetP(x)  =  x*  +  ax2  +  bx  +  c.  If  we  know  that  P(l)  =  4,P(-1)  =  -2, 
and  P{2)  =  4,  find  the  values  of  a,  b,  and  c. 

8.  You  are  told  that  a  bag  of  30  coins  contains  nickels,  dimes,  and  quarters 
amounting  to  $3,  and  that  there  are  twice  as  many  nickels  as  there  are 
dimes.     Should  you  believe  it? 

63   DEPENDENT  AND  INCONSISTENT  SYSTEMS 

For  each  system  of  linear  equations  that  wc  have  seen  thus  far,  there 
has  been  exactly  one  set  consisting  of  numbers  that  satisfy  all  the 
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equations — that  is,  there  has  been  just  one  solution  to  the  system. 
We  will  call  a  system  of  linear  equations  with  just  one  solution  a 
determinative  system.  Not  all  systems  are  determinative.  A  sys- 
tem may  have  no  solution,  in  which  case  we  say  that  the  system  is 
inconsistent.  An  inconsistent  system  of  equations  imposes  contra- 
dictory conditions  on  the  unknowns.  On  the  other  hand,  a  system 
may  have  infinitely  many  solutions,  in  which  case  the  system  is  called 
dependent.  The  equations  of  a  dependent  system  impose  too  few 
conditions  on  the  unknowns  to  determine  them  uniquely.  The 
method  of  solving  systems  of  linear  equations  by  trying  to  reduce 
them  to  triangular  form  is  still  applicable  to  inconsistent  and  depend- 
ent systems.  In  fact,  this  method  will  enable  us  to  tell  when  these 
conditions  occur.  The  following  examples  illustrate  how  we  can 
detect  these  situations. 

Example  63-1.     Solve  the  system  of  equations 
2x  —    y  +    z  =  1 
63-1  x  +  2y  -    z  =  3 

x  +  ly  -  4z  =  2. 


Solution.     Using  matrix  notation,  the  various  steps  in  reducing  the 
system  to  triangular  form  appear  as 


2 

-1 

1 

1 

1 

2 

-1 

3 

— > 

1 

7 

-4 

2_ 

9     3 

0 

6 

3     1 

0 

10 

— > 

1     7 

-4 

2_ 

0 

0 

0 

-24 

3 

1 

0 

10 

1 

7 

-4 

2_ 

The  third  matrix  results  from  subtracting  3  times  the  second  row  from 
the  first  row  of  the  second  matrix.  This  operation  removes  the  3  in 
the  first  row,  but  also  removes  the  9.  The  final  matrix  can  be  con- 
sidered as  the  matrix  of  the  system 


0 


=  24 


3*  +y  =  10 

x  +  ly  -  Az  =  2. 

We  must  now  interpret  the  presence  of  the  false  statement  0  =  24. 

Logically,  our  argument  runs  as  follows.  If  there  is  a  solution  to 
System  63-1,  then  0  =  24.  Since  0  ?*  24,  we  conclude  that  there 
simply  cannot  be  a  solution  to  System  63-1.  The  system  is  therefore 
inconsistent. 
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Example  63-2.     Solve  the  system  of  equations 
2v  -    y    \      :         I 
63-2  x  -f  ly  -    z  =  3 

x  +  ly  —  Az  =  8. 

Solution.     (Note  that  this  system  is  very  similar  to  the  system  in  Ex- 
ample 63-1.)     In  this  case,  the  matrix  reduction  is  as  follows: 


2 

-1 

1 

1 

9     3 

0 

12 

0     0 

0 

0 

1 

2 

-1 

3 

— > 

3     1 

0 

4 

-> 

3     1 

0 

4 

1 

7 

-4 

8 

1     7 

-4 

8 

1     7 

-4 

8 

The  last  matrix  is  the  matrix  of  the  system 

0  =0 


63-3 


3#  +    y 

x  +  ly  - 


8. 


Unlike  Example  63-1  (which  yielded  0  =  24),  the  first  equation  here 
is  of  absolutely  no  help.  There  is  nothing  false  about  the  statement 
that  0  =  0,  but  it  doesn't  tell  us  anything  we  didn't  already  know. 
Now  there  are  many  solutions  to  System  63-3.  For  instance,  we  could 
choose  x  =  1;  then  j;  =  1,  and  z  =  0.  Or  if  x  =  0,  then  y  =  4  and 
z  =  5.  Indeed,  if  t  is  any  number,  then  a  solution  to  System  63-3 
(and  hence  to  System  63-2)  is  x  =  /,  y  =  4  —  3/,  and  z  =  5  —  St. 
System  63-2  is  dependent. 

If  a  system  consists  of  two  linear  equations  in  two  unknowns,  and 
all  the  given  numbers  are  real,  there  is  a  simple  way  of  interpreting 
geometrically  the  meaning  of  inconsistency  and  dependence.  Recall 
(see  Section  51)  that  a  linear  equation 

63-4  ax  -\-  by  =  c, 

where  a,  b,  and  c  are  real  numbers,  is  the  equation  of  a  line.     The 
pair  of  equations 


63-5 


ax  +  by  =  c 
dx  +  ey  —  f 


therefore  represents  two  straight  lines.     Now  there  are  three  possi- 
bilities concerning  the  intersection  of  these  two  lines. 
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Case  I.  The  two  lines  of  Equations  63-5  may  intersect  in  a  single 
point  Oojo). 

In  this  case  the  point  (x0,yo)  is  the  one  and  only  point  that  lies  on 
both  lines.  Hence,  the  coordinates  of  this  point  are  the  only  num- 
bers that  satisfy  both  equations,  and  so  there  is  only  one  solution  to 
System  63-5.  In  geometrical  terms,  finding  the  solution  to  a  deter- 
minative system  of  two  linear  equations  means  finding  the  coordinates 
of  the  point  of  intersection  of  the  two  lines  represented  by  the  equa- 
tions. 

Case  II.  The  two  lines  of  System  63-5  may  be  parallel  and  non- 
intersecting. 

In  this  case  there  are  no  points  that  lie  on  both  lines.  Therefore, 
there  are  no  points  whose  coordinates  satisfy  both  equations.  Thus, 
there  is  no  solution  to  System  63-5.  The  system  is  therefore  incon- 
sistent. 

Case  III.  Both  equations  of  System  63-5  may  represent  the  same 
line. 

In  this  case  every  point  that  is  on  one  line  is  on  the  other.  In 
other  words,  every  pair  of  numbers  (x,y)  that  satisfies  one  equation, 
satisfies  the  other,  and  the  System  63-5  is  dependent. 

The  results  of  this  analysis  may  be  put  in  tabular  form. 


Type  of  System 


Description  of  Graph 


Determinative 

Inconsistent 

Dependent 


Two  intersecting  lines 
Two  parallel  lines 
One  line 


Problems  63 

1.  Find  a  solution  to  System  63-2  such  that: 

(a)  x  =  - 1  (c)  x  =  1  +  i 

(b)  y  =  3  (d)  x  =  V3  +  i 

2.  The  augmented  matrix  of  a  given  system  of  equations  is 


Is  the  system  determinative? 


24     0 

0 

0 

1      2 

0 

2 

3     4 

1 

5_ 
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3.  Determine  whether  the  following  systems  are  determinative,  inconsistent, 
or  dependent. 

(a)  2x  —  Ay  =  5  (c)  z  —  Ay  =  4 

8j);  -  Ax  =  - 10  3*  -  2y  -  z  =  5 

2x  —  z  =  2 

(b)  2x  -  3y  +     2  =  1  (d)  5x  +  6y  =  z 

x  -  Ay  -    z  =  1  7*  +  6y  —  2*  +  8  =  0 

x  +  2y  +  3z  =  4  3* +  2? -2+5  =  0 

4.  Determine  whether  the  following  systems  are  determinative,  inconsistent, 
or  dependent. 

(a)  2x  -  6y  +  2z  +  lOw  =  -7  (b)  *  +  w  =  3 

2#  +  4jy  —     £:  —     5^  =  6  y  -\-  z  =  —  1 

A:—  3jv+2:+5w=— 3  A+2:   =   l 

2a:  +  2j;  —    2  -f-    3ze;  =  4  y  -\-  w  =  \ 

5.  In  each  case  find  the  point  of  intersection  of  the  pair  of  given  lines  or  show 
that  the  lines  do  not  intersect. 

(a)  2x-  3y  =  1  3^ 

*  +  2>y  =  - 1  ^  y     4  ^ 

(b)  a:  -  y  =  3  3a:  -  Ay  =  2 

,    1        x        .  (d)  2^  -  3j;  =  3 

A'+-    =    _   —    1 

^22  a:  -  4y  =  -4 

6.  Find  the  value  of  k  such  that  the  following  system  is  not  determinative. 

kx  +    jy  —  z  =  1 

#  —  2y  +  z  =  4 

3x  —  3y  -\-  z  =  1 

7.  The  sum  of  the  digits  of  a  three-digit  number  is  14  and  the  middle  digit 
is  the  sum  of  the  other  two  digits.  If  the  last  two  digits  are  interchanged, 
the  number  obtained  is  27  less  than  the  original  number.  Find  the 
number.  Can  you  solve  the  problem  if  all  the  information  is  the  same 
except  that  the  number  obtained  when  the  last  two  digits  are  inter- 
changed is  72  less  than  the  original  number? 

8.  Four  high  schools,  South,  East,  North,  and  West,  have  a  total  enrollment 
of  1000  students.  South  reports  that  10%  of  the  students  make  A's, 
25%  B's,  and  50%  C's;  East  reports  15%  A's,  25%  B's,  and  55%  C's; 
North  reports  25%  A's,  15%  B's,  and  35%  C's;  West  reports  15%  A's, 
20%  B's,  and  40%  C's.  Is  this  information  consistent  with  the  fact  that 
of  the  total  student  enrollment  in  all  four  schools  15%  receive  A's,  25% 
B's,  and  50%  C's? 
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64     SYSTEMS  INVOLVING  QUADRATIC  EQUATIONS 

There  are  times  when  it  is  necessary  to  solve  a  system  of  equations 
in  which  products  of  the  unknowns  appear  in  one  or  more  of  the 
equations.  Systems  60-1  and  60-3  are  of  this  type.  The  solution  of 
the  most  general  system  of  two  quadratic  equations  in  two  unknowns 
is  rather  complicated  and  we  will  not  discuss  it  here.  In  this  section 
we  will  consider  some  isolated  types  of  systems  involving  quadratic 
equations  that  occur  most  often  in  practice. 

If  the  system  consists  of  one  linear  and  one  quadratic  equation,  we 
can  solve  it  by  the  method  of  substitution  suggested  in  Section  60. 


64-1 


Example  64-1.     Solve  the  system 

2x  +  y  —  1 

3x2  —  xy  —  y2  =  —2. 

Solution.  The  first  equation  yields  y  =  1  —  2x,  and  when  we  sub- 
stitute this  result  in  the  second  equation  we  get 

3x2  -  *(1  -  2x)  -  (1  -  2x)2  =  -2, 

so  that  x2  +  3x  +  1  =  0, 

-3+V5                      -3-V5 
*= or    *-- 

We  then  obtain  corresponding  values  ofjy  from  the  relation y  =  1  —  2x. 
In  this  way  we  see  that  the  solutions  to  System  64-1  are 

(pLi^,4-V5)   and    (=l^l<+vs) 

The  substitution  method  may  also  be  used  when  neither  of  the 
equations  is  linear,  as  illustrated  by  the  next  example. 

Example  64-2.  A  publisher  wishes  to  print  a  book  with  1-inch  mar- 
gins at  the  top,  bottom,  inside,  and  outside  of  each  page.  Each  page 
is  to  have  an  area  of  42  square  inches,  and  the  printed  area  is  to  be 
20  square  inches.     What  must  be  the  dimensions  of  the  page? 
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Solution.  Suppose  that  one  edge  of  the  page  is  x  inches  long  and  that 
ihc  other  edge  isy  inches  long.  Then,  since  (he  nrea  of  ihe  page  is  to 
he  42  square  inches,  we  have 

64-2  xy  =  42. 

Now  the  dimensions  of  the  printed  area  are  (x  —  2)  and  (y  —  2),  so 
we  also  have 

64-3  (*  -  2)(y  -  2)  =  20. 

Equations  64-2  and  64-3  taken  together  yield  a  system  of  two  quadratic 
equations: 

xy  =  42 
64-4 

xy  —  2x  —  2y  =  16. 

If  we  solve  the  first  of  these  equations  for  y  and  substitute  the  result 
in  the  second,  we  get  the  equation 

42  -  2x  -  —  =  16. 
x 

This  equation  reduces  to 

x2  -  13*  +  42  =  0     or     (*  -  6)(*  -  7)  =  0. 

Hence,  x  =  6  andjy  =  42/6  =  7,  or  x  =  7  and  y  =  6.  These  solu- 
tions both  say  the  same  thing.  The  dimensions  of  the  page  should  be 
6  inches  by  7  inches. 

Another  non-linear  system  that  is  easy  to  solve  consists  of  two 
equations  of  the  form  ax2  +  by2  =  c.  The  equations  of  such  a  system 
become  linear  if  we  substitute  u  for  x2  and  v  for  y2. 

Example  64-3.     Solve  the  system 

3*2  +  Ay2  =  8 
64-5 

x2  —    y2  =  5. 

Solution.  Substituting  u  for  x2  and  v  for  y2  leads  to  the  system  of  linear 
equations 

3u  +  Av  =  8 

u  —     v  =  5. 

The  solution  to  this  linear  system  is  u  =  4  and  z>  =  —  1.  Therefore, 
the  solution  to  System  64-5  is  given  by  the  following  table. 
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x     |     2  2  -2  -2 

y  "  |      z  —i  i  —i 


Other  systems  that  involve  quadratic  equations  may  be  solved  by 
replacing  the  given  system  with  an  equivalent  system  that  is  easier 
to  solve. 


64-6 


Example  64-4.     Solve  the  system 

2x2  -\-  xy  —    y2  =  2 
6x2  —  xy  —  Ay2  =  4. 

Solution.     If  we   subtract   twice   the  first    equation   from   the   second 
equation,  we  obtain  the  equivalent  system 

2x2  +    xy  —    y2  =  2 

2x2  —  3xy  —  2y2  =  0. 

After  the  second  equation  is  factored,  the  above  system  becomes 

2x2  +  xy  —  y2  =  2 

(2x+y)(x-  ly)  =  0. 

Clearly  this  latter  system  is  equivalent  to  the  following  two  systems: 

2x2  +  xy  -  y*  =  2 

2x  +  y  =  0. 

2x'2  +  xy  —  y2  =  2 

x  —  2y  =  0. 

We  can  now  solve  both  of  these  systems  by  substitution.  Substituting 
y  =  —2x  in  the  first  equation  of  System  64-7  yields  the  solution 
x  =  i/v2  and  x  =  —  i/V 2,  so  the  solution  to  System  64-7  is 
(i/^/2,  —is/2)  and  (— i/V?,  i\Zl).  Similarly,  the  solution  to  System 
64-8  is  (2V2/3,  V2/3)  and  (-2^2/3,  -V2/3).  Thus,  the  solution 
to  System  64-6  consists  of  the  four  number  pairs:  (i/v  2,  —  jv  2), 
(-1/V2,  iV2),  (2V2/3,  V2/3),  and  (-2V2/3,  -V2/3). 


1  ne  methods  we  have  discussed  in  this  section  are  by  no  means 
exhaustive.     It  can  be  shown  that  any  two  equations  of  the  form 


64-7 


64-8 
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ax2  +  bxy  +  cy2  +  dx  +  ey  =  f 
may  be  solved  algebraically. 


Problems  64 

1.  Solve  the  following  systems: 

(a)            2x  —  y    =  —  3 

(c) 

y2  =  4x 

x2  +  xy  —  y2  =  —  1 

3x  -  5y  =  13 

(b)         Xj>  +  6  =  0 

(d) 

y    =  mx  -\-  c 

X  +  y  +    1    =    0 

X2           V2 

-  +  —  =  1 
a2^  b2 

2.  Solve  the  following  systems: 

(a)  2x2  -    y2  =  22 

(c) 

a2x2  +  by  =  a2b2 

*2  -  3/  =  21 

b2x2  +  a2y2  =  a2b2 

(b)  Ax2  +  9/  =  36 

(d) 

ax2  +  by2  =  r 

3r>  _  5/  =  27 

ex2  +  dy2  =  s 

3.  Solve  the  following  systems: 

(a)   2x2  -  3xy  -  2y2  =  0 

(c) 

xy  +  4jv2  = 

#2  +    xy  —    y2  =  45 

a:2  +  2^y  —  4jv2  = 

(b)  r2  +  2*j;  -  y2  =  4 

(d) 

a:2  —  Axy  —  3y2  -\ 

0 
0 
r  14  =  0 

x2  -  3xy  +/  =  -4  6a2  +  bxy  +  2/  =  9 

4.  Find  the  lengths  of  the  sides  of  a  right  triangle  if  the  hypotenuse  is  34  in. 
and  the  area  is  240  sq  in. 

5.  A  box  with  a  volume  of  80  cu  in.  is  to  be  constructed  by  cutting  2-in. 
squares  from  the  corners  of  a  rectangular  piece  of  cardboard  and  then 
bending  up  the  sides  and  tying  a  piece  of  string  around  them  to  hold 
them  up.  If  the  piece  of  string  required  is  27  in.  long  (including  1  in. 
for  making  the  knot),  what  should  be  the  dimensions  of  the  original  piece 
of  cardboard? 

6.  Solve  the  system 

x  -\-j>    =  4. 

7.  The  area  of  the  base  of  a  rectangular  box  is  a  sq  ft,  the  area  of  one  side 
is  b  sq  ft,  and  the  area  of  the  end  is  c  sq  ft.     What  is  the  volume  of  the  box? 

65     THE  DETERMINANT  OF  A  SQUARE  MATRIX 

We  have  found  that  matrix  notation  is  useful  because  it  saves  us  the 
trouble  of  copying  down  x's,  y9s,  z's,  and  plus  signs  while  solving  a 
system  of  linear  equations.     Actually,  we  have  barely  scratched  the 
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surface  of  the  important  and  useful  theory  of  matrices.  In  this  sec- 
tion and  the  next  we  shall  present,  largely  without  proofs,  a  few  of 
the  results  of  matrix  theory  that  you  are  likely  to  encounter  again. 

For  us,  a  matrix  is  simply  an  array  of  numbers  written  in  rows  and 
columns.  If  the  number  of  rows  of  a  matrix  is  the  same  as  the  num- 
ber of  columns,  then  the  matrix  is  a  square  matrix.  The  order  of  a 
square  matrix  is  the  number  of  rows  (or  columns)  of  the  matrix. 
The  matrix 

'1     2     3" 

4     5     6 

7     8     9 


for  example,  is  a  square  matrix  of  order  3. 
matrix 


In  particular,  the  square 


e.j] 


is  the  coefficient  matrix  of  the  system  of  linear  equations 

ax  +  by  —  r 
ex  +  dy  =  s. 


65-1 


With  each  square  matrix  we  associate  a  number,  called  the  deter- 
minant of  the  matrix.  This  number  tells  us  something  about  the 
solutions  to  a  system  of  equations  for  which  the  given  matrix  is  the 
coefficient  matrix.  First  we  shall  discuss  matrices  of  order  2.  In 
the  following  section  we  shall  consider  matrices  of  higher  order. 

Definition  65-1.     The  determinant  of  the  square  matrix  is  the 

number  ad  —  be,  and  we  denote  this  number  by 


a     b 
c     d 


Thus, 


a    b 

c    d 


=  ad  —  be. 


Example  65-1.     Find  the  determinant  of  the  matrix 


"[2  3} 


Solution.     According  to  Definition  65-1 
1     2 


2     3 


-  1 


2  •  2  =  -1, 
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Now  let's  look  at  System  65-1.  It  would  be  ridiculous  to  consider 
a  system  in  which  all  the  coefficients  a,  b,  c,  and  d  are  zero,  so  we  will 
assume  that  at  least  one  of  them  is  not  zero.  Then,  by  interchanging 
the  equations  or  by  interchanging  x  and  y  and  relettering  if  necessary, 
we  can  always  arrange  the  system  so  that  d  ^  0.  So  let  us  assume 
that  d  ?±  0  and  solve  System  65-1  by  matrix  reduction: 


'ad  —  be 


0 


rd  —  bs 


(We  multiplied  the  first  row  of  the  first  matrix  by  d  and  subtracted  b 
times  the  second  row  to  get  the  second  matrix.) 
System  65-1  is  therefore  equivalent  to  the  system 

(ad  —  be)  x  =  rd  —  bs 

65-2 

ex  +  dy  =  s. 

We  can  now  easily  obtain  the  following  facts  about  System  65-1 
from  the  equivalent  System  65-2. 

(i)   If  ad  —  be  =  0  and  rd  —  bs  t^  0,  the  system  is  inconsistent, 
(ii)   If  ad  —  be  =  0  and  rd  —  bs  =  0,  the  system  is  dependent, 
(hi)   If  ad  —  be  9^  0,  the  system  is  determinative. 

We  therefore  have  the  following  theorem. 


Theorem  65-1.     A  system  of  two  linear  equations  in  two  unknowns  is 
determinative  if,  and  only  if,  the  determinant  of  the  coefficient  matrix  is  not  zero. 


If  the  numbers  r  and  s  are  both  0,  then  System  65-1  is  said  to  be 
homogeneous,  and  reduces  to  the  system 


65-3 


ax  +  by 

ex  +  dy 


Obviously,  one  solution  to  System  65-3  is  the  pair  x  =  0,  y  =  0. 
A  question  that  arises  very  often  in  the  applications  of  mathematics  is, 
"Under  what  circumstances  does  a  homogeneous  system  possess 
solutions  other  than  the  'trivial'  solution  x  =  0,  y  =  0?"     Theorem 

65-1  gives  us  a  partial  answer.     If  the  determinant  ^  0,  System 
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65-3  is  determinative;  that  is,  it  has  exactly  one  solution.  And  since 
the  pair  x  =  0,  y  =  0  is  a  solution,  we  see  that  there  can  be  no  others. 
Thus,  System  65-3  can  have  a  "non-trivial"  solution  only  if  the  deter- 
minant of  the  coefficient  matrix  is  zero.  The  complete  answer  to 
our  question  is  contained  in  the  next  theorem. 


Theorem  65-2.  The  homogeneous  System  65-3  has  a  solution  in  addition 
to  the  trivial  solution  x  =  0,  y  =  0,  if,  and  only  if,  the  determinant  of  the 
coefficient  matrix  is  zero. 

Proof.  We  must  show  that  if  ad  —  be  =  0,  then  System  65-3  has 
a  solution  (x,y)  in  addition  to  (0,0).  If  all  the  coefficients  a,  b,  c, 
and  d  are  0,  then  any  pair  of  numbers  {x,y)  satisfies  System  65-3. 
So  let  us  suppose  that  at  least  one  of  the  coefficients,  say  d,  is  not  0. 
Then  the  pair  (d,—c)  is  not  the  pair  (0,0),  and  (d,—c)  satisfies  the 
second  equation  of  System  65-3,  as  we  can  see  by  substitution.  If 
we  substitute  d  for  x  and  —  c  for  y  in  the  left-hand  side  of  the  first  of 
Equations  65-3,  we  obtain  ad  —  be,  the  determinant  of  the  coefficient 
matrix.  This  number  is  0  by  hypothesis,  so  we  see  that  the  pair 
(d,—c)  satisfies  both  equations  of  System  65-3. 

Now  let  us  suppose  that  System  65-1  is  determinative.  From 
Equations  65-2  we  see  that 


65-4 


rd  —  bs 
ad  —  be 


r 

b 

s 

d 

a 

b\ 

c 

d\ 

Note  that  we  can  obtain  the  determinant  in  the  numerator  from  the 
determinant  of  the  coefficient  matrix  by  replacing  the  coefficients  of 
the  x  terms  with  the  letters  on  the  right-hand  sides  of  Equations  65-1. 
You  can  easily  verify  that  y  can  be  written  in  determinant  form  as 


65-5 


Here  we  obtain  the  determinant  in  the  numerator  from  the  determi- 
nant of  the  coefficient  matrix  by  replacing  the  coefficients  of  the 
y  terms  with  the  letters  on  the  right-hand  sides  of  Equations  65-1. 


a 

r 

c 

s 

a 

b 

c 

d 
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Example  65-2.     Write  the  solution  to  the  system 

2x  +    iry  =  Vl7 
ix  -  23y  =  89 
as  the  quotients  of  determinants. 

Solution.  The  determinant  of  the  coefficient  matrix  of  this  system  is 
—  46  —  7i7,  which  is  not  0.  Hence,  we  may  use  Equations  65-4  and 
65-5  to  write 


Vl7        it 
89     -23 


/ 


7T 

-23 


and     v  = 


Vl7 
89 


/ 


jr 
-23' 


The  following  theorem  lists  a  number  of  useful  facts  concerning 
the  determinant  of  a  matrix  of  order  2. 

Theorem  65-3.     For  a  matrix  of  order  2. 

(i)  Interchanging  the  rows  and  columns  of  a  matrix  does  not  affect  the 
value  of  its  determinant;  that  is, 


a     c\ 
b     d\ 


(ii)  Interchanging  two  rows  {or  columns)  of  a  matrix  changes  the  algebraic 
sign  of  the  determinant;  that  is, 


c     d 
a     b 

=  — 

a     b 
c     d 

and 

b     a 
d     c 

=  — 

a     b 
c     d 

(iii)  If  any  row  {or  column)  of  a  matrix  is  multiplied  by  a  number  k,  the 
determinant  also  is  multiplied  by  the  number  k;  for  example, 


ka     kb 

=  k 

a     b 

and 

ka     b 

=  k 

a     b 

c       d 

c     d 

kc     d 

c     d 

(iv)  If  a  multiple  of  any  row  {or  column)  is  added  to  any  other  row  {or 
column)  the  value  of  the  determinant  is  unchanged;  for  example, 


a  +  kc     b  +  kd 
c  d 


and 


a  +  kb     b 

c  +  kd    d 


a     b 
c     d 


You  can  easily  verify  the  equations  listed  in  the  theorem  by  usini 
Definition  65-1.     For  example, 


ka     kb 
c       d 


=  kad  —  kbc  =  k{ad  —  be) 
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Problems  65 

1.  Find  the  determinants  of  the  following  matrices: 


2.  Solve  for  x: 

2      1 


(a) 
(b) 


=  0 


—  1      x\ 

x  3     | 

2      *-.l 


(c) 

(d) 


*  -2 

a:  -  4  x2  -  2 

x2  +  1  * 

*  +  3  x  +  1 


=  0 
=  0 


3.  For  what  numbers  x  is  the  following  inequality  true? 


x     1 

5     2 


< 


2  x 

3  5 


4.  Prove  that  System  65-3  is  dependent  if  the  determinant  of  the  coefficient 
matrix  is  zero. 

5.  Prove  that  if  the  determinant  of  the  coefficient  matrix  of  System  65-3 
is  zero,  then  for  any  number  k,  the  pair  (kd,  —kc)  is  a  solution  to  the 
system. 

6.  Find  three  solutions  to  the  system 

2x  -  Ay  =  0 

-\x  +  y  =  0. 

7.  Write  the  solution  to  each  system  in  determinant  form. 

(a)  3x  —  Sy  =  7  (c)   a\x  +  b\y  +  c\  =  0 

jy  —  4*  =  —  2  a2x  +  ^2jv  +  £2  =  0 

(b)  z*  —  7ry  =  4  (d)  x  log  #  =  Ay  —  7 

x  —  3y  =  V5  jy  log  b  =  9x  +  5 

8.  Prove  part  (iv)  of  Theorem  65-3. 

9.  Prove  that  the  determinant  of  a  matrix  of  order  2  that  has  two  identical 
columns  (or  two  identical  rows)  is  zero. 

10.  Prove: 


(a) 
(b) 


a  +  u  b 

c  +  v  d 

a  +  u  b  -\-  v 
c  d 


+ 


u     b 
v     d 

+ 


u     v\ 

c       d\ 
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66      THE  DETERMINANT  OF  A  SQUARE  MATRIX 
OF  ORDER  GREATER  THAN  2 

The  numbers  a  and  d  are  called  the  diagonal  numbers  of  the  matrix 

[If  b  =  0,  the  determinant  of  the  matrix  is  ad  —  be  =  ad  — 
c     d\ 

0  •  c  =  ad,  the  product  of  the  diagonal  numbers.     Any  square  matrix 

can  be  reduced  to  a  form  in  which  all  the  numbers  above  the  diagonal 

numbers  are  zero  by  using  Operations  62-1,   62-2,  and  62-3,  and 

Theorem  65-3  tells  us  how  these  operations  affect  the  determinant 

of  a  matrix.     One  method  of  calculating  the  determinant  of  a  matrix 

of  order  2  therefore  consists  of  the  following  steps. 

(i)  Reduce  the  matrix  to  a  form  in  which  b  =  0,   taking  into 
account  the  effect  of  our  matrix  operations  on  the  value  of 
the  determinant, 
(ii)   Compute  the  product  of  the  diagonal  numbers  of  the  resulting 
matrix. 

The  table  below  shows  how  operations  on  matrices  affect  the  corre- 
sponding determinants.  You  can  verify  the  facts  contained  in  the 
table  by  referring  to  Theorem  65-3. 


Item 

Matrix  operations 

Determinants  of 
corresponding  matrices 

Operation  62-1 
Interchanging  rows 

[:  J]-C  a 

a     b 
c      d 

=   - 

c     d 
a     b 

Operation  62-2 
Multiplying  a  row  by 
a  non-0  number  k 

[;  a-p  1] 

a     b\  _  Ilka     kl 
c     d\        k\  c       d 

) 

Operation  62-3 
Adding  a  multiple  of 
one  row  to  another  row 

fa     blVa  +  kc     b  +  kdl 
b     <d       L      c             d      \ 

\a     b 
\c      d 

= 

a 

+  kc 
c 

b  +  kd\ 
d 

II     21 
Example  66-1.     Find  the  number  by  following  steps  (i)  and  (ii). 


Soluti 


[1     21 
to  triangular  form  by  per- 
forming the  following  sequence  of  steps  (the  numbers  under  the  arrows 
indicate  which  operation  we  carried  out) : 
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L.3     4j  (62-2)  L3     4 J  (62-3)  L     3     4 J" 

We  find  the  corresponding  relations  among  the  determinants  fr 
the  table  on  p.  288: 


1     2 

1 

2     4 

i 

-1     0 

3     4 

—    2 

3     4 

—  2 

3     4 

|(-l)-4=  -2. 


This  answer  agrees  with  the  result  we  get  by  evaluating  the  determinant 
directly  from  Definition  65-1. 

It  would  have  been  simpler  to  calculate  the  determinant  in  Exam- 
ple 66-1  directly.  But  we  chose  the  more  complicated  procedure 
outlined  in  the  example  because  this  procedure  also  can  be  used  to 
calculate  determinants  of  order  greater  than  2.  There  is  no  simple 
way  to  calculate  such  determinants.  The  following  theorem,  which 
we  won't  prove,  tells  us  something  about  determinants  of  any  order. 

Theorem  66-1.      With  a  square  matrix  of  any  order  we  can  associate  a 
number,  called  the  determinant  of  the  matrix,  such  that, 

(i)  statements  (i),  (ii),  (iii),  and  (iv)  in  Theorem  65-3  are  valid,  and 
(ii)  the   determinant   of  a   matrix   in  which  all  the  numbers  above  the 
diagonal  numbers  are  0  is  the  product  of  the  diagonal  numbers. 

As  you  read  the  solution  to  the  following  example,  note  which  of 
the  Operations,  62-1,  62-2,  or  62-3,  we  used  to  proceed  from  one  array 
of  numbers  to  the  next,  and  use  the  table  on  p.  288  to  see  how  the 
application  of  these  operations  changes  the  numbers  that  multiply  the 
determinants. 


Example  66-2.     Evaluate  the  determinant 


1     1         2 
1     1      -1 

3     4         2 


Solution.     According  to  Theorem  66-1. 


1    1 

2 

1 

1         2 

1    1 

-1 

=    — 

3.4         2 

=  — 

3     4 

2 

1     1      -1 

1     0         0 

_       i 

—           2 

5     6         0 

= 

1     1      • 

-1 

3 

3 

0 

6 

6 

5 

6 

0 

_       i 

—           2 

5 

6 

1 

1 

-1 

1 

1 

i  •  1  •  6  •  (-1)  =  3. 


290 


SYSTEMS    OF    EQUATIONS 


§66 


Theorems  corresponding  to  Theorems  65-1  and  65-2  are  also  valid 
for  systems  of  linear  equations  in  more  than  two  unknowns,  but  we 
will  not  prove  them  here. 

Theorem  66-2.     A  system  of  n  linear  equations  in  n  unknowns  is  determina- 
tive if,  and  only  if,  the  determinant  of  the  coefficient  matrix  is  not  zero. 


Theorem  66-3.  A  system  of  n  linear  and  homogeneous  equations  in  n  un- 
knowns, Xi,  X2,  .  .  .  ,  xn,  has  solutions  in  addition  to  the  trivial  solution 
Xi  =  X2  =  .  .  .  =  xn  =  0  if,  and  only  if,  the  determinant  of  the  coefficient 
matrix  is  0. 

You  might  verify  that  the  system 

2x  -    y  +    z  =  0 

x  —  2y  +  2>z  =  0 

3X  -    z  =  o 

has  the  solution  x  =  1,  y ;  =  5,  z  =  3  in  addition  to  the  solution 
x  =  0,  y  =  0,  z  =  0,  and  that  the  determinant  of  the  coefficients  is  0. 
Can  you  find  all  the  solutions  to  this  system? 

By  a  somewhat  lengthy  process,  we  can  show  that  if  the  system 

a\X  +  b\y  +  C\Z  =  d\ 

a2x  +  b2y  +  c2z  =  d2 

azx  +  bzy  +  c3z  =  dz 

is  determinative,  then  the  solution  for  x  can  be  represented  as 


4 

by 

C\ 

dt 

*2 

Cl 

d3 

bz 

Cz 

«i 

h 

C\ 

ai 

h 

Cl 

az 

bz 

Cz 

The  solutions  for  y  and  z  are  written  in  a  similar  way,  and  these 
results  can  be  generalized  to  apply  to  systems  of  n  linear  equations 
in  n  unknowns. 
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Problems  66 

1.  Compute  the  determinant  of  each  matrix  by  the  method  illustrated  in 


Example  66-1. 

1  -1" 

2  1. 
4" 

2 


(a)   [, 


(c) 
(d) 


[ 

|~tan  x       —  1  1 
!|      1         tan  x  J 


sin  x  cos  x 
—  cos*  sin  x 
tan  *       —  1 


] 


2.  Evaluate  the  following  determinants: 


(a) 


(b) 


1 

2 

6 
1 
3 

-1 


(c) 


(d) 


3.  Evaluate  the  following  determinants: 


(a) 


(b) 


2  1 
-1     1 

3  6 
5  2 
0  -1 
0         2 


0 

2 

-2 

1 

3 
-4 


(c) 

-1 

1         1 

1     - 

1         1 

1 

1     -1 

(d) 

1  2     3 

2  0     4 
0     3     0 

4.  Evaluate  the  following  determinants: 


(a) 


1 
-1 
-1 
-1 


1  2 

1  2 

1  2 

1  2 


(b) 


2  0 

0  0 

1  0 
0  4 


1 

3 

5 

1 

1 

0 

0 

6 

5.  Prove  that  the  determinant  of  a  square  matrix  that  has  two  identical 
columns  is  zero. 

6.  Write  the  solution  to  each  of  the  following  systems  in  determinant  form: 


(a)  2x  -  3y 

=  4 

(b)       Xi  ~\        X3   +  *4    =    1 

x  +   y  — 

2z  =  1 

2*1  +      *2  +  *3    =    —  1 

x  —    y  — 

z  =  5 

*i  —      #2  +  X4  =  2 
*2   —    2*3   —    *4    =    1 

Solve  for  x: 

X 

0 

0 

1 

0 
0 

X 

0 

0 

X 

0 
0 

=  0 

1 

0 

0 

X 
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8.  For  what  values  of  k  is  the  following  system  determinative? 

kx  -{- y  =  1 

y  +  z=  \ 
z  +  x  =  1 

9.  For  what  values  of  k  does  the  following  system  have  a  solution  other 
than  the  trivial  solution  (0,  0,  0)? 

x  +  2y  —  z  =  kx 

2x  +    y  —  z  =  ky 

x  —  2y  +  z  =  kz 

10.  Show  that  if  the  three  lines,  a\x  +  bxy  =  c\,  a2x  +  b2y  —  c2,  and  a3x  -f- 
bzy  =  Cz  are  concurrent,  then 

<2i       b\       C\\ 

cli     b2     c2\  =  0. 

#3        ^3        C3| 

Review  Problems,  Chapter  Seven 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  If  t  is  any  real  number  and  r  and  s  are  given  numbers,  solve  the  system 

x  cos  t  —  y  sin  t  =  r 
x  sin  t  -\- y cost  =  s. 

2.  Let  a,  b,  c,  d,  r,  and  s  be  given  numbers.     Suppose  x  and y  are  numbers 
such  that 

ax  -\-  by  =  r 
ex  -\-  dy  =  s, 

and  suppose  («,&)  is  a  solution  to  the  system 

an  -\-  cv  =  0 
bu  +  dv  =  0. 
Show  that  ru  +  sv  =  0. 

3.  Determine  the  values  of  a,  b,  and  c  so  that  the  graph  of  the  equation 
y  =  ax2  +  bx  +  c  passes  through  the  points  (0,3),  (—1,6),  and  (2,9). 

4.  Let  u  —  3  —  2i,  v  =  5  +  6z',  and  k;  =  10  —  2i.     Find  real  numbers  s 
and  /  such  that  su  -\-  tv  =  w. 

5.  The  number  pair  (0,0)  is  a  solution  to  the  system 

(6  -  k)x  -  2y  =  0 
~2x  +  (3  -  k)y  =  0. 
lor  what  values  of  k  does  the  system  have  a  solution  other  than  (0,0)? 

(j.   Find  a  solution  to  the  system 

3.v  -    y  +  2z  =  0 
2x  +  3>>  -    2  =  0. 
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7.  Show  that  the  following  system  is  inconsistent  unless  2r  —  s  —  2>t  —  0. 

x  -+-  3 \y  =  r 
2x  -  3z  =  s 
2y  +    z  —  I. 

8.  Show  that 

0 


x     y 

1 

xi    y\ 

1 

X2   y<i 

1 

is  the  equation  of  the  line  that  is  determined  by  the  points  (x\,y\)  and 

02,J>2). 

9.  An  automobile  factory  makes  both  six-  and  eight-cylinder  cars  that  are 
priced  at  $2200  and  $2500  respectively.  During  one  week  the  plant 
used  2560  pistons  and  produced  cars  worth  $839,000.  How  many 
cars  of  each  type  were  made? 

10.  Suppose  four  horses — A,  B,  C,  and  D — are  entered  in  a  race  and  the 
odds  on  them,  respectively,  are  6  to  1,  5  to  1,  4  to  1,  and  3  to  1.  If 
you  bet  $1  on  A,  then  you  receive  $6  if  A  wins,  or  you  realize  a  net 
gain  of  $5.  You  lose  your  dollar  if  A  loses.  How  should  you  bet 
your  money  to  guarantee  that  you  win  $12  no  matter  how  the  race 
comes  out? 


Miscellaneous  Problems,  Chapter  Seven 

The  exercises  that  follow  are  designed  to  test  your  ability  to  apply  your  knowledge  oj 
systems  oj  equations  and  the  theory  of  matrices  to  more  difficult  problems. 

1.  Solve  the  following  system: 

xy  =  4 

y  =  2x2  -  Ax  +  2 

2.  Solve  the  following  system: 

.      log  (xVf)  =  7 
log  x3y2  =  4 

3.  Solve  the  following  system: 

2X  =  32y 

3    =  x2  -  12/  +  2x 

4.  Show  that  the  three  lines  that  are  defined  by  the  equations  x  —  2y  —  3 
=  0,  2x  -\-  y  +  1  ="0,  and  3x  +  Ay  +  5  =  0  are  concurrent. 

5.  Suppose  you  have  a  combination  of  ten  coins  consisting  of  nickels, 
dimes,  and  quarters  whose  total  value  is  $1.25.  How  many  of  each 
coin  do  you  have? 
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6.  Suppose  you  have  a  rectangular  sheet  of  paper.  Can  you  trim  one 
edge  of  the  paper  to  obtain  a  rectangle  whose  area  and  perimeter  are 
half  the  area  and  perimeter  of  the  original  sheet?  Can  you  do  it  by 
trimming  two  edges? 

7.  Solve  the  following  system: 

*!   +   X2    =    10 
*2  +  #3   -   9 

*3   +  *4    =    8 

X4   +  Xb    =    7 

xb  +  x&  =  6 

*6  +  x7  =   5 
*7  +  *8    =    4 

x8  +  x9  =  3 

*1  +  *9   =   2 


8.  Show  that 


9.  Solve  for  x. 


1       1       1 

Xi       X2        *3 


(#3   —    Xi)(*2   —    *l)(*3   —   #2) 


-2 
-1 


1 
*  +  l 


-2 

1 

x  -  6 


=  0 


10.  Suppose  that  a,  b,  c,  and  d  are  numbers  such  that  (i)  a2  -\-  b2  =  1, 
(ii)  c2  +  d2  =  1,  and  (iii)  AC  +  W  =  0.  Show  that  (iv)  a2  +  c2  =  1, 
(v)  £2  +  d2  =  1,  and  (vi)  ab  +  cd=  0. 


CHAPTER 


EIGHT 


PERMUTATIONS,    COMBINATIONS, 
THE    BINOMIAL    THEOREM, 
AND    PROBABILITY 


One  of  the  significant  trends  in  the  modern-day  use  of 
mathematics  is  the  increasing  use  of  probability  and  statistics  to 
describe  the  world  in  which  we  live.  To  obtain  a  working  knowledge 
of  these  topics  would  require  much  more  space  than  we  have  available 
in  this  book.  There  are,  however,  many  basic  concepts  that  are 
interesting  in  themselves  and  do  not  require  extensive  treatment. 
In  this  chapter  we  shall  consider  some  of  these  elementary  notions 
that  are  basic  to  an  understanding  of  probability  and  statistics. 
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67      FACTORIAL  NOTATION  AND  THE  FUNDAMENTAL  PRINCIPLE 

Products  of  successive  integers,  such  as  1  •  2  •  3  •  4,  will  appear  so 
many  times  in  the  following  pages  that  it  is  convenient  to  have  a 
special  notation  for  them. 

Definition  67-1.  Let  n  be  a  positive  integer.  The  symbol  n\  is  read 
"n  factorial,"  and  represents  the  product  of  all  the  positive  integers  from  1 
to  n;  that  is,  n\  =  1  •  2  •  .  .  .  •  n.  The  symbol  0\  is  defined  as  01  =  1. 
{Note  the  similarity  between  this  meaning  and  the  special  definition  for  zero 
exponents.) 

For  example,  5 !  =  1  •  2  ■  3  •  4  •  5  =  120  and  3!  =  1  •  2  •  3  =  6. 

The  following  theorem  stems  directly  from  the  definition  of  n\. 

Theorem  67-1.     If  n  and  r  are  positive  integers,  and  r  <  n,  then 
n\  =  r\{r  +  l)(r  +  2)  .  .  .  n. 

The  next  example  illustrates  how  Theorem  67-1  is  used  to  simplify 
expressions  that  involve  factorials. 

5!  —  4! 
Example  67-1.     Simplify  the  expression  — — 

Solution.     According  to  Theorem  67-1,  5!  =  4!  •  5  and  6!  =  4!  •  5  •  6. 
Hence, 

5!  -  4!  _  4!(5  =_1)  =   4         2_ 
6!       ~  4!  •  5  •  6  ~  30  ~  15' 


(n  +  2) ! 
Example  67-2.     Find  the  number  n  for  which : =  56. 


Solution.     According  to  Theorem  67-1 
fa  +  2) !       n\(n  +  \)(n  +  2) 


n\ 

n\ 

Thus, 

(n-+ l)(»+.2)  =  56, 

n2  +  3n  -  54  =  0, 
fa  -  6)  fa  +  9)  =  0, 
//  —  6  or  //  =    —  9. 

=  fa  +  l)fa  +  2). 
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Since  we  denned  factorials  for  non-negative  numbers  only,  the  symbol 
(  — 9) !  is  meaningless.     The  solution  to  our  problem  is  therefore  n  =  6. 

If  n  is  a  large  integer,  then  n !  will  be  an  extremely  large  number. 
For  example,  20!  =  2,432,902,008,176,640,000.  The  use  of  loga- 
rithms makes  computations  with  such  large  numbers  much  easier. 
Table  IV  (p.  400)  contains  the  common  logarithms  of  n !  for  values  of  n 
between  1  and  100. 


Example  67-3.     Calculate  N  = 


33137! 
51! 


Solution.     From  Table  IV, 

log  A^  =  log  33 !  +  log  37 !  -  log  51 ! 

=  36.9387  +  43.1387  -  66.1906 

=  13.8768. 
The  approximate  value  of  N  is  7.53  •  1013. 

Let  us  analyze  the  following  problem.  A  freshman  engineering 
student  has  a  choice  of  six  engineering  departments  in  which  to  enroll 
(electrical,  mechanical,  and  so  on),  and  after  graduation  a  choice 
of  three  services  (Army,  Navy,  and  Air  Force)  in  which  to  serve. 
How  many  different  academic- 
service  careers  can  he  choose 
(Electrical-Army,  Aeronautical- 
Air  Force,  and  so  forth)?  We 
can  use  a  diagram  of  the  sit- 
uation to  count  the  various 
possibilities.  In  Fig.  67-1  we 
have  shown  the  "paths"  that 
our  student  may  follow.  Such 
a  diagram  is  called  a  tree.  The 
student  starting  at  point  S  may 
choose  any  one  of  the  six  engin- 
eering branches  of  the  tree,  and 
then  a  service  branch.  We 
find  the  number  of  possible 
choices  he  might  make   simply 


Army 


Navy 

Air  Force 

Army 

rON 

/ 

Navy 

C^ 

.^\ 

Air  Force 

/ 

Army 

Navy 

so^ef0n0UliC 
\^\     c'v'l — 

-    / 

Air  Force 

Army 
Navy 

\ 

Air  Force 
Army 

% 

\/ 

Navy 

V 

\ 

Air  Force 

v 

Army 
Novy 
Air  Force 

Figure  67-1 
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by  counting  the  number  of  service  branches  shown.  There  are  18. 
Note  that  each  of  the  six  engineering  branches  is  the  base  of  three 
service  branches.  Therefore,  the  total  number  of  possibilities  facing 
our  student  can  be  expressed  as  the  product  6  •  3  =  18. 

This  example  illustrates  a  principle  that  is  of  fundamental  im- 
portance in  problems  that  deal  with  enumeration. 


Fundamental  Principle.  Suppose  we  have  two  operations — Operation 
(i)  and  Operation  (ii) — such  that  there  are  m  possible  outcomes  of  Operation 
(i)  and,  after  Operation  (i)  has  been  performed,  n  possible  outcomes  of  Opera- 
tion (ii) .  Then  the  combined  operation  that  consists  of  performing  Operation 
(i)  and  then  Operation  (ii)  has  mn  possible  outcomes. 

Our  freshman  engineering  student  had  six  courses  of  study  and 
three  branches  of  the  service  from  which  to  choose.  The  operations 
referred  to  in  the  Fundamental  Principle  are  (i)  selecting  an  engi- 
neering major  and  (ii)  selecting  a  branch  of  service.  There  are  six 
possible  outcomes  of  Operation  (i)  and  three  possible  outcomes  of 
Operation  (ii),  so  there  are  6  •  3  possible  outcomes  of  the  combined 
operation. 

The  Fundamental  Principle  can  be  extended  to  any  number  of 
operations. 

Example  67-4.  How  many  four-letter  code  words  can  be  formed  from 
the  letters  of  the  alphabet? 

Solution.  In  this  problem  there  are  four  operations  involved:  selecting 
a  first  letter,  selecting  a  second  letter,  selecting  a  third  letter,  and 
selecting  a  fourth  letter.  Since  the  alphabet  contains  26  letters,  each 
operation  has  26  possible  outcomes.  Using  the  extension  of  the 
Fundamental  Principle  to  four  operations,  we  see  that  the  number  of 
possible  four-letter  words  is  26  •  26  •  26  ■  26  =  264. 

Example  67-5.  How  many  two-letter  code  words  can  be  made  from 
the  alphabet  if  no  letter  is  used  more  than  once? 

Solution.  There  are  26  choices  for  the  first  letter.  After  the  first 
letter  has  been  chosen,  there  are  only  25  choices  for  the  second  letter. 
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Therefore,  the  number  of  two-letter  words  that  can  be  constructed 
without  using  a  letter  more  than  once  is  26  •  25  =  650. 

Example  67-6.  In  how  many  ways  may  a  chairman,  vice-chairman, 
and  secretary  be  selected  from  among  the  members  of  a  six-man 
committee?  jl  -  '. 

Solution.  There  are  six  choices  for  chairman.  After  the  chairman  has 
been  selected,  there  are  five  possibilities  for  vice-chairman,  and  then 
four  choices  for  secretary.  There  are  therefore  6  •  5  •  4  =  120  pos- 
sible ways  to  fill  the  positions. 


Problems  67 

1.  Simplify  the  following: 

(a)  W\  (c)  (nlY 


(n-  1)!(*  +  1) 


ru\  5!~8!  (^   (2n) 

(b)  71 — w\  (d) 


4!  -  7!  v   J    2n\ 

2.  Using  Table  IV,  calculate: 

,  ,  21 !  f.    161  •  24! 

(a)  yy  (c)        gl! 

(b)  (13!)(21!)  (d)  6!17!  -  7!16! 

3.  How  many  4-digit  numbers  can  be  formed?  (The  first  digit  cannot 
be  0). 

4.  Draw  a  tree  to  illustrate  how  many  3-digit  numbers  greater  than  665 
can  be  formed  from  the  digits  2,  4,  6,  and  8. 

5.  If  two  dice  are  tossed,  in  how  many  different  ways  can  they  fall?  (The 
question  is  not  how  many  sums  can  be  formed!) 

6.  The  travel  bureau  informs  you  that  the  following  possible  reservations 
are  available  for  your  trip  from  New  York  to  Corpus  Christi:  to  Colum- 
bus, Ohio,  by  rail  or  air;  to  Savannah  by  rail  or  boat;  from  Columbus 
to  Little  Rock  by  air  or  rail;  from  Little  Rock  to  Corpus  Christi  by  rail; 
from  Savannah  to  New  Orleans  by  rail;  from  New  Orleans  to  Corpus 
Christi  by  air,  rail,  or  boat.  Draw  a  tree  that  will  show  all  the  possible 
ways  you  can  make  the  trip. 

7.  A  man  has  12  shirts  and  18  ties.  How  many  different  shirt-tie  com- 
binations can  he  wear?  Suppose  4  shirts  and  8  ties  are  green,  and  that 
8  shirts  and  10  ties  are  blue.  How  many  shirt-tie  combinations  can 
he  wear  if  his  wife  objects  to  a  blue  and  green  combination? 
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8.  How  many  seating  arrangements  are  possible  for  a  class  of  25  students 
in  a  classroom  with  60  chairs?  Suppose  the  front  row  contains  10  chairs 
and  that  there  are  5  girls  in  the  class.  How  many  seating  arrangements 
are  possible  if  the  front  row  is  reserved  for  the  5  girls  and  the  other 
rows  are  reserved  for  the  boys? 

9.  Suppose  that  mathematics  is  offered  at  8,  9,  10,  1,  and  2  o'clock;  English 
at  9  and  2  o'clock;  and  chemistry  at  8,  10,  and  1  o'clock.  How  many 
different  schedules  are  possible  for  a  student  who  is  taking  these  3 
courses? 

10.  How  many  possible  4-letter  code  words  can  be  written  in  which  (a) 
the  first  letter  does  not  appear  again  in  the  word?  (b)  the  same  letter 
is  not  permitted  to  appear  side  by  side? 


i 
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A  permutation  of  a  set  of  objects  is  an  arrangement  of  the  objects 
in  some  order.  The  arrangements  ABDC  and  BADC  are  two  differ- 
ent permutations  of  the  letters  A,  B,  C,  and  D.  Now  we  ask,  "How 
many  different  permutations  of  these  four  letters  are  possible?" 
We  can  find  the  answer  easily  by  using  the  Fundamental  Principle 
stated  in  the  preceding  section.  Note  that  there  are  four  choices 
for  the  first  letter  of  an  arrangement  of  the  letters  A,  B,  C,  and  D. 
Once  we  make  this  choice,  we  have  three  possible  choices  for  the 
second  letter,  two  choices  for  the  third  letter,  and  only  one  choice 
for  the  final  letter.  Thus  there  are  4  •  3  •  2  •  1  =  4!  =  24  different 
permutations  of  the  four  letters.  By  reasoning  in  exactly  the  same 
way  with  any  number  of  objects  we  can  establish  the  following' 
theorem. 

Theorem  68-1.      The  number  of  permutations  of  n  objects  (n  is  a  positive 
integer)  is  n\. 

In  addition  to  considering  the  possible  arrangements  of  an  entire 
set  of  objects,  we  often  consider  the  selection  and  arrangement  of  a 
certain  number  of  them.  Examples  67-5  and  67-6  represent  this 
type  of  problem.  In  Example  67-5  we  found  the  number  of  possible 
arrangements  of  2  letters  selected  from  a  set  of  26.  We  call  each 
such  arrangement  a  "permutation  of  26  things  taken  2  at  a  time." 
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Example  67-6  dealt  with  permutations  of  six  things  taken  three  at  a. 
time. 

Definition  68-1.  The  number  of  different  ordered  sets  of  r  objects  that  can 
be  selected  from  a  set  of  n  objects  is  called  the  number  of  permutations  of 
n  objects  taken  r  at  a  time.  This  number  is  denoted  by  the  symbol  P". 
{Note  that  r  <  n.) 

Example  68-1.  A  football  coach  has  a  squad  of  60  players.  How 
many  different  teams  can  he  field,  when  two  teams  made  up  of  the 
same  men  are  considered  as  different  teams  if  the  men  are  assigned  to 
different  positions? 

Solution.  We  represent  the  answer  by  the  symbol  Pi?;  that  is,  the 
number  of  permutations  of  60  objects  taken  11  at  a  time.  To  cal- 
culate this  number,  it  is  convenient  to  number  the  positions  1,2,..., 
11.  There  are  60  candidates  from  which  to  choose  a  man  to  fill  the 
first  position,  59  choices  for  the  second,  58  for  the  third,  and  so  on, 
until  there  remains  but  one  position  to  be  filled.  At  this  point  ten 
men  have  already  been  used,  so  there  are  50  choices  for  the  last 
position.     Hence,  Pf?  =  60  •  59  •  .  .  .  •  50. 

Note  that  in  Example  68-1,  n  —  60  and  r  =  11.  The  number  of 
choices  for  the  last  position  was  equal  to  the  number  of  men  who 
were  left  after  the  first  r  —  1  positions  were  filled ;  that  is,  there  were 
n  —  (r  —  1)  =  n  —  r  +  1  possible  choices  for  the  last  position.  The 
number  of  permutations  was  simply  the  product  of  all  the  integers 
from  n  —  r  +  1  to  n.  This  result  is  valid  when  n  and  r  are  any 
positive  integers  (n  >  r). 

Theorem  68-2. 

Pnr  =  n(n  -  l)(/i  -  2) . . .  in  -  r  +  1). 

To  consider  a  special  case  of  Theorem  68-2,  note  that  P"  =  n\. 
This  result  agrees  with.  Theorem  68-1. 

So  far  we  have  been  talking  about  the  number  of  possible  arrange- 
ments of  different  objects,  but  now  we  turn  to  a  somewhat  more  compli- 
cated problem.  Suppose  we  have  six  signal  flags — three  red,  two 
yellow,  and  one  blue — and  wish  to  make  signals  by  arranging  the 
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flags  vertically  on  a  staff.  How  many  signals  can  we  make?  Since 
there  are  six  flags,  we  know  that  there  are  6 !  ways  of  arranging  them 
on  the  staff,  but  some  of  these  arrangements  are  indistinguishable 
from  others.  We  seek  the  number  of  distinguishable  arrangements; 
let  us  call  this  number  R.  Now  consider  the  following  two  opera- 
tions : 

(i)  selecting  a  distinguishable  arrangement  of  the  flags, 

and 

(ii)  ordering  the  flags  in  any  given  arrangement  in  such  a  way 
that  the  result  doesn't  change  the  signal  (interchanging  the 
two  yellow  flags,  for  example). 

The  first  operation,  we  have  said,  has  R  possible  outcomes,  and  we 
can  easily  calculate  the  number  of  possible  outcomes  of  the  second 
operation.  There  are  3!  possible  arrangements  of  the  three  red 
flags,  2 !  arrangements  of  the  two  yellow  flags,  and  1 !  =  1  arrange- 
ment of  the  blue  flag.  Hence,  there  are  3!2!1 !  arrangements  of  the 
six  flags  in  any  given  signal.  According  to  the  Fundamental  Prin- 
ciple, the  combination  of  Operations  (i)  and  (ii)  has  R  •  3!2!1! 
outcomes.  Every  one  of  the  6 !  arrangements  of  the  six  flags  on  the 
staff  can  be  effected  by  successively  performing  Operations  (i)  and 

(ii),  so  it  follows  that  R3\2\l !  =  6!  or  R  =  -—  =  60. 

In  general,  if  we  have  a  set  of  n  objects,  r±  of  which  are  of  one  kind, 
r2  of  a  second  kind,  .  .  .  ,  and  rv  of  a  pth  kind  (t\  +  h  +  .  .  .  +  rv  =  n), 
then  the  number  of  distinguishable  permutations  of  the  n  objects  is  given  by  the 
formula 

68-1  R  =  — -^ r 

Ji!r2!  .  .  .  rv\ 

We  derive  this  formula  by  applying  the  same  reasoning  we  used  in 
the  example  of  the  signal  flags.  Note  that  if  each  of  the  n  objects 
in  the  given  set  is  distinct  from  all  the  others,  then  r\  =  r2  =  .  .  .  = 
rp  =  \,  and  Equation  68-1  reduces  to  R  =  n\.  That  is,  Equation 
68-1  also  gives  the  formula  for  the  number  of  permutations  of  n 
distinct  objects. 

Example  68-2.     How  many  distinguishable  permutations  of  the  letters 
in  the  word  DIVIDED  are  possible? 


*"  ly-i^ 


v->-  f  ^ 
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Solution.     The  seven  letters  of  the  word  DIVIDED  form  a  class  of 

objects  of  which  three  are  of  one  kind  (the  D's),  two  are  of  a  second 

kind  (the  I's),  one  (the  E)  is  of  a  third  kind,  and  one  (the  V)  is  of  a 

7! 
fourth  kind.     According  to  Equation  68-1,  there  are  R  =  = 

420  distinguishable  permutations  of  these  letters. 

We  used  Equation  68-1  to  count  the  number  of  possible  arrange- 
ments of  a  set  of  objects,  some  of  which  are  of  one  kind,  some  of  a 
second  kind,  and  so  on.  Let  us  now  look  at  the  reverse  problem — 
partitioning  a  given  ordered  set  of  objects.  We  might,  for  example, 
have  six  white  flags  arranged  vertically  on  a  staff  and  ask,  "How  many 
possible  selections  can  we  make  if  we  select  three  flags  to  be  dyed  red, 
two  to  be  dyed  yellow,  and  one  to  be  dyed  blue."  One  possible 
selection  would  be  to  take  the  first,  third,  and  fifth  flags  to  be  dyed 
red,  the  second  and  sixth  to  be  dyed  yellow,  and  the  fourth  to  be 
dyed  blue ;  but,  of  course,  there  are  many  other  possible  selections. 
If  we  make  a  selection,  dye  the  flags,  and  replace  them  in  their  orig- 
inal positions  on  the  staff,  we  will  have  one  of  the  signals  we  were 
talking  about  earlier.  In  fact,  different  selections  produce  different 
signals,  and  different  signals  correspond  to  different  selections.  The 
problem  of  partitioning  or  grouping  the  flags  so  that  three  are  to  be 
dyed  red,  two  are  to  be  dyed  yellow,  and  one  is  to  be  dyed  blue  is 
therefore  essentially  the  same  problem  as  determining  the  number  of 
signals  that  can  be  made  using  three  red  flags,  two  yellow  flags,  and 
one  blue  flag.  Since  we  found  that  there  were  60  possible  signals, 
we  see  that  there  are  60  ways  to  select  the  flags  to  be  dyed. 

In  general,  if  we  have  a  set  of  n  distinct  objects ;  and  if  we  wish  to  partition 
the  set  into  p  classes,  the  first  class  consisting  of  r\  objects,  the  second  of  r2 
objects,  .  .  .  ,  and  the  pth  of  rv  objects  {where  r\  +  ri  +  .  .  .  +  rv  =  n), 
then  the  number  of  possible  partitions  is  the  number  R  given  by  Equation  68-1. 

Example  68-3.  An  instructor  decides  to  assign  grades  to  30  students 
as  follows:  2  A's,  3  B's,  6  C's,  9  D's,  and  10  E's.  In  how  many  ways 
can  the  class  be  graded? 

Solution.  If  we  let  R  denote  the  number  of  possible  ways  of  assigning 
grades,  then  according  to  Formula  68-1 


c 
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p  30! 

2!3!6!9!10! 

(You  might  use  logarithms  to  find  how  large  this  number  is.) 

Example  68-4.  A  group  of  three  men  are  to  be  selected  from  ten 
salesmen  in  the  home  office  to  be  transferred  to  a  new  office.  In  how 
many  ways  can  the  selection  be  made? 

Solution.  This  problem  can  be  approached  from  the  standpoint  of 
partitioning  the  ten  men  into  two  classes,  the  first  class  comprising 
three  men  to  be  transferred,  and  the  second  class  consisting  of  seven 
men  to  be  kept  at  the  home  office.  According  to  Equation  68-1,  the 
number  of  such  partitions  is 


R  -- 

10! 

=  3!7 

-  =  120. 

Problems  68 

1.  Prove: 

/-A     pn                    "• 

pn 

PS-, 

(n  —  r)\ 

(n-r)\ 

2.  Use  Table  IV  to  evaluate: 

(a)  Pf 

(c)  pn 

(b)  Pff 

(d)  PI] 

If 


ru 


3.  How  many  baseball  teams  can  be  formed  from  a  squad  of  15  players  if 

(a)  two  teams  made  up  of  the  same  men  are  different  if  the  men  are 
assigned  different  positions? 

(b)  same  assumption  as  (a)  except  that  3  of  the  men  can  be  used  only 
as  pitchers? 

(c)  every  man  can  play  every  position  but  two  teams  are  considered 
the  same  whenever  the  same  men  play  regardless  of  position? 
(This  is  a  partitioning  problem.) 

4.  How  many  code  words  can  be  made  from  the  letters  of  the  word 
STUPID  if 

(a)  the  code  words  consist  of  4  letters? 

(b)  the  code  words  consist  of  5  letters  and  must  begin  with  a  vowel? 

5.  How  many  different  football  teams  can  be  formed  from  a  squad  that 
consists  of  20  linemen,  3  quarterbacks,  8  halfbacks  and  4  fullbacks? 

6.  How  many  6-digit  numbers  can  be  formed  that  consist  of  3  ones  and 
3  twos? 
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7.  Four  men,  3  women,  and  2  children  stand  in  a  row  to  pose  for  pictures. 
A  photo  is  taken  of  each  possible  lineup.  How  many  photos  are 
taken?  When  the  pictures  are  developed  they  are  so  blurred  that  you 
can  identify  an  individual  only  as  a  man,  woman,  or  child.  How 
many  "different"  pictures  are  there? 

8.  A  committee  of  9  people  is  to  be  split  into  3  subcommittees  that  contain 
4,  3,  and  2  members.  In  how  many  ways  can  the  subcommittee  assign- 
ments be  made? 

9.  Three  men  and  3  women  are  to  be  seated  around  a  round  table.  Two 
seating  arrangements  are  considered  the  same  if  one  arrangement  can 
be  "rotated"  into  the  other.  How  many  ways  may  the  men  and  women 
be  seated  if 

(a)  there  are  no  restrictions  on  where  they  sit? 

(b)  men  and  women  must  be  seated  alternately? 

The  type  of  permutations  involved  in  part  (a)  of  this  problem  are  termed 
circular  permutations.  What  is  the  number  of  circular  permutations 
of  n  objects? 
10.  In  the  game  of  bridge,  13  cards  are  dealt  to  each  of  4  players.  How 
many  different  deals  are  possible?  How  many  deals  are  possible  in 
which  each  player  gets  1  ace? 

69      COIVIBBNATSONS 

A  permutation  of  n  objects  taken  r  at  a  time  results  from  selecting 
and  arranging  r  objects  from  among  n.  Thus,  the  ordered  set  of 
cards  that  consists  of  the  2,  3,  4,  5,  and  6  of  spades  is  one  of  the  permu- 
tations of  the  52  cards  of  a  standard  deck  taken  five  at  a  time.  An- 
other such  permutation  is  the  ordered  set  that  consists  of  the  3,  2, 
4,  5,  and  6  of  spades.  According  to  permutation  theory,  these  sets 
are  considered  different,  but  to  a  poker  player  they  represent  the 
same  hand.  He  is  only  interested  in  which  cards  are  in  his  hand, 
not  in  their  relative  order  within  the  hand.  The  answer  to  the  ques- 
tion, "How  many  different  five-card  poker  hands  are  possible?"  is 
therefore  not  Pf,  but  a  considerably  smaller  number.  Let  us  denote 
the  number  of  possible  five-card  poker  hands  (order  within  the  hands 
being  neglected)  by  C,  and  proceed  to  calculate  this  number.  Con- 
sider the  following  two  operations: 

(i)  selecting  five  cards  from  a  deck  of  52, 

and 

(ii)  rearranging  a  set  of  five  cards. 
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We  have  said  that  there  are  C  possible  outcomes  of  the  first  operation, 
and,  after  it  has  been  performed,  there  are  5 !  possible  outcomes  of 
the  second  operation.  According  to  the  Fundamental  Principle  of 
Section  67,  there  are  C  •  5 !  possible  outcomes  of  the  combined  oper- 
ation. But  these  two  operations  performed  successively  yield  all 
possible  permutations  of  52  cards  taken  five  at  a  time.     Therefore, 

D52 

C-  5!  =  Pf     or     C  =  |*- 

The  example  of  the  poker  hands  illustrates  a  general  selection  prob- 
lem. 

Definition  69-1.  The  number  of  different  sets  of  r  objects  that  can  be 
selected  from  a  set  of  n  objects,  when  the  order  within  the  set  of  r  objects  is 
disregarded,  is  called  the  number  of  combinations  of  n  things  taken  r  at  a 
time.      We  will  use  the  symbol  C?  to  denote  this  number. 

To  find  the  number  CnT,  we  can  proceed  along  the  lines  we  followed 
in  the  example  of  the  poker  hands.  Every  permutation  of  n  things 
taken  r  at  a  time  can  be  effected  by  the  successive  operations  of 
selecting  r  objects  from  the  n  objects,  and  then  by  rearranging  this 
set  of  r  objects.  The  symbol  C"  represents  the  number  of  possible 
outcomes  of  selecting  r  objects,  and  there  are  r!  arrangements  of  any 
selection.  Hence,  there  are  C?  •  r\  permutations  of  n  things  taken 
rata  time.  But  there  are  P™  permutations  of  n  objects  taken  r  at 
a  time,  and  therefore  CnT  •  r\  =  Prra.  If  r  =  0,  we  define  C%  =  1. 
We  have  proved  the  following  theorem. 

Theorem  69-1.  //  n  is  a  positive  integer,  and  r  is  an  integer  such  that 
0  <  r  <  n,  then 

69-1       Cn  =  P>;  -  n(n  "  X)  '  '  '  (n  ~  Y  +  1}  -  n! 


r!  r!  r\{n  —  r) ! 

A  second  way  to  prove  Theorem  69-1  is  to  note  that  a  combination 
of  r  objects  selected  from  n  objects  is  obtained  by  partitioning  the 
set  of  n  objects  into  two  classes;  the  first  class  consists  of  those  objects 
we  select,  and  the  second  class  consists  of  those  objects  that  we  do 
not  select.  There  are  r  objects  in  the  first  class  and  n  —  r  objects 
in  thr  second.     Thus,  we  can  regard  Cf  as  the  number  of  partitions 
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of  a  set  of  n  objects  into  two  classes  that  contain  r  and  n  —  r  objects. 
According  to  Equation  68-1, 

p  __  n  • __  nn 

r\(n  —  r)\ 

Example  69-1.  A  man  has  one  penny,  one  nickel,  one  dime,  one 
quarter,  and  one  half-dollar  in  his  pocket.  He  reaches  into  his  pocket 
and  pulls  out  three  coins.  How  many  different  sums  can  he  produce 
by  this  process? 

5! 
Solution.     There  are  C|  =  -rrr-.  =  10  sets  of  three  coins  that  can  be 

selected  from  five  coins.  The  order  within  any  group  of  three  is  ir- 
relevant because  we  wish  only  to  find  the  sum.  Hence,  there  are  ten 
different  sums. 

Example  69-2.  Suppose  the  U.S.  Senate  contains  49  Democrats  and 
47  Republicans.  How  many  committees  consisting  of  five  Democrats 
and  four  Republicans  can  be  formed? 

if 

Solution.     Consider  the  following  operations: 

(i)  selecting  the  Democratic  committee  members 

and 

(ii)  selecting  the  Republican  committee  members. 

There  are  Cf  possible  outcomes  of  the  first  operation  and  Cf  outcomes 
of  the  second  operation.  Hence,  according  to  the  Fundamental  Prin- 
ciple of  Section  67,  there  are  Cf  •  Cf  possible  different  committees. 

It  is  sometimes  necessary  to  consider  situations  in  which  the  objects 
from  which  combinations  are  to  be  selected  are  not  all  distinct.  For 
instance,  consider  the  problem  in  Example  69-1  if  the  man  has  one 
penny,  one  nickel,  one  dime,  one  quarter,  and  two  half-dollars  in 
his  pocket.  Every  sum  that  occurs  in  Example  69-1  could  arise  in 
this  case,  and  in  addition  there  are  those  sums  that  occur  when  two 
of  the  three  coins  drawn  are  half-dollars.  In  fact,  there  are  exactly 
four  additional  sums,  since  the  two  half-dollars  may  be  paired  with 
any  one  of  the  remaining  four  coins.  Thus,  the  total  number  of 
sums  in  this  case  is  C\  +  4  =  14.  We  won't  attempt  to  write  a 
formula  covering  all  such  examples;  each  case  can  be  treated  indi- 
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vidually.     If  the  numbers  involved  are  not  too  large,  it  may  help  to 
draw  a  tree  to  illustrate  the  problem. 


Figure  69-1 


Example  69-3.  An  urn  contains  two 
red,  two  green,  one  blue,  and  one  white 
ball.  How  many  different  color  combina- 
tions of  two  balls  may  be  selected? 

Solution.  The  number  of  combinations  that 
consist  of  two  different  colors  is  clearly  the 
number  of  combinations  of  four  colors  taken 
two  at  a  time;  that  is,  C\.  In  addition,  there 
are  those  combinations  that  consist  of  two 
red  or  two  green  balls.  Thus,  the  total  num- 
ber of  color  combinations  is  C\  +  2  =  8. 
The  tree  in  Fig.  69-1  illustrates  this  exam- 
ple. Note  that  we  were  careful  not  to 
repeat  branches  that  would  give  us  the  same 
combination  but  a  different  permutation. 


Problems 

69 

1. 

Calculate: 

(a) 

CI 

(b) 

C\* 

2. 

Prove 

(a) 

(in 

3. 

Solve  for  n: 

(a) 

cr1 

(b) 

c\  = 

c? 


2CI 


(c)  C\ 

(d)  CS-x 


(e)  CI 

(0  ct 


(b)  C?_!  +  C?  =  C?+1 


(c)  €l±\ 

(d)  Cl±\ 


15 

kCl 


4.  How  many  basketball  games  are  played  in  the  Big  Ten  if  each  team 
plays  every  other  team  twice? 

5.  How  many  different  bridge  hands  of  13  cards  can  be  dealt  from  a  deck 
of  52  cards?     Use  Table  IV  to  compute  your  answer. 

6.  An  employer  is  going  to  give  a  $50  raise  to  10  of  his  25  employees  and 
a  $25  raise  to  the  others.     In  how  many  ways  can  he  grant  the  raise? 

7.  Consider  7  points,  no  three  of  which  are  collinear. 

(a)  How  many  lines  are  determined? 

(b)  How  many  triangles  whose  vertices  are  the  given  points  are 
determined? 
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8.  Ten  couples  are  planning  a  picnic.  They  agree  that  3  men  will  build 
the  fire  and  that  7  women  will  be  in  charge  of  the  food.  If  only  1 
member  of  each  couple  is  to  be  given  a  job,  how  many  different  groups 
of  workers  are  possible? 

9.  How  many  councils  of  4  seniors,  3  juniors,  2  sophomores,  and  1  freshman 
can  be  formed  from  a  student  senate  group  that  consists  of  5  members 
from  each  class? 

10.  How  many  baseball  teams  can  be  formed  from  a  squad  of  players  that 
consists  of  6  outfielders,  7  infielders,  3  catchers,  and  10  pitchers? 

70      THE  BGNOiVIIAL  THEOREM 

We  call  the  expression  (a  +  b)  a  binomial  to  indicate  that  it  is  the 
sum  of  two  terms.  Let  us  calculate  a  few  powers  of  this  binomial 
by  direct  multiplication: 

(a  +  b)1  =  a  ■+  b 

(a  +  b)2  =  («■+  b)(a  +  b) 

=  a2  +  ba  +  ab  +  b2 

70-1  =  a2  +  lab  +  b2 

{ci  +  bY  =  {a  +  b){a  +  b)(a  +  b) 

=  a3  +  a2b  +  aba  +  ba2  +  b2a  +  bab  +  ab2  +  b* 

=  az  +  3a2b  +  3ab2  +  b\ 

To  multiply  out  a  large  power  of  a  binomial  would  be  quite  laborious, 
so  let  us  examine  the  above  products  and  try  to  find  a  pattern  that 
will  enable  us  to  write  the  expansion  of  a  binomial  power  without 
using  direct  multiplication. 

From  the  definition  of  the  power  of  a  number, 

70-2  (a  +  b)n  =  {a  +  b){a  +  b)  .  .  .  {a  +  b), 

where  there  are  n  factors  on  the  right-hand  side  of  Equation  70-2. 
Our  problem  is  to  express  this  product  as  a  sum  of  terms  such  as 
those  found  in  Equations  70-1.  We  therefore  must  first  determine 
precisely  what  kind  of  terms  will  appear  in  the  expansion. 

Each  term  in  the  expansion  of  (a  +  b)n  arises  from  the  multiplier- 
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tion  of  tf's  and  6's,  where  we  choose  either  the  letter  a  or  the  letter  b 
from  each  of  the  parentheses  on  the  right-hand  side  of  Equation  70-2. 
We  might,  for  example,  say  that  we  got  the  term  aba  in  the  expansion 
of  (a  -{-  b)z  shown  in  Equations  70-1  by  choosing  the  letter  a  from  the 
first  and  third  parentheses,  and  b  from  the  second.  If  we  choose 
the  letter  b  from  r  parentheses,  then  we  must  choose  the  letter  a 
from  n  —  r  parentheses,  since  there  are  n  parentheses  from  which  to 
choose  a's  and  £'s.  When  we  multiply  these  a's  and  &'s  together, 
we  get  the  product  an~rbr.  The  expansion  of  {a  +  b)n  is  therefore  a 
sum  of  terms  of  the  form  an~rbr,  where  r  is  one  of  the  numbers  0,  1, 
2,  .  .  .  ,  n.  If  n  —  6,  for  example,  the  expansion  contains  terms  of 
the  form  a6,  abb>  a4b2,  a3b3,  a2b4,  abb,  b6.  Our  problem  now  is  to  deter- 
mine the  number  of  terms  of  each  type  that  occur  in  the  expansion 
of  (a  +  b)n. 

For  a  given  number  r,  the  product  an~rbr  may  arise  in  several 
different  ways.  For  example,  the  product  an~2b2  can  occur  when  we 
choose  &'s  from  the  first  two  parentheses  (and  a's  from  the  rest), 
again  when  we  choose  &'s  from  the  first  and  third  parentheses,  and 
so  on.  The  number  of  terms  of  the  form  an~2b2  that  can  occur  is 
equal  to  the  number  of  ways  of  choosing  the  letter  b  from  2  of  the 
n  parentheses,  and  this  number  is  C%.  By  reasoning  in  exactly  the 
same  way,  we  see  that  the  number  of  terms  of  the  form  an~rbr  that 
occur  in  the  expansion  of  {a  +  b)n  is  C".  This  result  is  stated  in  the 
following  theorem. 

Theorem  70-1  (The  Binomial  Theorem).  If  n  is  a  positive  integer 
and  a  and  b  are  any  two  numbers,  then 

(a  +  b)n  =  Cn0anb°  +  C\an-lbl  +  .  .  .  +  CnTan~rbr  +  .  .  . 
70-3  +  Cnn^abn~l  +  Cnna°bn 

=  an  +  nan~lb  +  .  .  .  +  CnTan~rbr  +  .  .  .  +  nab71'1  +  b\ 

Since  the  quantities  C"  appear  as  coefficients  in  the  expansion  of  a 
power  of  a  binomial,  they  are  frequently  called  the  binomial  coeffi- 
cients. 

Example  70-1.     Calculate  (a  +  b)5. 

Solution.     According  to  Equation  70-3, 

(a  +  b)&  =  a6  +  Sa4b  +  C|  azb2  +  C£  a~bz  +  5abA  +  bK 
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When  the  binomial  coefficients  that  appear  in  this  expansion  arc 
evaluated,  we  find  that 

(a  +  b)5  =  a"  +  5a4b  +  I0a*b2  +  \0a2b*  +  Sab"  +  b\ 

Example  70-2.  Show  that  CI  +  C\  +  .  .  .  +  Cnn  =  2n  for  any  positive 
integer  n. 

Solution.  The  Binomial  Theorem  is  true  when  a  and  b  are  any  two 
numbers;  in  particular,  it  is  true  when  the  two  number?  are  both  1. 
Thus, 

(1  +  i)»  =  CI  \n  -h  C\  l"-1!1  +  ...+■  CS  1», 

2"  =  Cn0  +  CI  +  .  .  .  +  CI. 

Example  70-3.     Find  the  binomial  expansion  of  (x2  —  1/j/)4. 

Solution.  We  can  use  the  Binomial  Theorem  with  the  substitution 
a  =  x2  and  b  =  —1/y  to  obtain 

(*»  -  y  =  w  +  4W  (-1)  +  <*(**)"  (-1)' 

+4(,,(-ty+(-iy 

8  _  ii6  .  ^_4  _  I*2  ,  L 

"I  9  <?       "~ I  4." 

v  j;^  i;0         y* 

Example  70-4.     Compute  an  approximate  value  of  (1.01)7. 

Solution.     Using  the  Binomial  Theorem,  we  find  that 

(1.01)7  =  (1  +  .01)7 

=  l7  +  7(1)6(.01)  +  21(1)5(.01)2  +  .  .  .  +  (.01)7 

=  1  +  7(.01)  +  21(.01)2  +  35(.01)3  +  ...  +  (-01)7 

=  1  +  .07  +  .0021  +  .000035  +  .'..  +  .00000000000001. 

It  appears  that,  to  three  decimal  places,  (1.01)7  =  1.072. 

Problems  70 

1.  Find  the  5th  term  in  the  expansions  of  each  of  the  following: 


(a)  (x+jY  (c)    (2*2-pY 

(b)  (2x  +y)"  (d)  (2x*  +  fj° 
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2.  What  is  the  binomial  expansion  of  (a  —  b)n? 

3.  Prove  that:   C'(',  -  C\  -f  CI  -  CJ  +  .  .  .  +  (-1)"  C?  =  0. 

4.  Show  that  if  r  is  even,  then  C\\  +  C3  +  .  .  .  +  C^  =  2""1.     (/7/w/:    Use 
the  result  of  the  preceding  problem  and  Example  70-2.) 

5.  Find  the  term  that  involves  x2  in  each  of  the  following: 

(a)   (a  -  xll2)G  (b)   (1/a-  -  x)4. 

6.  Find  and  simplify  the  4th  term  in  the  expansion  of  each  of  the  following: 

(a)  (lx  -  1Y"  (C)    ^  "  *m)8 

W   \  2x)  (d)  (3  log*  -  2yy 

(b)  (i*"3  +  */'*)« 

7.  Using  the  Binomial  Theorem,  compute  approximately: 

(a)  (1.02)10  (c)    (102)5 

(b)  (.98)4  (d)  996 

8.  Write  the  complete  expansion  of  the  following: 

(a)  (1  +  05  (c)    (1  +  tan  xY 

(b)  (1  +  04  (d)  (secx  -  l)3 

9.  Show  that  sin10  x  +  cos10  x  =  1  —  5  cos2  x  +  10  cos4  x  —  10  cos6  x  + 
5  cos8  x. 

t0.  According  to  DeMoivre's  Theorem  (Section  49), 

(cos  6  +  i  sin  0)2  =  cos  2d  +  f  sin  2d. 
Now  if  the  left  side  is  multiplied  out,  we  obtain  the  equation 

cos2  0  —  sin2  6  +  2i  sin  d  cos  6  =  cos  2(9  +  i  sin  20. 
Hence,  cos  26  =  cos2  0  —  sin2  6  and  sin  26  =  2  sin  0  cos  0.     Use  De- 
Moivre's Theorem  and  the  Binomial  Theorem  to  develop  a  formula 
for  sin  46. 

71     THE  SIGMA  NOTATION 

Each  term  of  the  sum  in  Equation  70-3  can  be  obtained  from  the 
expression  C"an~rbr  by  replacing  the  letter  r  with  one  of  the  numbers 
0,  1,  2,  .  .  .  ,  n.  The  Binomial  Theorem,  therefore,  gives  the  following 
"directions"  for  expanding  the  expression  {a  +  b)n:  "Replace  the 
letter  r  in  the  expression  CnTan~rbr  with  each  of  the  numbers  0,  1,  2,  .  .  .  , 
n  in  turn,  and  add  up  all  the  terms  that  result."  Directions  like 
these  occur  so  often  in  mathematics  that  we  have  a  special  symbol 
for  them.     If  A(r)  is  some  mathematical  expression  and  n  is  a  positive 

n 

integer,  then  the  symbol    2  A(r)  means,  "Successively  replace  the 

r  =  0 
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letter  r  in  the  expression  A(r)  with  the  numbers  0,  1,  2,  .  .  .  ,  n  and  add 
up  the  resulting  terms."  The  symbol  2  is  the  Greek  letter  sigma, 
and  it  is  used  to  suggest  "sum"  since  we  are  to  add  a  number  of  terms. 
This  notation  is  merely  a  symbolism  by  which  we  avoid  having  to 
write  out  the  sum  ^4(0)  +  A(\)  +  A  (2)  +  .  .  .  +  A(n).  We  needn't 
start  counting  at  r  =  0,  but  could  start  at  any  number  less  than  n. 
Thus, 

2  Air)  =  A{\)  +  Ail)  +  .  .  .  +  A(n) 

r  =  l 

and 

2  Air)  =  A(6)  +  Ail)  +  A(g), 

r  =  6 

for  example.  The  letter  r  is  called  the  index  of  summation.  We 
may  use  any  letter  as  the  index  of  summation ;  for  example, 

10  10 

S  A{k)  =  A(7)  +  A(8)  +  A(9)  +  A(10)  =    2  A(r). 

fc=7  r=7 


5 

Example  71-1.     Evaluate   2  r2. 

r  =  0 

Solution.      2   r2  =  02  +  l2  +  22  +  32  +  42  +  52  =  55. 

r  =  0 

We  will  use  the  sigma  notation  not  only  here  and  elsewhere  in  this 
book,  but  you  will  also  encounter  it  often  in  later  mathematics 
courses.     In  terms  of  this  symbolism  the  Binomial  Theorem  reads 

71-1  (a  +  by =   2  CnTan~rb\ 

r  =  0 

Let  us  examine  the  coefficients  of  the  terms  in  the  expansion  of 
ia  +  b)n.     The  term  involving  an~rbr  is 

C?a«-rbr   =   »(»-l)...(H-r+l)fl._rK 

r\ 

Thus,  we  may  express  the  coefficient  of  the  quantity  an~'br  as  a  frac- 
tion.    To  get  the  numerator  of  this  fraction  we  calculate  a  product 
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of  integers — the  first  integer  is  n ;  each  succeeding  integer  is  obtained 
by  subtracting  1  from  the  factor  that  precedes  it;  the  last  integer  in 
the  product  is  1  more  than  the  exponent  of  a.  The  denominator  is  the 
factorial  of  the  exponent  of  b.  Once  we  note  this  fact,  we  can  readily 
calculate,  for  example,  that  the  coefficient  of  the  term  a7bd  in  the 

expansion  of  (a  +  b)10  is — =  120. 

Next  we  observe  that  there  is  one  term  (the  number  1 )  in  the  expan- 
sion of  (a  +  b)°,  two  terms  in  the  expansion  of  (a  +  b)1,  three  terms 
in  the  expansion  of  (a  +  b)2,  and  in  general,  n  +  1  terms  in  the  ex- 
pansion of  {a  +  b)n.  An  ingenious  scheme  for  calculating  the  bi- 
nomial coefficients,  known  as  Pascal's  Triangle,  is  illustrated  below. 

1 

1  1 

1  2  1 

13  3  1 

\        /        \        /        \        S 

14  6  4  1 

1  5  10  10  5  1 


The  first  row  lists  the  coefficients  in  the  expansion  of  {a  +  b)°, 
the  second  row  lists  the  coefficients  in  the  expansion  of  {a  +  b)\ 
the  third  row  lists  the  coefficients  for  (a  +  b)2,  and  so  on.  Each 
number  in  the  array,  except  the  ones  on  the  edges,  is  obtained  by 
adding  the  two  numbers  nearest  it  in  the  row  above.  Thus,  as  the 
arrows  indicate,  in  the  fifth  row  we  have  4  =  1+3,  6  =  3  +  3,  and 
4  =  3  +  1.     This  method  yields  the  binomial  coefficients  because 

71-2         C+1  =  C7-i  +  C?     (see  Problem  2(b),  Section  69). 

Thus,  the  number  6  in  the  fifth  row  of  Pascal's  Triangle  is  C*,  and 
Equation  71-2  states  that  C$  =  C\  +  C32  =  3  +  3.  You  should  also 
note  the  symmetry  of  Pascal's  Triangle;  it  is  an  expression  of  the 
equality  C"_r  =  C"  (see  Problem  2a,  Section  69). 

Another  way  to  evaluate  the  binomial  coefficients  is  based  on  a 
relationship  between  C%x  and  C",  which  we  now  proceed  to  find. 
According  to  Equation  69-1, 
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(n  —  r) 


(r  +  1) 
The  fraction  inside  the  brackets  is  C",  so  we  have 

71-3  C?+1  =  ^  ~  j"|  C?. 

Equation  71-3  is  an  example  of  a  recursion  formula.  If  we  write 
the  binomial  coefficients  for  a  given  number  n  in  a  finite  sequence 
Cq,  Ci,  .  .  .  ,  Cr,  Cr+i,  .  .  .  ,Cn,  the  recursion  formula  enables  us  to  find, 
one  by  one,  all  the  binomial  coefficients  that  follow  one  that  we  know. 
But  we  know  that  CJJ  =  1  for  any  n,  so  we  can  use  Equation  71-3  to 
find,  one  by  one,  the  values  of  all  the  binomial  coefficients  for  any 
positive  integer  n. 

Example  71-2.     Find  the  first  four  terms  of  the  expansion  (x  +  y)21. 

Solution.     We  use  the  recursion  formula  with  n  =  21,  together  with 
the  fact  that  Cf  =  1,  to  write 

Cf  =  1 

Cf  =  (21  ~  °\  1  =  21      (r  =  0  in  Equation  71-3) 

cf  =  ir^Y^) 21  =  210 

Cf  =  Py^210  =  133°- 
Thus,  (x  +y)21  =  x21  +  2\x2Qy  +  2\0xwy2  +  \3?>0x'Y  +  .  .  .  . 

Problems  71 

1.  Find  the  5th  term  in  the  expansion  of  each  of  the  following: 

(a)  (a  +  6)12  ,  (c)    (1  -  ix)8 

(b)  (2?  -  3x2)7  (d)  (sin  «  -  cos  *)9 

2.  Find  the  first  four  terms  in  the  expansion  of  each  of  the  following: 

(a)  0+x>30  (c)    (a-  2b)» 

(b)  (a  +  *)120  (d)  (2*  -  4/)13 
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3.  Expand  (x  +  y  +  ~)A  by  writing  it  as  [x  ■+■  (r  +  2")]4. 

4.  Calculate  (3   f  5/)6. 

5.  Let  w  be  a  positive  integer  and  x  and  //  be  any  numbers.     Expand  and 
simplify: 

(x  +  h)n  —  xn 
h 

6.  Let  A(n)  =  (l  +  -V-     Show  that 

Calculate  ,4(1),  .4(2),  and  ,4(5). 

7.  Write  out  the  indicated  sum,  but  do  not  perform  the  addition. 

sin  r  7 

(a)  e~  (c)   s  {~\yv-' 

r=l        *  r=0 

(b)  Z  h  («  e  hri 


8.  Show  that  (a  -  b)n  =   2  (~l)rCVw  an"^T 

r  =  0 


10 

2  Cr10210-'-3r 

9    r=0                    =  ? 
y.      8 

2  C?  38-r2'- 

r  =  0 

10.  Solve  for  x: 

(a)     2    C?  x7-^  =  0 

r  =  0 

10 

(b)    2  CV10  *r  =  0 

r  =  0 

72      PROBABILITY 

If  a  person  draws  a  card  from  a  standard  bridge  deck  of  52  cards, 
what  are  his  chances  of  turning  up  an  ace?  What  are  his  chances 
of  drawing  the  ace  of  spades?  Questions  of  this  kind  involve  the 
theory  of  probability,  which  we  will  discuss  in  the  next  few  sections. 
When  we  analyze  the  questions  posed  in  the  first  paragraph,  we 
note  that  there  are  52  possible  cards  from  which  to  choose,  and  that 
there  seems  to  be  no  reason  to  assume  that  any  one  card  is  more 
likely  to  be  drawn  than  any  other.  We  shall  say  that  the  drawing 
of  a  card  is  a  trial  that  can  result  in  one  of  52  equally  likely  out- 
comes.    If  we  are  interested  in  the  probability  of  drawing  an  ace 
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from  a  deck  of  cards,  we  call  the  drawing  of  an  ace  a  success,  and  the 
drawing  of  any  other  card  a  failure.  Since  there  are  52  equally 
likely  possible  outcomes,  of  which  only  4  are  successes,  it  seems  rea- 
sonable to  say  that  the  chances  of  drawing  an  ace  are  4  in  52.  This 
relationship  is  usually  expressed  in  ratio  form  by  saying,  "The  prob- 
ability of  drawing  an  ace  is  ^  =  xV"  To  compute  the  probability 
of  drawing  the  ace  of  spades  from  a  deck  of  cards,  we  note  that  there 
is  only  one  way  of  achieving  success,  so  the  probability  of  success  is 
^2.     These  notions  are  formalized  in  the  following  definition. 

Definition  72-1.  If  a  trial  can  result  in  one  of  n  equally  likely  outcomes, 
among  which  s  are  considered  as  successes  and  the  rest  failures,  then  the 
probability  of  success  is  p  —  s/n. 

Example  72-1.  What  is  the  probability  of  making  a  3  in  one  throw 
of  a  die? 

Solution.  Throwing  a  die  can  result  in  six  possible  numbers,  all  of 
which,  we  suppose,  are  equally  likely.  Since  there  is  only  one  possible 
success,  the  probability  of  making  a  3  is  J. 

Example  72-2.  What  is  the  probability  of  making  a  7  in  one  throw 
of  a  pair  of  dice? 

Solution.  We  first  count  the  number  of  possible  outcomes.  Each 
number  that  can  turn  up  on  one  die  can  be  paired  with  the  six  possible 
numbers  that  can  turn  up  on  the  other,  giving  a  total  of  36  possible 
outcomes.  (Note:  There  are  not  36  possible  sums.)  Now  we  count 
the  ways  in  which  a  7  can  be  made.  The  combinations  that  add  up  to 
7  are  (1,  6),  (2,  5),  (3,  4),  (4,  3),  (5,  2),  and  (6,  1),  so  there  are  six 
possible  ways  of  making  a  7.     The  probability  of  making  a  7  is  therefore 

P    —   "SB    —    6' 

If  all  the  n  possible  outcomes  of  a  trial  are  considered  successes 
(s  =  n),  then  the  probability  of  success  is  p  =  n/n  =  1 ;  while  if  all 
the  outcomes  are  failures,  the  probability  of  success  is  p  =  0/n  =  0. 
Thus,  a  probability  of  1  indicates  certain  success,  while  a  probability  of  0 
indicates  certain  failure.  If  s  of  n  possible  outcomes  are  successes  and 
the  rest  are  failures,  then  the  number  of  failures  is  n  —  s.  The  prob- 
ability q  of  failure  is   q  =  (ri  —  s)/n  =  1  —  s/n  =  1  —  p.     Hence, 
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the  probability  of  failure  is  1  minus  the  probability  of  success,  and  the  prob- 
ability of  success  is  1  minus  the  probability  of  failure. 


Example  72-3.  What  is  the  probability  of  making  a  1,  2,  3,  4,  or  5 
in  a  throw  of  one  die? 

Solution.  Since  there  is  only  one  possible  outcome  that  is  a  failure, 
the  probability  q  of  failure  is  q  =  ^.  Thus,  the  probability  of  success 
is/,  =  1  -  q  =  f. 

To  calculate  probabilities  from  Definition  72-1,  we  need  to  know 
the  number  of  possible  outcomes  and  the  number  of  possible  suc- 
cesses. We  shall  find  our  previous  study  of  combinations  useful  in 
this  connection. 


Example  72-4.  What  is  the  probability  of  being  dealt  a  five-card 
poker  hand  containing  all  spades? 

Solution.  There  are  C|2  possible  five-card  poker  hands.  We  can  form 
C53  five-card  hands  from  the  13  spades.  Hence,  the  probability  of 
being  dealt  a  hand  containing  five  spades  is 

CI3       IV  5 '47 1 

p  =  %  =  M&.  =  -002476- 

The  expectation  of  winning  any  prize  is  defined  as  the  value  of 
the  prize  times  the  probability  of  winning  it.  If  n  possible  outcomes 
of  a  game  have  occurrence  probabilities  of  pi,  p2,  .  .  .  ,  pn  (where 

n 

S  pr  =  1),  and  if  the  amounts  to  be  paid  on  the  corresponding  out- 

r  =  l 

comes  are  Ah  A2,  .  .  .  ,  An,  then  the  total  expectation,  or  the  expecta- 
tion of  the  game,  is 

E  =    i  prAr  =  pxAx  +  p,A2  +  .  .  .  +  p„An. 

r=  1 


Example  72-5.  There  are  three  one-dollar  bills  and  two  five-dollar 
bills  in  a  box.  You  are  allowed  to  draw  one  bill  and  keep  it.  What  is 
the  expectation  of  this  game?  (This  amount  might  be  considered 
the  price  you  should  pay  for  the  privilege  of  playing.) 
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Solution.  The  probability  of  drawing  a  one-dollar  bill  is  f ,  and  the 
probability  of  drawing  a  five-dollar  bill  is  f.  Thus  the  total  ex- 
pectation is 

k 

E  =  (D(l.OO)  +  (|)(5.00>  =  2.60. 

The  examples  in  this  section  and  the  following  sections  are  mostly 
concerned  with  cards,  dice,  or  the  random  selection  of  an  object 
from  a  box.  These  examples  were  chosen  not  primarily  for  their 
practical  importance,  but  rather  because  it  is  easy  to  agree  in  these 
situations  that  certain  outcomes  are  equally  likely,  and  the  possible 
outcomes  of  a  trial  can  be  precisely  counted.  But  we  can't  calculate 
the  probability  of  your  passing  this  course  by  counting  the  different 
grades  it  is  possible  for  you  to  receive,  because  it  is  clear  that  the  dif- 
ferent grades  are  not  equally  likely.  In  many  scientific  applications 
of  probability  this  type  of  complication  (among  others)  occurs,  and 
it  is  necessary  to  use  more  refined  techniques  to  arrive  at  some  solu- 
tion. When  we  use  the  phrase  "number  of  outcomes"  in  this  book, 
assume  that  it  means  "number  of  equally  likely  outcomes." 

Problems  72 

1.  What  is  the  probability  that  the  sum  11  will  appear  in  a  single  throw 
of  2  dice? 

2.  A  box  contains  7  red,  5  white,  and  4  black  balls.  What  is  the  prob- 
ability of  your  drawing  at  random  one  red  ball?     One  black  ball? 

3.  A  committee  of  4  people  is  to  be  selected  at  random  from  a  group  of 
7  women  and  13  men.  What  is  the  probability  that  the  committee 
will  consist  of  2  men  and  2  women? 

4.  What  is  the  probability  of  your  being  dealt  a  bridge  hand  (13  cards) 
that  consists  of  all  honor  cards  (A,  K,  Q,  J  or  10's)? 

5.  A  card  is  drawn  from  a  deck.  What  is  the  probability  that  it  will  be  a 
black  face  card  (K,  Q,  or  J)? 

6.  A  box  contains  7  red,  5  white,  and  4  black  balls.  What  is  the  prob- 
ability of  your  drawing  at  random  2  white  balls? 

7.  What  is  the  probability  of  your  throwing  a  sum  less  than  5  in  a  single 
roll  of  a  pair  of  dice?  What  is  the  expectation  of  the  game  if  a  person 
wins  $2  for  throwing  a  sum  less  than  5  and  SI  for  any  other  sum? 

8.  A  bag  contains  ten  slips  that  are  numbered  from  1  to  10.  If  you  draw 
a  number  divisible  by  3,  you  win  $3.     If  the  number  you  pick  is 
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divisible  by  5,  then  you  win  $5.     Otherwise  you  win  nothing.     What 
is  the  expectation  of  the  game? 

9.  One  card  is  drawn  from  a  deck.  What  is  the  probability  that  it  is 
either  a  king  or  queen?  What  is  the  probability  that  it  is  neither  a 
king  nor  a  queen? 

10.  A  coin  is  tossed  3  times.     What  is  the  probability  of  its  coming  up 
heads  3  times?     What  is  the  probability  of  tossing  at  least  one  tail? 

11.  What  is  the  probability  that  a  sum  less  than  7  will  appear  in  a  single 
throw  of  2  dice?     What  is  the  probability  that  a  sum  of  13  will  appear? 

12.  In  poker,  what  is  the  probability  of  being  dealt 

(a)  a  royal  flush  (ace,  king,  queen,  jack,  ten  of  the  same  suit)? 

(b)  a  straight  flush  (five  cards  in  numerical  sequence  of  the  same  suit, 
but  not  a  royal  flush)? 

(c)  a  flush  (five  cards  in  the  same  suit  but  not  a  straight  or  royal 
flush)? 


73      COMBINED  PROBABILITIES 

We  know  (Example  72-2)  that  the  probability  of  making  a  7  in  a 
single  throw  of  a  pair  of  dice  is  ^.  Similarly,  we  can  calculate  that 
the  probability  of  making  an  1 1  is  TV  In  this  section  we  will  learn 
how  we  can  use  this  information  to  answer  such  questions  as,  "What 
is  the  probability  of  making  a  7  followed  by  an  11  in  two  throws  of 
a  pair  of  dice?"  and  "What  is  the  probability  of  making  a  7  or  an  11 
in  a  single  throw?" 

To  find  the  probability  of  making  a  7  followed  by  an  11  we  must 
divide  the  number  of  ways  of  achieving  this  result  by  the  number 
of  ways  a  pair  of  dice  may  turn  up  in  two  throws.  Now  there  are 
six  ways  of  making  7  on  the  first  throw  and  two  ways  of  making  1 1 
on  the  second.  From  the  Fundamental  Principle  of  Section  67  we 
see  that  there  are  therefore  6  •  2  ways  of  making  a  7  followed  by  an 
1 1 ;  that  is,  there  are  6  •  2  ways  of  achieving  success.  Since  there 
are  36  equally  likely  outcomes  to  a  throw  of  a  pair  of  dice,  we 
have,  again  by  the  Fundamental  Principle,  36  •  36  equally  likely 
possible  outcomes  of  two  successive  throws.     Hence,  the  probability 

(    .    9  11  1 

of  making  a  7  followed  by  an  11  is  — — —  =  -  •  —  =  — -?•     We  now 

36-36        6      lb        lUo 

observe  that  this  probability  could  have  been  calculated  directly  by 
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simply  multiplying  the  probabilities  of  making  a  7  and  of  making 
an  11.     This  example  illustrates  a  general  theorem. 

Theorem  73-1.  If  the  probability  of  success  in  one  trial  is  ph  and  if, 
after  this  trial  has  been  successful,  the  probability  of  success  in  a  second  trial 
is  p2,  then  the  probability  of  successful  outcomes  in  both  trials  is  p\p2. 

Proof.  If  ni  is  the  number  of  equally  likely  possible  outcomes  of 
the  first  trial,  and  Si  is  the  number  of  possible  successes,  then  pi  = 
S\/n\.  If  n2  is  the  number  of  equally  likely  possible  outcomes  of  the 
second  trial  after  the  first  has  occurred,  and  s2  is  the  number  of  pos- 
sible successes  after  the  first  trial  has  succeeded,  then  p2  =  s2/n2. 
Now  according  to  the  Fundamental  Principle  of  Section  67,  the  num- 
ber of  possible  outcomes  of  the  two  successive  trials  is  n\n2,  and  the 
number  of  successes  is  S\S2.  Hence,  the  probability  of  two  successful 
outcomes  is/?  =  S\S2/nin2  =  p\p2. 

Note  that  our  definition  of  what  constitutes  "success"  may  be  dif- 
ferent in  the  two  trials.  For  example,  we  might  say  that  a  7  on  the 
first  throw  is  a  success,  while  an  11  is  necessary  to  make  the  second 
throw  successful.  Theorem  73-1  may  easily  be  extended  to  cases 
involving  more  than  two  trials. 

Example  73-1.  What  is  the  probability  of  drawing  in  succession  the 
A,  K,  and  Q  of  spades  from  a  standard  deck  of  cards,  if  we  assume  that 
the  cards  are  not  replaced  in  the  deck  after  they  have  been  drawn? 

Solution.  ,The  probability  of  drawing  the  ace  of  spades  is  ^.  After 
the  ace  has  been  drawn,  there  are  51  cards  left,  so  the  probability  of 
drawing  the  king  of  spades  is  ^.  Similarly,  after  the  first  two  trials 
have  been  successful,  the  probability  of  drawing  the  queen  of  spades 
is  ^.  Theorem  73-1  then  tells  us  that  the  probability  of  drawing 
the  three  cards  in  the  order  stated  is  (A)  (irt)  Crfr)  • 

Example  73-2.  A  box  contains  5  red,  7  white,  and  8  black  balls. 
What  is  the  probability  of  drawing  a  red  ball  and  then  a  white  ball  if 
(i)  the  first  ball  drawn  is  not  replaced  in  the  box,  or  (ii)  the  first  ball 
drawn  is  replaced? 

Solution.  The  probability  of  drawing  a  red  ball  is  -fa  =  J  in  either 
case.     After  a  red  ball  is  drawn,  the  probability  of  drawing  a  white 
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ball  is  T7g  in  the  first  case  and  ^  in  the  second  case.  Thus,  the  prob- 
ability of  drawing  a  red  and  then  a  white  ball  is  -f^  in  the  first  case  and 
g7T)  in  the  second  case. 

Now  let's  examine  the  probability  of  making  either  a.  1  or  an  11  in 
a  single  throw  of  a  pair  of  dice.  Here,  a  successful  outcome  can  be 
one  of  2  types,  either  the  spots  on  the  dice  add  up  to  7  or  to  11.  To 
count  the  total  number  of  ways  of  succeeding,  we  need  only  count 
the  number  of  ways  of  making  a  7  and  the  number  of  ways  of  making 
an  11  and  add  them.  We  find  that  there  are  6  +  2  ways  in  which 
a  successful  throw  can  occur.  Since  there  are  36  possible  ways  a 
pair  of  dice  may  fall,  the  probability  of  making  a  7  or  an  11  is 
(6  +  2)/36  =  A  +  A  =  i  +  tV  =  t-  Thus,  the  probability  of 
making  a  7  or  an  1 1  is  the  sum  of  the  probabilities  of  making  either 
one. 

Suppose  we  now  consider  a  problem  that  sounds  much  the  same 
as  the  preceding  one.  "If  we  draw  a  single  card  from  a  standard 
bridge  deck,  what  is  the  probability  that  it  will  be  either  an  ace  or  a 
spade?"  Here  again,  a  successful  outcome  will  be  one  of  two  types, 
and  we  must  count  the  number  of  possible  successes.  There  are 
four  ways  of  drawing  an  ace  and  13  ways  of  drawing  a  spade,  but 
there  are  not  4  +  13  ways  of  drawing  an  ace  or  a  spade.  If  we  simply 
add  4  and  1 3,  it  means  that  we  are  counting  the  drawing  of  the  ace 
of  spades  twice.  There  are  only  16  ways  of  achieving  a  successful 
result  and  hence  the  probability  of  drawing  an  ace  or  a  spade  from 
a  standard  deck  of  52  cards  is  -§-§  =  T%. 

We  use  the  following  definition  to  distinguish  between  the  situa- 
tions illustrated  by  the  preceding  two  examples. 

Definition  73-1.  //  the  successful  outcomes  of  a  given  trial  are  grouped 
into  a  number  of  types  in  such  a  way  that  each  success  is  of  just  one  type,  then 
we  have  grouped  the  successes  into  mutually  exclusive  types. 

In  computing  the  probability  of  making  either  a  7  or  an  1 1  in  a 
single  throw  of  a  pair  of  dice,  the  successful  outcomes  can  be  grouped 
into  two  types:  making  a  7  and  making  an  11.  These  types  of  out- 
comes are  mutually  exclusive  for  if  we  throw  an  11,  we  can't  very 
well  throw  a  7,  too.  In  computing  the  probability  of  drawing  a 
spade  or  an  ace,  we  can  group  the  successful  outcomes  into  two  types : 
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drawing  a  spade  and  drawing  an  ace.  But  these  types  of  outcomes 
are  not  mutually  exclusive  because  we  could  pick  the  spade  ace  at 
one  draw.  Of  course,  it  is  possible  to  group  the  successful  outcomes 
in  more  than  one  way.  In  particular,  the  successful  outcomes  of 
drawing  a  spade  or  an  ace  can  be  grouped  into  the  following  mutually 
exclusive  types:  drawing  a  spade  and  drawing  a  non-spade  ace. 
We  will  now  prove  a  theorem  that  concerns  the  probability  of 
success  when  the  successful  outcomes  are  grouped  into  mutually 
exclusive  types. 

Theorem  73-2.  If  the  successful  outcomes  of  a  given  trial  are  grouped  into 
two  mutually  exclusive  types,  and  if  the  probability  of  a  success  of  one  type  is  pi 
and  the  probability  of  a  success  of  the  other  type  is  p2,  then  the  probability  of  a 
successful  outcome  of  the  trial  is  pi  +  p2. 

Proof.  If  there  are  n  possible  outcomes  of  the  trial,  Si  of  which 
are  successes  of  one  type  and  s2  of  which  are  successes  of  the  other 
type,  then  the  total  number  of  successes  is  Si  +  s2.  The  probability 
that  the  trial  will  be  successful  then  is  p  =  (si  +  s2)/n  =  s\jn  + 
s2/n  =  pi  +  p2.  (Where  did  we  utilize  the  fact  that  the  types  were 
mutually  exclusive?) 

It  is  easy  to  extend  Theorem  73-2  to  cases  in  which  the  successful 
outcomes  are  grouped  into  more  than  two  mutually  exclusive  types. 

Example  73-3.  What  is  the  probability  of  making  a  7  followed  by 
an  11  or  two  consecutive  7's  in  two  throws  of  a  pair  of  dice? 

Solution.  We  have  already  seen  that  the  probability  of  making  a  7 
followed  by  an  11  is  (J)  Org-),  ano^  according  to  Theorem  73-1,  the 
probability  of  2  consecutive  7's  is  (|) (J).  Hence,  we  can  use  Theorem 
73-2  to  find  that  the  probability  of  one  or  the  other  of  these  successes 
is  .'(»(*)  +  "(i)<i)  =  .*. 

The  next  example  illustrates  how  we  can  use  various  methods  to 
solve  a  probability  problem. 

Example  73-4.  What  is  the  probability  of  throwing  a  7  at  least  once 
in  two  throws  of  a  pair  of  dice? 

Solution  1.  The  successful  outcomes  of  the  trial  consisting  of  two  throws 
of  a  pair  of  dice  can  be  grouped  into  the  following  two  mutually  ex- 
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elusive  types.  We  could  make  7  on  the  first  throw,  or  fail  to  make  7 
on  the  first  throw  and  make  it  on  the  second  throw.  The  probability 
of  making  a  7  on  any  given  throw  is  J.  The  probability  of  failing  to 
make  a  7  on  any  given  throw  is  f,  so  the  probability  of  throwing  a 
non-seven  followed  by  a  7  is  (f)(J)  =  ■£$.  The  probability  of  making 
a  7  at  least  once  is  therefore  6  +  A  =  ih 

Solution  2.  We  might  also  consider  the  following  three  mutually  ex- 
clusive types  of  successes:  making  a  7  on  the  first  throw  and  a  non- 
seven  on  the  second,  a  non-seven  on  the  first  throw  followed  by  a  7 
on  the  second,  or  a  7  on  both  throws.  The  probabilities  of  these 
successes  are  (J)  (■§■),  (fXi),  and  (|)(|)  respectively,  so  the  probability 
of  making  a  7  at  least  once  is  -f^  +  ^  +  -fa  =  -J^. 


Solution  3.     The  probability  of  not  making  a  7  in  two  successive  throws 
is    (-§-)(-§-)•      Hence,    the   probability   of  throwing   at   least   one   7   is 

2  5    —    11 
"ST    —   ^6- 


I      2_:  !    1. 


Problems  73 

1.  A  coin  is  tossed  twice.     What  is  the  probability  that 

(a)  a  head  will  come  up  on  the  first  toss  and  a  tail  on  the  second? 

(b)  a  tail  will  come  up  on  the  first  toss  and  a  head  on  the  second? 

(c)  one  head  and  one  tail  will  come  up  on  the  two  tosses? 

2.  A  pair  of  dice  is  thrown  twice.     What  is  the  probability  that 

(a)  two  8's  will  fall? 

(b)  two  10's  will  fall? 

(c)  two  8's  or  two  10's  will  fall? 

(d)  either  an  8  or  a  10  will  fall  on  both  throws? 

3.  A  box  contains  5  red,  6  white,  and  9  black  balls.  Two  balls  are  selected 
at  random — that  is,  successively  without  being  replaced  in  the  box. 
What  is  the  probability  that 

(a)  both  balls  will  be  red? 

(b)  both  balls  will  be  of  the  same  color? 

(c)  at  least  one  black  ball  will  be  drawn? 

(d)  the  balls  will  be  of  different  color? 

4.  Two  boxes  each  contain  6  red  poker  chips  and  4  white  poker  chips. 
One  chip  is  selected  at  random  from  the  first  box  and  placed  in  the 
second.     What  is  the  probability  that 

(a)  a  chip  selected  at  random  from  the  second  box  will  be  while? 

(b)  two  chips  selected  at  random  from  the  second  box  will  both  be  red? 
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5.  How  many  pairs  of  dice  must  be  thrown  simultaneously  in  order  that 
the  probability  of  making  a  2  on  at  least  one  of  the  pairs  will  be  greater 
lhan  -|?  How  many  times  must  you  throw  one  pair  of  dice  in  order 
that  the  probability  of  making  a  2  on  the  next  throw  will  be  greater 
than  |? 

6.  What  is  the  probability  of  throwing  either  a  7  or  an  1 1  on  5  successive 
throws  of  a  pair  of  dice? 

7.  Two  boxes  each  contain  a  certain  number  of  bills.  You  can  select  a 
box  at  random  and  select  a  bill  at  random.  What  is  the  mathematical 
expectation  of  the  game  if 

(a)  one  box  contains  three  $10  bills  and  one  $5  bill,  and  the  second 
box  contains  three  $5  bills  and  one  $1  bill? 

(b)  one  box  contains  three  $10  bills  and  one  $1  bill,  and  the  second 
box  contains  four  $5  bills? 

(c)  one   box  contains   three   $10   bills  and   three    $5   bills,   and  the 
second  box  contains  one  $5  bill  and  one  $1  bill? 

8.  You  draw  two  cards  from  a  deck  of  cards.  You  win  $1  if  they  are  of 
the  same  color,  $5  if  they  are  of  the  same  suit,  and  $10  if  they  are  of 
the  same  denomination.  (Two  black  5's  pay  a  total  of  $11.)  What 
is  the  mathematical  expectation  of  the  game? 

9.  A  box  contains  4  red  and  6  white  balls.  One  ball  is  drawn  from  the  box 
and  replaced  by  a  white  ball.  Then  two  more  balls  are  drawn.  What 
is  the  probability  that  the  second  drawing  will  produce  two  balls  of  the 
same  color? 

10.  Four  recruits  whose  shoe  sizes  are  7,  8,  9,  and  10  report  to  the  supply 
clerk  to  be  issued  shoes.  The  supply  clerk  selects  one  pair  of  shoes  of 
each  of  the  four  required  sizes  and  hands  them  at  random  to  the  men. 
What  is  the  probability  that 

(a)  no  man  will  receive  the  correct  size? 

(b)  exactly  2  men  will  receive  the  correct  size? 

(c)  exactly  3  men  will  receive  the  correct  size? 

(d)  each  man  will  receive  the  correct  size? 

74     THE  BINOMIAL  DISTRIBUTION 

In  this  section  we  shall  be  concerned  with  a  number  of  independent 
trials — for  example,  tossing  a  coin  ten  times.  Two  trials  are  called 
independent  if  the  outcome  of  one  does  not  affect  the  outcome  of 
the  other.  For  example,  in  two  successive  throws  of  a  die,  it  is  clear 
that  the  outcome  of  one  roll  does  not  affect  the  outcome  of  the  fol- 
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lowing  roll.  If  a  dozen  dice  are  thrown,  the  particular  number 
that  appears  on  one  die  has  no  effect  on  the  number  appearing  on 
any  other  die.  Thus,  successive  rolls  of  a  die,  or  simultaneous  throws 
of  several  dice,  are  independent  trials.  In  this  section  we  shall  be 
concerned  with  the  probability  of  obtaining  exactly  r  successes  in  n 
independent  trials. 

Example  74-1.  What  is  the  probability  of  making  exactly  three  7's 
in  five  throws  of  a  pair  of  dice? 

Solution.  An  example  of  a  successful  sequence  of  throws  is  three  con- 
secutive 7's  followed  by  two  non-seven's.  We  will  label  this  sequence 
(7,  7,  7,  -,  -).  Other  successful  sequences  are  (7,  -,  7,  -,  7), 
(-,  7,  -,  7,  7),  and  so  on.  Now  let's  count  the  number  of  possible 
successful  sequences.  We  can  make  a  successful  sequence  by  replacing 
three  blanks  in  the  array  (-,  -,  -,  -,  -)  with  7's — that  is,  by  choosing 
three  places  out  of  five  to  be  labeled  "7."  Since  there  are  Cf  ways 
of  choosing  three  things  from  among  five,  it  follows  that  there  are 
Ci  =  10  possible  successful  sequences.  If  p  denotes  the  probability 
of  making  a  7  in  one  throw  of  a  pair  of  dice,  and  if  q  =  1  —  p  denotes 
the  probability  of  failing  to  throw  a  7,  then  the  probability  that  any 
particular  successful  sequence  will  occur  is  pzq2. 

For  example,  the  probability  of  obtaining  the  sequence  (7,  -,  7,  7,  -) 
is  pqppq  ==  pzq2.  There  are  ten  different  successful  sequences  and  the 
probability  of  obtaining  each  is  p*q2.  Since  the  different  types  of 
successful  sequences  are  mutually  exclusive,  the  probability  of  obtaining 
a  successful  sequence  is  the  sum  of  the  probabilities  of  each  type  of 
success.  The  probability  of  making  exactly  three  7's  in  five  throws 
is  therefore 

p%  =  py+py  +  . . .  +py  =  io/>y  =  cipy. 

10  terms 

We  know  that  p,  the  probability  of  making  a  7  in  one  throw  of  a  pair 
of  dice,  is  |.     Hence,  q  =  f,  and  pz  =  10(£)3(f)2  =  .0322. 

The  method  used  to  solve  the  preceding  example  can  be  used  to 
establish  the  following  theorem. 

Theorem  74-1  (The  Binomial  Law).  //  the  probability  of  success  in  a 
single  trial  is  p  and  if  q  =  7  —  p,  then  the  probability  pr  that  exactly  r 
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successes  will  occur  in  n  independent  trials  is  given  by  the  formula 

74-1  Pr    =    C?prqn-% 

where  C?  is  a  binomial  coefficient. 
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Example  74-2.     What  is  the  probability  of  making  at  least  two  7's 
in  three  throws  of  a  pair  of  dice? 


Solution.     Let  pr  denote  the  probability  of  making  r  7's  in  three  throws. 
Since  the  probability/?  of  success  in  a  single  trial  is  J,  we  have  (Theorem 

74-1) 


P2   =    CI   (i)2(|)    =   ^ 


and 


Pi  =  Cl  (*)'(#)•  = 


We  want  to  find  the  probability  of  making  at  least  two  7's  in  'three 
throws — that  is,  the  probability  of  making  exactly  two  7's  or  exactly 
three  7's.     Thus,  the  required  probability  is 

P2+p*  =  A66  =ih  =  -0741. 


Suppose  we  throw  a  die  and  consider  it  a  successful  throw  if  a  1 
or  a  2  turns  up.  The  probability  of  success  is  clearly  p  =  \.  Now 
suppose  we  throw  a  dozen  dice  and  consider  the  number  of  l's  or 
2's  that  occur.  If  pr  denotes  the  probability  that  exactly  r  dice 
will  turn  up  a  1  or  a  2,  the  Binomial  Law  states  that  pr  =  C)2  (i)r(|)12_r. 
A  table  giving  pr  for  0  <  r  <  12  follows. 


r 

Pr 

r 

Pr 

r 

Pr 

0 
1 
2 
3 
4 

.0077 
.0462 
.1272 
.2119 
.2384 

5 
6 

7 
8 

.1907 
.1112 
.0477 
.0149 

9 

10 
11 
12 

.0033 
.0005 
.0000 
.0000 

Total          .9997 

The  last  two  entries  are  0  to  four  decimal  places. 

As  r  increases  from  0  to  4,  the  numbers  pr  in  the  table  also  increase. 
As  r  increases  from  4  to  12,  the  numbers  pr  decrease.  The  most 
likely  number  of  successes  is  4.     To  find  the  most  likely  number  of 
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successes  for  any  binomial  distribution,  we  must  find  the  largest 
probability  pr.     According  to  Theorem  74-1, 

pr  CnTfq^  CnTq 

Using  Equation  71-3  to  simplify  the  right-hand  side  of  this  last 
equation,  we  get 

pr+i  =  (n  -  r)p 
Pr      *  (r  +  \)q 
Therefore, 

Pi±l>x    if   6l^>l 

Pr  (r  +  1)? 

In  other  words, 

pr+i  >  pr     if     np  —  rp  >  rq  +  q. 

We  can  simplify  the  inequality  on  the  right  by  using  the  fact  that 
p  +  q  -  1  to  find  that 

74-2  if     (n  +  l)p  >  r  +  1,     then    pr+1  >  pr. 

Similarly, 

74-3  if     (n  +  \)p  <  r  +  1,     then    pr+i  <  pr. 

Using  these  inequalities,  we  can  easily  prove  the  following  theorem. 

Theorem  74-2.  Let  p  be  the  probability  of  success  in  a  single  trial ,  and 
let  n  be  the  number  of  trials.  If  (n  +  1)p  is  not  an  integer,  then  the  most 
likely  number  of  successes  is  [(/?  +  7)p"J. 

Proof.     Let  m  =  [(n  +  \)pj.     Then 

m  <  (n  +  l)p  <  m  +  1. 

If  r  is  any  integer  such  that  0  <  r  <  m,  then 

r  +  1   <m  <{n  +  \)p 

and   according  to   Inequality  74-2,  pr  <  pr+i.     Thus,   by  choosing 
r  =  0,  1,  2,  .  .  .  ,  m  —  1,  we  see  that  the  following  inequalities  arej 
valid : 


74-4  p0    <pi<    ...<  f.n-l    <  l> 
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If  r  is  an  integer  such  that  m  <  r  <  n,  then 

r  +  1   >  m  +  1  >  (n  +  1  )p, 

and   according   to    Inequalities   74-3,  pr+i  <  pr.     If  we   let   r  =  m, 
m  +  l,...,w  —  l,we  find  that  the  following  inequalities  are  valid: 

74-5  pm   >  Pm+l    >    .    .    .    >  pn- 

From  Inequalities  74-4  and  74-5,  we  conclude  that  m  is  the  most 
likely  number  of  successes. 

If  we  use  Theorem  74-2  with  the  data  in  the  table  on  p.  327,  we  see 
that  (n  +  \)p  =  V-,  and  [(«  +  \)pj  =  [\3-]  =  4.  Thus,  the  most 
likely  number  of  successes  as  calculated  by  the  formula  in  Theorem 
74-2  is  the  same  as  the  number  that  was  found  from  the  table  on 
p.  327. 

If  the  number  (n  +  l)p  is  an  integer,  Theorem  74-2  does  not  apply. 
By  reasoning  as  we  did  in  the  proof  of  Theorem  74-2,  we  can  show 
that  if  (n  +  l)p  is  an  integer  m,  then  the  numbers  m  —  1  and  m  are  the  two 
most  likely  numbers  of  successes,  and  pm-\  =  pm-  We  leave  the  proof  of 
this  statement  for  the  problems. 

You  should  not  get  the  impression  that  if  m  is  the  most  likely  number 
of  successes,  then  the  probability  pm  is  large.  It  can  be  shown  by 
more  advanced  methods  that  even  though  pm  is  the  largest  probability 
of  a  binomial  distribution,  pm  is  very  small  if  the  number  of  trials  n 
is  very  large. 

Example  74-3.  Suppose  a  box  contains  4  red  balls  and  1  white  ball. 
A  trial  consists  of  drawing  a  ball  and  then  replacing  it  in  the  box  and 
the  trial  is  a  success  if  the  ball  that  is  drawn  is  white.  In  100  trials, 
what  is  the  most  likely  number  of  successes  and  what  is  the  probability 
of  obtaining  the  most  likely  number  of  successes? 

Solution.  The  number  of  trials  is  n  =  100;  the  probability  of  success 
is  P  =  h  Thus  (n  +  \)p  =  -%^  and  according  to  Theorem  74-2,  the 
most  likely  number  of  successes  is  [^jr^l  ~  20.  According  to  Equa- 
tion 74-1, 

P20  =  c&  am)80. 

If  we  use  logarithms  and  Tables  I  and  IV  (pp.  393-394,  400)  we  find  that 
P20  =  .0994.  Thus,  even  though  the  most  likely  number  of  successes 
is  20,  the  chances  are  less  than  1  in  10  of  having  exactly  20  successes. 
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Problems  74 

1.  A  trial  consists  of  drawing  a  card  from  a  deck  and  discarding  it,  and  is  a 
success  if  an  ace  is  drawn.  Can  you  use  Equation  74-1  to  calculate  the 
probability  of  obtaining  exactly  1  success  in  4  trials? 

2.  A  coin  is  tossed  10  times. 

(a)  What  is  the  probability  that  exactly  5  tosses  will  come  up  heads? 

(b)  What  is  the  probability  that  at  least  5  heads  will  turn  up? 

(c)  How  many  heads  are  most  likely  to  turn  up? 

3.  If  you  throw  12  dice,  how  many  would  most  likely  turn  up  1?  What 
is  the  probability  that  exactly  this  many  would  be  1? 

4.  Using  the  data  in  the  table  on  p.  327,  we  find  that  the  most  likely 
number  of  successes  is  4.     What  is  the  probability  of  3,  4,  or  5  successes? 

5.  A  box  contains  10  white  and  3  red  balls.  A  trial  consists  of  drawing 
two  balls  and  then  replacing  them  in  the  box.  What  is  the  most  likely 
number  of  successes  in  10  trials  if  a  trial  is  called  a  success  when 

(a)  both  balls  are  white? 

(b)  the  balls  are  of  different  color? 

(c)  both  balls  are  of  the  same  color? 

6.  Three  cards  are  drawn  from  a  deck  and  then  replaced.  What  is  the 
most  likely  number  of  times  that  3  cards  of  the  same  suit  will  be  drawn 
if  100  drawings  are  made?  What  is  the  probability  of  obtaining  this 
most  likely  number? 

7»  A  pair  of  dice  is  thrown.  You  win  if  a  7  or  an  11  appears.  You  lose 
if  a  2  or  a  12  appears,  and  if  any  other  number  appears,  the  throw  is  a 
draw.  If  the  dice  are  thrown  20  times,  what  is  the  most  likely  number 
of  times  that 

(a)  you  will  win? 

(b)  you  will  either  win  or  lose? 

8.  A  man  offers  to  bet  you  even  money  that  when  throwing  a  pair  of  dice 
he  will  throw  a  7  before  the  sixth  roll.     Should  you  take  the  bet? 

9.  A  die  is  thrown  6  times.  Define  the  function/  by  the  statement:  f(x) 
is  the  probability  that  the  number  1  will  occur  x  times.     What  is  the 

2 

domain  of/?     Draw  a  graph  of/.     Calculate   2  /(0- 

r  =  0 

10.  A  coin  is  tossed  15  times.  Define  the  function  p  by  the  statement: 
p(x)  is  the  probability  that  x  of  the  tosses  will  come  up  heads.  For 
what  values  of  x  is  p(x)  a  maximum?     What  is  this  maximum  value? 

9 

Compute    2J  P(r)- 

r  =  f> 
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11.  Let  p  be  the  probability  of  success  in  a  single  trial  and  let  n  be  the 
number  of  independent  trials.  If  (n  +  \)p  is  an  integer  m,  show  that 
the  numbers  m  and  m  —  1  are  the  most  likely  numbers  of  successes  and 
that  pm  =  pm_i. 


75     EMPIRICAL  PROBABILITY 

As  we  said  earlier,  we  have  confined  our  examples  of  probability  to 
situations  in  which  most  people  would  probably  agree  that  certain 
outcomes  are  "equally  likely."  It  seems  clear  that  the  probability 
of  throwing  a  1  in  a  single  throw  of  a  die  is  -§-,  that  the  probability  of 
drawing  the  ace  of  spades  from  a  deck  of  cards  is  ^-,  and  so  on. 
These  are  examples  of  what  statisticians  call  a  priori  probability. 
But  there  are  situations  in  which  it  is  not  possible  to  determine  the 
probability  of  success  by  finding  the  ratio  of  the  number  of  possible 
successful  outcomes  to  the  number  of  equally  likely  outcomes.  In 
such  situations  the  determination  of  the  probability  of  an  outcome  is 
found  experimentally.  A  probability  that  is  found  experimentally  is 
called  an  empirical  probability. 

In  order  to  determine  an  empirical  probability  of  a  certain  out- 
come, we  make  a  frequency  count.  Let  us  suppose  that  we  are 
given  a  die  so  pbviously  imperfect  that  we  doubt  that  the  probability 
of  throwing  a  3,  for  example,  is  ^.  In  order  to  determine  the  prob- 
ability that  a  3  will  occur,  we  make  a  number  of  throws,  say  N  of 
them.  If  S  denotes  the  number  of  times  that  a  3  appears,  then  we 
take  the  empirical  probability  of  a  3  appearing  to  be  S/N.  For 
example,  if  a  3  appeared  30  times  in  100  throws,  then  the  empirical 
probability  would  be  -fo-  Of  course,  the  confidence  we  place  in 
this  probability  depends  a  great  deal  on  the  number  N.  If  N  were 
20,  it  is  doubtful  that  the  result  would  be  at  all  reliable,  but  if  N  were 
100,000,  then  we  would  expect  the  ratio  S/N  to  represent  rather 
accurately  the  probability  of  a  3  occurring.  Essentially,  the  process 
of  finding  the  empirical  probability  of  a  particular  outcome  by  making- 
frequency  counts  is  an  attempt  to  predict  future  behavior  by  past 
performance.  The  more  information  we  possess  about  the  history 
of  a  trial,  the  surer  we  feel  about  our  predictions  concerning  the 
future  outcome  of  this  trial. 
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Example  75-1.  In  May,  Bill  Clout  was  batting  .333  for  the  Columbus 
Jets  baseball  team.  What  is  the  probability  that  he  will  get  at  least 
one  hit  in  four  official  appearances  at  the  plate? 

Solution.  We  take  the  probability  of  Clout's  getting  a  hit  in  one 
official  appearance  as  %.  The  probability  of  his  failing  to  hit  is  there- 
fore |,  and  hence  the  probability  of  his  failing  to  hit  in  four  consecutive 
appearances  is  (f)4  =  -|~J.  The  probability  of  his  getting  at  least  one 
hit  is  thus  1  ~  if  =  It  =  -802- 

There  are  two  things  we  should  note  in  Example  75-1.  First, 
even  though  Clout  is  averaging  one  hit  in  three  times  at  the  plate, 
we  do  not  conclude  that  he  will  surely  get  at  least  one  hit  in  four 
appearances.  We  only  say  that  he  probably  will,  and  we  are  about 
.8  sure.  Second,  we  would  feel  more  confident  about  this  figure  if 
our  observations  had  been  made  near  the  end  of  the  season  when 
Clout  has  been  at  bat  many  times,  rather  than  during  the  opening 
weeks  of  the  season  when  he  had  batted  only  a  few  times. 

To  illustrate  further  the  necessity  for  being  careful  in  making  pre- 
dictions about  empirical  probability,  let  us  consider  the  following 
situation.  Suppose  we  have  a  die  that  we  suspect,  but  do  not  know, 
is  weighted  so  as  to  make  a  1  or  a  2  appear  more  often  than  these 
numbers  would  on  a  true  die.  To  test  this  hypothesis,  we  throw  the 
die  12  times  and  note  the  number  of  times  that  a  1  or  a  2  appears. 
Suppose  there  are  seven  times  on  which  a  1  or  a  2  appears.  Now 
what  conclusion  can  we  draw?  Since  the  probability  of  making  a  1 
or  a  2  is  J,  we  might  say  that  there  should  be  only  four  appearances 
of  a  1  or  a  2  and  hence  7  appearances  "prove"  that  the  die  is 
weighted.  However,  let  us  consult  the  table  on  p.  327,  which 
shows  the  probability  of  making  a  1  or  a  2  exactly  r  times  in  12  throws 
when  the  die  is  "perfect."  From  the  table,  we  see  that  the  probability 
that  there  are  seven  times  in  which  either  a  1  or  a  2  appears  is  .0477. 
(Note  that  the  probability  of  four  appearances  is  only  .2384.)  Now 
we  must  make  a  decision.  Is  the  occurrence  of  seven  successes  suf- 
ficiently rare  to  justify  our  making  any  conclusion  or  not?  This 
type  of  problem  is  an  important  one  which  is  extensively  treated  in 
statistics,  and  we  will  not  pursue  the  matter  further  at  this  point. 
In  this  particular  problem,  however,  you  might  agree  that  the  evi- 
dence is  suggestive,  but  hardly  conclusive.  Determining  what  is 
conclusive  evidence  in  such  instances  is  really  a  matter  of  agreement 
concerning  the  limits  of  variation  allowed. 
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Problems  75 

1.  A  coin  is  tossed  10  times  and  comes  up  heads  each  time.  What  is  the 
empirical  probability  that  the  coin  will  come  up  heads  on  the  11th  toss:' 
What  is  the  a  priori  probability  that  the  coin  will  come  up  heads  on  the 
11th  toss?  What  is  the  a  priori  probability  that  a  coin  will  come  up 
heads  10  consecutive  times? 

2.  Suppose  that  birth  records  indicate  that  the  number  of  boys  and  the 
number  of  girls  born  each  year  are  equal.  What  is  the  probability 
that  a  family  of  7  children  selected  at  random  will  consist  of 

(a)  all  boys? 

(b)  exactly  4  boys? 

(c)  more  boys  than  girls? 

3.  A  certain  drug  that  was  used  to  treat  1000  patients  with  a  certain  illness 
was  found  to  be  of  benefit  in  200  cases.  A  doctor  uses  the  drug  to  treat 
10  of  his  patients.     What  is  the  probability  that 

(a)  none  of  the  patients  will  benefit  from  the  use  of  the  drug? 

(b)  all  the  patients  will  benefit  from  the  use  of  the  drug? 

(c)  more  than  \  of  the  patients  will  benefit  from  the  use  of  the  drug? 

4.  In  a  primary  election  in  a  certain  city  4000  people  register  as  Democrats 
and  3000  people  register  as  Republicans.  The  day  before  the  general 
election  you  choose  10  names  from  the  phone  book  and  make  calls  to 
remind  them  to  vote.  Assuming  there  are  no  Independents,  what  is 
the  probability  that  you  contact  an  equal  number  of  Democrats  and 
Republicans? 

5.  Suppose  that  the  weather  bureau  records  show  that  the  300  days  of  the 
month  of  April  for  the  past  10  years  could  be  grouped  into  120  sunny 
days  and  180  cloudy  days  or  grouped  into  150  warm  days  and  150  cold 
days.  What  is  the  probability  that  there  will  be  no  more  than  1  week 
of  cloudy  weather  in  the  month  of  April?  What  is  the  probability  that 
exactly  1 5  days  in  the  month  of  April  will  be  warm  and  sunny? 

6.  If  past  records  indicate  that  25%  of  the  students  who  enroll  for  a  certain 
mathematics  course  do  not  make  a  passing  grade,  what  is  the  probability 
that  no  students  will  fail  in  a  class  of  30?  How  many  students  are  most 
likely  to  fail? 


Review  Problems,  Chapter  Eight 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  How  many  odd  numbers  of  two  digits  can  be  formed  from  the  dibits 
1,  2,  3,  4,  5? 
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2.  Simplify:        (a)   j (b)   

3.  A  diagonal  of  a  polygon  is  a  line  that  joins  2  non-adjacent  vertices. 
How  many  diagonals  does  a  pentagon  have?  How  many  diagonals 
does  an  rc-sided  polygon  have? 

4.  How  many  different  7-digit  numbers  can  be  formed  from  the  digits  1, 
2,  and  3?     How  many  of  these  numbers  are  greater  than  3,000,000? 

5.  How  many  distinguishable  permutations  of  the  letters  in  the  words 
BEER  BOTTLE  can  be  formed?  How  many  of  them  start  with 
B?  How  many  of  them  contain  the  word  BEER  (for  example, 
TOBEERLTEB)? 

6.  Find  the  5th  term  of  the  expansion  (a2  —  Jx)9. 

7.  An  instructor  with  a  class  of  40  students  calls  on  5  students  chosen  at 
random  every  day  for  recitation.  What  is  the  probability  that  an  un- 
prepared student  will  escape  detection  for  5  consecutive  days? 

5 

8.  Compute:    2   C5r2r. 

r=0 

9.  Suppose  you  are  playing  a  game  in  which  you  draw  a  card  from  a 
deck  and  are  paid  nothing  if  it  is  an  ace  or  a  face  card.  Otherwise  you 
are  paid  the  same  number  of  dollars  as  the  denomination  of  the  card. 
What  is  the  expectation  of  the  game? 

10.  A  baby  has  11  letter  blocks  that  consist  of  4  S's,  4  I's,  2  P's,  and  1  M. 
The  baby  places  the  blocks  all  in  a  row  and  all  right  side  up.  What  is 
the  probability  that  he  will  spell  the  word  MISSISSIPPI?  If  he  selects 
3  blocks  and  places  them  right  side  up  in  a  row,  what  is  the  probability 
that  he  will  spell  the  word  IMP? 

11.  An  examination  of  medical  records  reveals  that  the  mortality  rate  of  a 
certain  disease  is  .2.  A  doctor  is  treating  6  patients  with  this  disease. 
How  many  patients  are  most  likely  to  survive?  What  is  the  probability 
that  less  than  half  of  his  patients  will  survive? 

12.  Jack  has  3  coins  and  Jill  has  4  coins.  They  both  toss  all  their  coins 
and  whoever  gets  the  greatest  number  of  heads  wins.  If  each  gets  the 
same  number  of  heads,  Jack  will  win.  What  is  the  probability  that 
Jill  will  win? 

Miscellaneous  Problems,  Chapter  Eight 

These  exercises  are  designed  to  test  your  ability  to  apply  your  knowledge  of  permuta- 
tions, combinations,  the  Binomial  Theorem,  and  probability  to  somewhat  more  difficult 
problems. 
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1.  If  k  and  n  are  positive  integers,  solve  the  following  equation  for  k  and  n: 

kCn2  =  Cf. 

2.  Show  that  Q  (  -  )    <  -,  and  hence  that 


(1\rc  n     1 

1  +  £ )    <  E  T 
w/         r=0r! 


3.  Prove  that 


e  (crw)2  =  cr. 

r  =  0 


4.  A  deck  is  made  up  of  cards  that  are  numbered  from  1  to  10  inclusive. 
You  draw  two  cards  from  the  deck  at  random.  If  the  sum  of  the  num- 
bers on  the  cards  you  draw  is  even,  you  win  $1,  and  if  the  sum  is  odd, 
you  lose  $1.     Is  the  game  fair? 

5.  Three  boxes  each  contain  5  white,  3  red,  and  2  blue  poker  chips.  One 
chip  is  selected  at  random  from  the  first  box  and  placed  in  the  second. 
Two  chips  are  then  selected  at  random  from  the  second  box  and  placed 
in  the  third  box.  Finally  3  chips  are  selected  at  random  from  the  third 
box.  What  is  the  probability  that  all  three  chips  will  be  of  different 
color? 

6.  Suppose  that  you  draw  balls  successively  without  replacing  them  from 
a  box  that  contains  3  red  and  7  white  balls  until  you  pick  a  red  ball. 
How  many  drawings  will  you  most  likely  make? 

7.  A  pig  pen  is  divided  into  4  sections,  say  A,  B,  C,  and  D.  In  the  evening 
the  farmer  places  3  black  and  2  red  pigs  in  each  section.  During  the 
night  1  pig  in  pen  A  gets  into  pen  B.  Then  1  pig  in  pen  B  escapes  to 
pen  C,  and  in  succession  a  pig  goes  from  pen  C  to  pen  D  and  one  goes 
from  pen  D  to  pen  A.  What  is  the  probability  that  after  this  exchange 
the  color  distribution  of  pigs  in  each  section  will  be  the  same  as  it  was 
originally? 

8.  Ten  rooms  are  numbered  from  1  to  10  and  connected  by  doorways  as 
follows.  Room  1  is  connected  to  rooms  2  and  3;  room  2  is  also  con- 
nected to  rooms  4  and  5;  room  3  is  also  connected  to  rooms  5  and  6; 
room  4  is  connected  to  rooms  7  and  8;  room  5  is  connected  to  rooms  8 
and  9;  and  room  6  is  connected  to  rooms  9  and  10.  Suppose  there  are 
24  people  in  room  1  who  move  from  room  to  room  at  random,  but  never 
go  from  a  room  with  a  larger  number  to  a  room  with  a  smaller  number. 
Where  would  you  expect  to  find  the  people  when  they  stopped 
wandering? 

9.  1  ,et  pr  be  the  probability  of  making  r  heads  in  5  tosses  of  a  coin.  Define 
the  function/  by  the  equations 
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f(x)  =pr    if    r  -  i  <  x  <  r  +  |  (r  -  0, 1,  2,  3,  4,  5). 
Draw  the  graph  of/.     Define  the  function  F  by  the  statement:  F(x)  is 
the  probability  that  the  number  of  heads  made  in  5  tosses  is  equal  to  or 
less  than  x.     Draw  the  graph  of  F. 

10.  Although  we  have  not  discussed  the  following  type  of  probability 
problem,  you  might  think  about  it.  If  you  glance  at  your  watch,  what 
is  the  probability  that  the  second  hand  will  be  exactly  at  the  30-second 
mark?  What  is  the  probability  that  it  will  be  between  the  29-second 
mark  and  the  31 -second  mark? 

11.  Box  A  contains  3  red  balls  and  1  white  ball.  Box  B  contains  3  white 
balls  and  1  red  ball.  A  ball  is  selected  at  random  from  box  A  and 
placed  in  box  B;  then  a  ball  is  selected  at  random  from  box  B  and 
returned  to  box  A.  This  procedure  is  continued  until  either  (a)  1  box 
contains  4  red  balls  and  the  other  box  contains  4  white  balls,  or  (b) 
each  box  contains  2  red  and  2  white  balls.  If  the  game  ends  in  situation 
(a),  you  receive  $1,  and  if  it  ends  in  situation  (b),  you  receive  nothing. 
How  much  should  you  pay  to  play  the  game? 


CHAPTER 
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SEQUENCES 


You  will  recall  from  Chapter  Two  that  a  function  con- 
sists of  two  sets  of  numbers:  the  domain  and  the  range,  and  a  rule  of 
correspondence  that  assigns  to  each  number  of  the  domain  a  number 
of  the  range.  In  this  chapter  we  deal  with  a  special  class  of  functions 
called  sequences.  A  sequence  is  simply  a  function  whose  domain 
consists  only  of  integers.  We  could,  for  example,  construct  a  se- 
quence showing  the  annual  traffic  fatalities  in  the  United  States 
from  1900  to  the  present.  To  each  of  the  integers  1900,  1901,  1902, 
and  so  on,  which  represent  one  of  the  years  under  consideration,  we 
assign  the  number  of  traffic  fatalities  that  occurred  in  that  year.  If 
we  denote  the  function  so  defined  by  /,  then  /(1937)  =  39,643; 
/(1943)  =  23,823;  and  so  on. 

A  sequence  is  determined  if  we  assign  a  number  to  correspond  to 
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each  integer  in  a  certain  (given)  set  of  integers.  In  this  chapter 
we  shall  only  discuss  sequences  whose  domain  consists  of  the  entire 
set  of  positive  integers;  that  is,  the  numbers  1,  2,  3,  ...  . 


76      BASIC  CONCEPTS 

Sequences  are  a  special  kind  of  function,  but  the  notation  that  we 
use  for  them  is  different  from  the  notation  we  usually  use  for  func- 
tions. Instead  of  using  a  symbol  such  as  f(n)  to  denote  the  number 
that  corresponds  to  a  given  integer  n,  we  shall  use  a  symbol  such  as 
yn.  Thus,  in  a  given  sequence,  we  might  use  ^3  to  denote  the  number 
that  corresponds  to  3,  ^157  to  denote  the  number  that  corresponds  to 
1 57,  and  so  forth.  The  numbers  yh  y2,  .  .  .  are  called  the  terms  of  the 
sequence,  and  we  denote  the  entire  sequence  by  the  symbol  \yn\- 
The  positive  integers  are  ordered;  that  is,  there  is  a  first  integer,  a 
second,  a  third,  and  so  on,  and  this  ordering  induces  an  order  among 
the  terms  of  a  sequence  {yn}.  Thus,  jvi  is  the  first  term  of  the  se- 
quence \yn},  and  y  17  is  the  seventeenth  term. 


70 
Example  76-1.      Let    {yn)    be  the  sequence  in  which  yn  =  3/2 • 

We  can  write  this  sequence  as  <  3n  —  —  >•     Findj>%  jVs,  and y-,. 

Solution.     By  direct  substitution  we  obtain  jy2  =  3  •  2  —  ^°-  =  6  —  35 
=  -29,  yb  =  15  -  14  =  1,  andj7  =  21  -  10  =  11. 

One  way  to  define  a  sequence  {yn\  is  to  write  an  explicit  formula 
for  yn  in  terms  of  n.  We  defined  the  sequence  in  Example  76-1  by 
this  method.  Another  way  to  define  a  sequence  is  to  give  the  first 
term  of  the  sequence  and  a  formula  that  tells  how  to  calculate  any 
term  (other  than  the  first)  if  the  preceding  term  is  known.  A  formula 
of  this  type  is  called  a  recursion  formula,  an  example  of  which  we 
have  already  seen  in  connection  with  the  binomial  coefficients  (Equa- 
tion 71-3). 


Example  76-2.     Let     [yn}     be    the   sequence    in    which    n  =  1    and 
Vn  —  V„   1    -  1  for  //  >   1 .      find  the  first  five  terms. 


76-1 
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Solution.  The  equation  yn  =  3yn-i  —  1  tells  us  that  we  can  find  the 
term  yn  by  multiplying  the  preceding  term  by  3  and  subtracting  1 
from  the  result.  Since  we  know  the  first  term,  we  can  find  succeeding 
terms  one  at  a  time.     Thus, 

yi  =  >i  -  1  =  3  •  1  -  1  =  2, 

y,    =    3y2   -    1    =    3    '    2    -    1    =    5, 

j;4  =  3j;3  -  1  =  3  •  5  -  1  =  14, 

j^5  =  3j;4  -  1  =  3  •  14  -  1=  41. 

We  won't  try  to  explain  how  we  can  arrive  at  a  formula  for  yn,  but 
you  can  easily  check  to  see  that  the  formula 

3"-1  +  1 

does  give  the  correct  values  for  the  four  listed  terms.  You  should  also 
be  able  to  show  that  this  formula  yields  y\  =  1  and  satisfies  the  equa- 
tion^ =  3jVn-i  —  1.  "Mathematical  induction"  (which  we  shall  dis- 
cuss in  the  next  section)  is  required  to  show  that  Formula  76-1  is  the 
only  formula  for  yn  such  that  both  y\  =  \  and  yn  =  3yn-i  —  1  • 

A  sequence  \yn}  is  determined  by  a  rule  that  assigns  to  each  posi- 
tive integer  n  a  number  yn.  You  should  not  conclude  that  any  se- 
quence is  defined  by  either  an  explicit  formula  as  in  Example  76-1 
or  by  a  recursion  formula  as  in  Example  76-2.  A  sequence  may  be 
completely  determined  by  some  statement  that  can't  be  written  as 
an  equation. 

Example  76-3.  Let  {yn}  be  the  sequence  of  digits  in  the  decimal 
representation  of  sin  ir/3.     Find  the  first  few  terms  of  this  sequence. 

Solution.  We  know  that  sin  tt/3  =  V3/2  =  .866025  ....  Thusj^  = 
8,jV2  =  6,  and  so  on.  We  have  no  formula  to  calculate yn  for  each  n, 
but  the  number  yM,  for  example,  is  completely  determined  and  we 
could  find  it  if  we  cared  to. 

We  often  associate  with  a  sequence  {yn}  another  sequence  {Sn} 
that  is  called  the  sequence  of  partial  sums  of  { yn } .  The  terms  of  the 
sequence  {Sn\  are  defined  by  the  formula 


n 


sn  =  s  Ur  =  yi  +  yi  +  . . .  +  yn. 
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(See  Section  71  for  the  meaning  of  the  summation  symbol  2).     Thus, 

■Si  =  yu 

52  =  .y,  4-  y2  -    ,V,  +  y2, 

53  =  y\  +  y<i  +  yz  =  S2  +  j3, 
and  so  on.     Clearly 

We  shall  calculate  the  numbers  Sn  for  two  special  types  of  sequences 
in  Sections  78  and  79,  and  you  will  meet  the  concept  of  partial  sums 
again  in  your  work  in  calculus. 

Example  76-4.     Let  {yn}  be  the  sequence  given  by  the  formula  j>n  = 

1  w    ,    ,      .    ■    „ 


(     1   1\'    11J 
n(n  +  1) 

partial  sums. 

1U    LI] 

c  msi  live  iciins  ui   Luc  loin 

Solution. 

Si 

1 

~  yi  —  |  .9  —  2? 

S2 

-    Si   +JV2    -    2    +    2    .    3    "~     3> 

s. 

-lsi2+^-!  +  314-  i 

s, 

-^3+>-f  +   415-    *, 

& 


^4+^5  =  *  +  5 


-1    1     '■■  -,     r  ,    -   I 


6 


On  the  basis  of  these  results,  we  are  strongly  tempted  to  conclude  that 

71 

Sg  =  f,  and  indeed  that  Sn  =       .    r-     It  is  easy  to  show  that  such  a 
conclusion  would  be  correct,  for 

1  1  1 


y, 


n{n  +  1)        n       n  -\-  1 
and,  therefore, 


&  =  a  -  i)  +  a  - 1)  +  c*  -  i)  +  ■  ■  ■  +  (I  -  ^-j) 
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When  we  remove  the  parentheses,  the  sum  "collapses"  to 

1  n 


Sn    =    1 


n  ■+  1       n  +  1 


Problems  76 

1.  Is  every  sequence  a  function?     Is  every  function  a  sequence? 

2.  Find  the  first  5  terms  of  the  following  sequences. 

(a)  [3»  -  H  (d)   {;>„}  if>  =  1  -  (-1)" 


(b)   {yn}  iiyn  =  3(1)- 


(e) 


lsinTJ 


(c)  |1.3-5.^..(2.-l)j,  (f)    ^  if>  =  ilog  10„ 

3.  Find  the  first  5  terms  of  the  sequence  {yn}  if: 

(a)  yi  =  3,  yn  =  2jn_i  +  1  (e)  y1  =  3,  jy2  =  2,  and 

(b)  ji  =  2,yn+1  =  (-yn)~l  yn  =  i(yn-i  +  _?n-2) 

(c)  yi  =  \,yn  =  inyn-i  m  .  .    Ttt  ,  ."1 

4.  Try  to  guess  a  simple  formula  that  gives  a  sequence  whose  first  5  terms 
are: 

(n\     ^      3       3      3        3 
\<xj     J,    2)    45    8'    16 

(b)  2,  5,  8,  11,  14 

(c)  1,  3,  7,  15,  31 
-4  8  -16  32 


(d)  2, 


1-2   1-2-3   1-2-3-4   1  -  2-3-4-5 


5.  Find  Si,  &,  £3,  and  £4,  where  {Sn}  is  the  sequence  of  partial  sums  of  the 
sequence  {yn},  if: 

(a)  yn  =' (-1)"  -yn_x 

(d)jyi  =  -7,yn  =  2n  +yn-i 

6.  Find  the  first  5  terms  of  the  sequence  {xn}  if: 

n  n 

(c)  xn  =    2   3r 

r  =  l 

n-I 

(d)  #1  =  1,  and  #n  =    X    Xn-r 

r  =  l 

7.  After  2  min,  a  certain  yeast  plant  produces  1  new  plant  (by  budding) 
every  min,  and  this  new  plant  in  turn  begins  producing  plants  at  the 
end  of  2  min  at  the  rate  of  1  per  min.  Starting  with  1  plant,  there  will 
be  1  plant  at  the  end  of  the  first  and  second  min,  2  plants  at  the  end  of 
3  min,  and  3  plants  at  the  end  of  4  min.     How  many  plants  are  there 


(a) 

Xn 

= 

2 

r  =  l 

(*)' 

(b) 

%n 

= 

n 
r  =  \ 

COS  7IT 
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at  the  end  of  7  min?     (The  sequence  defined  in  this  way  is  the  famous 
Fibonacci  Sequence). 

8.  Let yn  be  the  digit  in  the  nth.  decimal  place  of  the  decimal  expansion  of  \. 
Write  the  first  8  terms  of  the  sequence  {yn}  and  find  j>43. 

77      MATHEMATICAL  INDUCTION 

To  specify  the  sequence  \yn}  of  Example  76-2  we  did  two  things; 
(i)  we  gave  the  first  term  and  (ii)  we  stated  a  recursion  formula ;  that 
is,  a  rule  for  calculating  the  successor  of  any  term.  Since  yi  was 
known,  we  used  the  recursion  formula  to  calculate  its  successor  y2. 
After  we  found  y2,  we  calculated  its  successor  _y3,  and  so  on.  Clearly, 
we  could  find  any  term,  for  example  J123,  by  proceeding  step  by  step. 
Many  sequences  that  arise  in  applications  of  mathematics  are  of  this 
type,  and  we  often  wish  to  find  a  formula  that  gives  the  nth  term  yn 
in  terms  of  n.  We  usually  arrive  at  the  formula  by  guesswork,  but 
we  establish  the  validity  of  the  formula  by  the  process  of  mathematical 
induction.  The  process  of  mathematical  induction  is  based  on  the 
following  axiom. 

The  Induction  Axiom.  The  only  sequence  of  numbers  {an\  that  possesses 
the  properties 

(i)   a\  —  0,  and 
(ii)  whenever  a^  =  0,  then  ak+i  =  0, 

is  the  sequence  in  which  every  term  is  zero;  that  is,  an  =  0  for  every  n. 

Reworded,  the  Induction  Axiom  states  that  "If  the  first  term  of  a 
sequence  is  0,  and  if  every  term  that  is  0  is  followed  by  a  term  that 
is  0,  then  every  term  of  the  sequence  is  0."  If  a  sequence  possesses 
properties  (i)  and  (ii),  it  is  easy  to  see,  for  example,  that  a%  =  0. 
For  according  to  Property  (i),  a\  =  0  and  according  to  Property  (ii), 
every  0  term  is  followed  by  a  0  term,  and  hence  a2  =  0.  But  now 
we  can  use  Property  (ii)  again  to  see  that  the  0  second  term  is  fol- 
lowed by  a  0  term,  so  a-s  =  0.  The  axiom  asserts  that  if  n  is  any- 
given  positive  integer,  we  can  carry  out  this  process  n  times  and  arrive 
at  the  conclusion  that  an  =  0. 

Beginners  usually  find  the  Induction  Axiom  a  little  subtle  to  apply. 
It  is  easy  to  check  whether  or  not  Property  (i)  holds,  but  how 
do  we  verify  Property  (ii)?     We  must  show  that  whenever  a*  =  0, 
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then  ak+i  =  0.  To  this  end  we  assume  that  ak  =  0  and  show  that 
the  equality  ak+i  =  0  stems  logically  from  this  assumption.  We  do 
not  have  to  prove  that  ak  =  0  for  any  k  except  k  =  1.  Perhaps  a 
simple  example  will  clear  up  this  point. 

Example  77-1.  Let  {an}  be  a  sequence  such  that  a\  —  /,  where  t  is  a 
given  number,  and  an  =  (tfn-i)2  for  n  >  1  (that  is,  each  term  after  the 
first  is  the  square  of  the  preceding  term).  Show  that  this  sequence 
possesses  Property  (ii)  of  the  Induction  Axiom. 

Solution.  We  must  show  that  if  ak  =  0,  then  ak+i  =  0.  Now  accord- 
ing to  the  recursion  formula  for  the  sequence,  we  have 

ak+i  =  [a(k+D-i]2  =  ak2. 

Thus,  if  ak  =  0,  then  ak+\  =  02  =  0,  and  the  sequence  therefore  pos- 
sesses Property  (ii)  of  the  Induction  Axiom.  We  have  not  shown  that 
any  term  of  the  sequence  is  0;  we  have  merely  shown  that  if  the  se- 
quence contains  any  0  terms,  then  each  of  them  is  followed  by  a  0 
term.  The  value  of  the  first  term  a\  =  t  determines  whether  or  not 
this  sequence  consists  only  of  0's.  If  t  =  0,  then  a.\  =  0,  and  the 
sequence  possesses  Property  (i)  of  the  Induction  Axiom.  Therefore 
the  sequence  contains  only  0's.  If  t  t*  0,  then  the  sequence  does  not 
possess  Property  (i)  (although  it  still  possesses  Property  (ii)),  and  the 
sequence  contains  no  0  terms. 

The  next  theorem  is  an  important  consequence  of  the  Induction 
Axiom. 

Theorem  77-1 .     If  { an }  and  { bn }  are  two  sequences  that  possess  the  properties 

(i)  a\  —  b\  and 
(ii)  whenever  ak  =  bk,  then  ak+i  =  bk+u 

then  an  =  bn  for  every  positive  integer  n. 

Proof.  Let  \cn\  be  the  sequence  made  up  of  the  differences  be- 
tween the  corresponding  terms  of  the  sequences  {an\  and  {£„}; 
that  is,  cn  =  an  —  bn.  We  shall  show  that  the  terms  of  the  sequence 
{cn}  satisfy  both  properties  of  the  Induction  Axiom.  According  to 
the  first  condition  of  this  theorem, 

C\    =   tfi    —   6i    =    0. 
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Further,  if  ck  =  0,  then  ok  =  bk.  Thus,  according  to  the  second 
condition  of  this  theorem,  ak+^  =  bk+h  and  hence 

Ck+x  —  dk+i  —  bk+-\  =  0. 

Therefore,  whenever  ck  =  0,  then  ck+i  =  0.  We  see  that  the  se- 
quence \cn}  satisfies  both  conditions  of  the  Induction  Axiom,  and 
hence  cn  =  0  for  every  n.     It  follows  that  an  =  bn  for  every  n. 

When  a  sequence  is  defined  in  terms  of  a  recursion  formula,  we 
may  be  able  to  guess  the  formula  for  the  nth.  term  after  writing  out  a 
number  of  the  early  terms.  Theorem  77-1  provides  a  way  to  deter- 
mine whether  or  not  our  guess  is  correct. 

Example  77-2.  Let  {an}  be  the  sequence  for  which  a\  =  3  and  an 
—  nan-\  for  n  >  1 .     Find  a  formula  for  an. 

Solution.  The  first  few  terms  of  the  sequence  {an}  are  3,  3  •  2,  3  •  2  •  3, 
3  •  2  •  3  •  4,  3  •  2  •  3  •  4  •  5.  These  terms  suggest  that  the  formula 
we  seek  is  an  =  2>n\.  To  prove  that  this  formula  is  correct,  we  let 
{bn}  be  the  sequence  that  is  determined  by  the  equation  bn  =  3n\ 
and  apply  Theorem  77-1.  Clearly,  a\  =  bh  so  Condition  (i)  of  Theorem 
77-1  is  satisfied.  It  follows  from  the  recursion  formula  for  the  sequence 
that 

ak+i  =  (k  +  1)^+1)-!  =  (k  +  \)ak 

for  any  positive  integer  k.  If,  for  some  k,  ak  —  bk  =  3£!,  then  it 
follows  that 

ak+1  =  (h  +  1)  •  3k\  =  3(*  +  l)!  =  bk+1. 

Hence,  the  sequences  {an}  and  {bn}  also  satisfy  Condition  (ii)  of 
Theorem  77-1,  and  they  are  therefore  the  same  sequences;  that  is, 
an  =  bn  =  3nl  for  any  integer  n. 


Example  77-3.     Show  that  for  every  positive  integer  n, 
2^r  =  l+2  +  ...  +  n=  ^ • 

r  =  l  - 

Solution.     Consider  the  sequences  {an}  and  {bn},  where 

"                               n(n  +  1) 
an  =   21  r     and     bn  = 

r=.l  I 
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We  have  a\  =  1,  and  6i  =  \  •  1  •  2  ==  1,  so  01  =  b\.     Suppose  that 
for  some  k,  ak  =  bk.     By  definition, 

k4-l  k 

ak+i  =    2   r  =   2  r  +  (A  +  1)  =  ak  +  (A;  +  1). 

r=l  r=l 

Since  we  have  assumed  that  ak  =  bk,  we  may  write 

«*+i  =  *»  +  (fc  +  1)  =  ^^1}  +  (*  +  !) 

(*  +  !)(* +  2)        , 
= 2  =  At+1' 

The  two  conditions  of  Theorem  77-1  are  therefore  satisfied,  so  we  can 
conclude  that  an  =  bn  for  every  n. 

Problems  77 

1.  Let  {an}  be  a  sequence  such  that  a\  —  2. 

(a)  If  an  =  3fl„_i,  show  that  an  =  2  ;  S71""1. 

(b)  If  an  =  an_i  +  5,  show  that  an  =  5n  —  3. 

(c)  If  an  =  flS-i,  show  that  an  =  22""1. 

(d)  If  an  =  ~^^>  show  that  an  =  — :• 

2.  Which  of  the  sequences  in  the  preceding  problem  possess  Property  (ii) 
of  the  Induction  Axiom? 

3.  Let  {yn}  be  a  sequence  with  a  given  first  termjyi.     Suppose  thatjyn  = 
yn-i  +  d,  where  d  is  a  given  number,  for  n  >  1 .     Show  that  yn  =  j;i  + 

(n  -  1)6/. 

4.  Let    {yn}    be  a  sequence  with  a   given  first  term  jyi.     Suppose  that 
yn  —  ryn-i,  where  r  is  a  given  number,  for  n  >  1 .     Show  that jyn  =  y\rn~l. 

5.  Let  {jn}  be  a  sequence  such  that  jvi  =  5.     Find  a  formula  forj^  if  the 
recursion  formula  for  the  sequence  is: 

(a)  yn  =  iyn-i  ,  x  n 

<u\  ri  (c)  yn  =  — : — — tt^„_i 

(b)  j>n  =  2«v-i  ^  (w  +  \y 

(d)  jyn  =  J^n-i  +  n  —  1 

6.  If  {_yn}  is  the  sequence  in  which  yx  =  2  and  yn  =  (jvn_i)-1  for  n  >  1, 
show  that 

3  +  (-l)"+1 
yn  = 


3  +  (-l)» 

o  show  that 
the  only  formula  that  yields  the  sequence  of  Example  76-2. 


7.  Use  mathematical  induction  to  show  that  the  formula  yn  =  ^ is 
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8.  Show  that: 

(a)  2  +  4  +  6  +  .  .  .  +  In  -  n(n  +  1) 

(b)  r-i  +  t— i  +  •  •  •  + 


1  •  2    '   2  •  3  n(n  +  l)       n  +  1 

(c)  12  +  22  +  V  +  .  .  .  +  n*  =  n{n  +  1},(2w  +  1} 

6 

9.  Show  that: 

(a)  £    (»'  =  1  -  (»• 

r  =  l 

(b)  E    (-1)'  =  ^-^ 

10.  Discuss  what  happens  when  you  attempt  to  use  mathematical  induction 

n 

to  prove  that  the  sum   2   r  is  equal  to 

r=l 

.    rc(rc  +  1) 

(a)  -A— 2 +  log  2. 

(b)  w(w+1)  +  9(B-1)(w+1). 

78     ARITHMETIC  PROGRESSIONS 

An  arithmetic  progression  (abbreviated  as  A. P.)  is  a  sequence  [yn\ 
that  is  determined  by  the  equation 

78-1  yn  =  y%  +  (n  -  l)d, 

where  jyx  and  df  are  given  numbers. 

Example  78-1.     Find  the  first  five  terms  of  the  A. P.    {yn}    if  _>'i  =  5 
and  rf  =   —2. 

Solution.     According  to  Formula  78-1,  yn  =  5  —  2(n  —  1)  =  7  —  2n. 

Hence,  yx  =  5,jy2  =  3,  jy3  =  l,j>4  =  —  1,  andjy5  =  —  3. 

If  _y„  and  yn+i  are  any  two  consecutive  terms  of  the  A. P.  that  is 
determined  by  Equation  78-1,  then 

yn+i  —  y,i  =  yi  +  nd  —  yi  —  (n  —  \)d  =  d. 

The  number  d  is  therefore  the  difference  between  any  two  consecutive  terms  oj 
the  progression.  Conversely,  if  \yn\  is  a  sequence  such  that  yn+i  — 
yn  —  d  for  every  positive  integer  n,  then  we  can  use  mathematical 
induction  (sec  Exercise  3  of  Problems  77)  to  show  that  \yn  j  is  an  A. P. 


§78  SEQUENCES  347 

Example  78-2.  The  numbers  5,  8,  11,  14,  and  17  are  the  first  five 
terms  of  an  A. P.  {yn} .     Find  the  formula  for yn  and  find  the  1 2th  term. 

Solution.  We  can  compute  d  from  any  two  consecutive  terms;  for 
instance,  d  =  \\  —  8  =  3,  or  d  =  14—11  =  3.  Since  y\  =  5,  yn  = 
5  -f-  (n  —  1)3  =  3n  +  2,  and  therefore^  =  38. 

Example  78-3.  Suppose  {j;B}  is  an  A. P.  with^4  =  24  and  y8  =  36. 
Find  the  formula  for  yn. 

Solution.  The  required  formula  \s yn  —  y\  +  («  —  l)rf,  and  we  are  to 
determine  y\  and  d.  Now  jy4  =  JVi  +  3d,  and  j>8  —  Ji  +  7*/,  and  since 
we  know  the  values  of  j>4  and  jy8,  we  have  the  system  of  two  linear 
equations. 

yx  +  3d  =  24 

j>i  +  7rf  =  36. 

These  equations  can  be  easily  solved  and  yield  d  =  3  and  71  =15. 
It  follows  that  j;n  =  15  +  (n  -  1)3  =  12  +  3n. 

There  is  a  simple  way  to  find  the  sum  of  a  given  number  of  terms 
of  an  A. P.  To  illustrate  the  method  of  finding  the  formula  for  the 
sum  of  n  terms  of  an  A. P.,  let  us  find  the  sum  of  the  first  seven  terms 
of  the  A. P.  {3n  —  1 }.  We  first  write  the  sum  in  the  order  that  the 
terms  appear  in  the  A. P.  Then  we  reverse  the  order  and  add  the 
two  equations: 

S7  =    2+    5+    8  +  11  +  14  +  17  +  20 

S7  =  20  +  17  +  14  +  11  +    8+    5+    2 

2£7  =  22  +  22  +  22  +  22  +  22  +  22  +  22 

2S7  =  7  •  22 

£7  =  |  •  7  •  22  =  77. 

Using  this  calculation  as  a  model,  we  now  derive  the  formula  for 
the  sum  of  the  first  n  terms  of  an  A. P.  {yn}.  We  obtain  each  term 
of  an  A. P.  by  adding  the  number  d  to  its  predecessor  or  by  subtract- 
ing d  from  its  successor.  Thus,  for  example,  3^2=^1  +  d,  y%  =  yi  + 
d  =  yi  +  2d,  and  so  on ;  and  yn-i  =  yn  —  d,  yn-2  =  yn~i  —  d  =  yn  — 
2d,  and  so  on.     With  these  facts  in  our  possession  we  can  write  the 

n 

sum  Sn  —  2J  yr  in  two  ways  and  add  the  two  equations: 

r  =  l 
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S„  -  yi  +  (yi  +  d)  +  0*  +  2<f)  +  . . .  +  (>  -  2rf)  +  (y„  -  d)  +  ?„ 

£„  -  v„  +  (Vn  -<f)  +  (yn  -  2d)  ±  .  .  .  +  (yi  +  2<fl  +  ("y,  +  rf)  +  yt 
2Sn  =  (,)'i  +  yn)  +  (.y,  +  >J  +  (.)'.  +  vw)  +  .  .  .  -f  (jh  +  yn) 
2Sn  =  n{y\  +  yn). 

Thus,  the  formula  for  the  sum  of  the  first  n  terms  of  an  A. P.  is 
78-2  £  yr  =  Sn  =  %i+yn). 

r  =  l  ^ 

Formula  78-2  states  that  the  sum  of  the  first  n  terms  of  an  A. P.  is  ob- 
tained by  multiplying  the  number  of  terms  to  be  added  by  the  average  of  the 
first  and  last  terms  considered. 

Example  78-4.     Find  the  sum  of  the  first  100  odd  positive  integers. 

Solution.  The  sequence  of  odd  positive  integers  is  the  A. P.  {2n  —  1}. 
The  first  term  is  1,  the  difference  d  is  2,  and^ioo  =  199.  According 
to  Formula  78-2, 

Sioo  =  ±P0  +  199)  =  (100)2  =  10,000. 

Example  78-5.  A  carpenter  was  hired  to  construct  192  window 
frames.  The  first  day  he  made  five  frames,  and  each  day  thereafter 
he  made  two  more  frames  than  he  had  the  day  before.  How  long 
did  it  take  him  to  finish  the  job? 

Solution.  The  numbers  of  frames  completed  each  day  form  an  A. P. 
whose  first  few  terms  are  5,  7,  9,  ...  ,  with^i  =  5  and  d  =  2.  Let  n 
be  the  number  of  days  required  to  complete  the  job.  Then  Sn  =  192 
andj>n  =  5  +  2(h  —  1)  =  In  +  3.     Hence, 

Sn  =  |  (5  +  2n  +  3)  =  n(n  +  4), 

192  =  n(n  +  4), 

n2  +  An  -  192  =  0, 

0  -  12)0  +  16)  =  0. 

It  follows  that  n  =  \2  or  n  =  — 16.  Since  n  must  be  positive,  we  see 
that  the  solution  is  n  =  12. 

Example  78-6.  If  {yn}  is  an  A. P.  with  d  =  —  2  and  S8  =  72,  find 
the  terms  y\  andj'8. 
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Solution.     The  two  fundamental  Formulas  78-1  and  78-2  lead  to  the 
following  system  of  equations  for  j^i  and y8: 

y%  =  y\  -  14 

72  =  4(yi  +  y8). 
We  can  solve  this  system  to  find  that^i  =16  andjy8  =  2. 

There  is  a  close  relationship  between  an  A. P.  and  a  linear  function. 
You  will  recall  that  a  linear  function  /  is  defined  by  an  equation 
f(x)  =  mx  + ■  b.  The  domain  of/  is  understood  to  be  the  set  of  all 
real  numbers,  unless  otherwise  specified.  If  we  form  the  sequence 
\j>n},  where  yn  =  f(n),  we  see  that 


yn+i  -yn=f(n  +  l)  -  f(n) 
=   [m(n  +  i)+b] 


[mn  +  b] 


m. 


Further,  yi  =  /(l)  =  m  +  b.  Thus,  every  linear  function  /  that  is 
defined  by  the  equation  f{x)  =  mx  +  b  determines  an  A. P.  {yn\, 
where  yn  =  f(n).  The  first  term  of  this  A. P.  is  m  +  b,  and  d  =  m. 
Conversely,  you  can  easily  verify  that  every  A. P.  {yn\,  where  yn  = 
y\  +  {n  —  l)d,  determines  a  linear  function  /  that  is  defined  by  the 
equation  f(x)  =  dx  +  (yi  —  d).  Then  f(n)  =,yn-  In  other  words, 
we  can  consider  an  A. P.  as  a  linear  function  whose  domain  consists  of  the 
positive  integers.  The  relationship  between  an  A. P.  and  a  linear 
function  is  illustrated  graphically  in  Fig.  78-1. 


Fisnure  78-1 
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Problems  78 

1.  Suppose  that  {yn}  is  an  A. P. 

(a)  Ifji  =  3,  d  =  —  2,  findjy7  and  S7. 

(b)  Ifjvi  =  3,  y7  =  13,  find  £7  and  6?. 

(c)  If  j^i  =  3,  S7  =  42,  findjy7  and  ^. 

(d)  If  j3  =  4,^8  =  24,  nndjh,  d,  and  Sg. 

(e)  If  d  =2,  £12  =  72,  nndj>i  and y12. 

(f)  Ifj^i  =  -3,  </  =  5,  SN  =  18,  findj^AT. 

2.  Show  that  the  sum  of  the  first  n  odd  integers  is  n2. 

3.  Find  a  formula  for  the  sum  of  the  first  n  even  integers. 

4.  How  many  positive  multiples  of  7  are  less  than  300?     What  is  their  sum? 

5.  A  man  started  work  in  1945  at  an  annual  salary  of  $5000  and  received 
a  $200  raise  each  year.     In  what  year  did  his  income  reach  $7000? 

6.  Two  hundred  logs  are  stacked  in  the  following  manner:  20  logs  in  the 
bottom  row,  19  in  the  next  row,  and  so  on.  How  many  rows  are  there, 
and  how  many  logs  are  in  the  top  row? 

7.  Find  the  first  4  terms  of  the  A. P.  {yn}  iiyn  =  fin),  where/ is  the  linear 
function  defined  by  the  equation: 

(a)  /(*)  =  3*  +  2  (c)  f(x)  =  %x  +  i 

(b)f(x)  =  -4*  +  l  (d)/W  =1-2* 

8.  Find  the  equation  that  defines  a  linear  function  /  such  that  yn  =  f(n) 
if  {yn}  is  an  A. P.  that  is  defined  by  the  following  equations.  Sketch  a 
graph  off  showing  the  points  that  correspond  to  the  terms  of  the  A. P. 

(a)  yi  =  2,  d  =  —1  (c)  y1  =  —5,yn  =  yn-i  +  3 

(b)  yn  =  3  +  An  (d)  d  =  3,  SV  =  21 

9.  Find  the  following  sums: 

12  82 

(a)  2    3r  (c)    2    (3  -  r) 

r=l  r=l 

23  30 

(b)  S   (2r  -  1)  (d)    S   (r  +  2) 

r=  1  r  =  4 

10.  The  acceleration  of  a  body  falling  in  a  vacuum  is  32  fps  per  second. 
Each  second  that  the  body  falls,  it  falls  32  ft  farther  than  it  did  the 
second  before.  If  a  body  falls  from  rest,  it  falls  16  ft  in  the  first  second. 
How  far  does  it  fall  in  10  sec?  How  far  does  it  fall  in  t  sec?  (We  are 
assuming  that  t  is  a  positive  integer  here,  but  the  formula  is  valid  for  all 
positive  numbers  /.) 

11.  A  guy  wire  extends  from  the  top  of  a  10-lt  pole  to  a  point  on  the  ground 
40  ft  from  the  pole.     Starting  1  ft  from  the  pole,  vertical  streamers 
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spaced  1  ft  apart  extend  from  the  wire  to  the  ground.     How  many  ft 
of  material  are  required  for  the  streamers? 

79      GEOMETRIC  PROGRESSIONS 

Another  type  of  sequence  that  arises  frequently  in  mathematical 
applications  is  the  geometric  progression  (G.P.).  A  sequence  \yn} 
is  a  G.P.  if  each  term  is  obtained  from  the  formula 

79-1  yn  =  yirn~\ 

where  y\  is  a  given  first  term  and  r  is  a  given  number.  From  this 
equation  we  see  that  yn+i  =  y\rn  and  hence, 

y_n±i  _  yirn  __ , 


yn         yxrn   l 

Thus  we  see  that  the  quotient  of  two  consecutive  terms  of  a  G.P.  is 
constant,  whereas  in  an  A. P.,  the  difference  between  two  consecutive 
terms  is  constant.  Conversely,  we  can  show  by  mathematical  induc- 
tion (see  Exercise  4  of  Problems  77)  that  any  sequence  that  is  defined 
in  terms  of  the  recursion  formula  yn+i  =  ryn  is  a  G.P. 

Example  79-1.     The  numbers  1,  2,  4,  8,  and  16  are  the  first  five  terms 
of  a  G.P.  {yn}-     Find  the  formula  for yn  and  calculate^. 

Solution.     Clearly,  yx  =  1    and   r  =  f-  =  2.     Hence,  yn  =  1  ■  2n_1  = 
2n~\  andjy7  =  26  =  64. 

Example  79-2.     The  fifth  term  of  a  G.P.  is  4  and  the  ratio  of  two 
consecutive  terms  is  |.     Find  the  formula  forjj;n. 

Solution.     We  know  that  r  =  f ;  hence,  y6  =  jVi(f)4.     But  we  also  know 
thatjy5  =  4,  so  we  have  4  =j^i(f)4.     Therefore,^  =  4(f)-4,  and 

yn  =  4(i)-4(f)-i  =  4(f)-5. 

It  is  easy  to  find  a  formula  for  the  nth.  partial  sum,  Sn,  of  a  G.P. 
We  first  write 

79-2  Sn°*yi+  yir  +  y^  +  .  .  .  +  yirn"\ 

Then  we  multiply  both  sides  of  Equation  79-2  by  the  number  r  to 
obtain  the  equation 
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79-3  rSn  =  yir  +  yir2  +  .  .  .  +  yirn~l  +  Jxr\ 

Now  we  subtract  each  side  of  Equation  79-3  from  the  corresponding 
side  of  Equation  79-2  to  obtain  the  equation 

79-4  (1  -  r)Sn  =  yi-  yir\ 

If  r  t^  1,  we  may  solve  Equation  79-4  for  Sn; 

79-5  S„  =  y,  (j^f  )• 


Example  79-3.  If  yi  =  3,  r  =  2,  and  j^  =  768  in  a  G.P.,  find  TV 
and  »Sjv. 

Solution.  The  two  fundamental  formulas  associated  with  geometric 
progressions  are  Equations  79-1  and  79-5.  After  we  substitute  the 
given  values  of  yi,  r,  andj;^  in  these  equations,  we  have  the  system  of 
equations 

768  =  3  •  2*"1 

1  —  2N 
^  =  3j3y  =  3(2^-1). 

From  the  first  of  these  equations  we  obtain 

2*"1  =  256  =  28, 

so  N  -  1  =  8  and  N  =  9.  Since  2N~l  =  256,  we  have  2N  =  256-2 
=  512,  and  the  second  equation  yields 

S9  =  3(512  -  1)  =  1533. 


Example  79-4.  When  a  certain  golf  ball  is  dropped  on  a  piece  of 
pavement,  it  bounces  to  a  height  of  three-fifths  the  distance  from 
which  it  fell.  If  the  ball  is  dropped  from  a  height  of  100  inches,  how 
far  has  it  traveled  when  it  hits  the  ground  for  the  tenth  time?  How 
high  will  it  rise  on  the  next  bounce? 

Solution.  The  first  time  the  ball  hits  the  ground,  it  has  fallen  from  a 
height  of  100  inches.  It  then  bounces  to  a  height  of  100(f)  inches, 
from  which  height  it  hits  the  ground  for  the  second  time.  It  then 
bounces  to  a  height  of  100(f) (f)  =  100(f)2  inches,  and  so  on.  The 
tenth  time  the  ball  hits  the  ground  it  will  have  fallen  from  a  height  of 
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100(f)9  inches  and  will  then  bounce  to  a  height  of  100(f)10  inches. 
This  figure  answers  the  second  question.  To  answer  the  first  question, 
we  observe  that  except  for  the  original  drop,  the  ball  must  bounce 
from  the  ground  to  a  "peak"  height  and  fall  back  to  the  ground  on 
each  bounce.  Hence,  the  total  distance  D  the  ball  travels  before  it 
hits  the  ground  for  the  tenth  time  is 


D  =  100  +  2  •  100(f)  +  2 


100(f)2  +  .  .  .  +  2 


100(f)9. 


Starting  with  the  second  term,  the  sum  on  the  right  is  the  ninth  partial 
sum  of  the  G.P.  with  y\  =  200(f)  and  r  =  f .  From  Formula  79-5 
we  see  that 


D  =  100  +  200(f) 


(I)9 


=  100  +  300[1  -  (f)9] 
=  400  -  300(f)9. 


Using  logarithms,  we  find  that  (f)9  is  about  .01  and  D  =  397. 

In  the  same  way,  we 
can  show  that  when  the 
ball  hits  the  ground  for 
the  hundredth  time,  it 
will  have  traveled  400  — 
300(f)99  inches;  and,  in- 
deed, when  the  ball  hits 
the  ground  for  the  nth 
time  (where  n  is  any  posi- 
tive integer),  it  will  have 
traveled  400  -  300  (f)"-1 
inches.  Thus,  no  matter 
how  often  the  ball  bounces, 
the  distance  it  will  travel 
will  be  less  than  400 
inches. 

A  G.P.  is  related  to  an  ex- 
ponential function  in  the 
same  way  that  an  A. P.  is 
related  to  a  linear  function. 
If/  is  an  exponential  function 
that  is  defined  by  the  equa- 
tion f(x)  =  abx  (b  >  0),   and  if  we  let  yn  =  f(ri),  then  we  see  that 

Jn  =  fin)  =  abn  =  (ab)bn~l  =  f(\)bn~l  =  yibn~l. 


Figure  79-1 
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Thus,  an  exponential  function  /  defines  a  G.P.  in  which  r  =  b  and 
V\  =  ab.  Conversely,  a  G.P.  \yn\  (with  r  >  0)  determines  an  ex- 
ponential function  /,  defined  by  the  equation  f(x)  —  y\rx~\  that 
possesses  the  property  yn  =  f(n).  The  relationship  between  a  G.P. 
and  an  exponential  function  is  illustrated  graphically  in  Fig.  79-1. 

Problems  79 

1.  Formula  79-5  is  meaningless  if  r  —  1.     What  is  the  formula  for  Sn  if 

r  =  1? 

2.  Suppose  that  {yn}  is  a  G.P. 

(a)  If  y\  =  5,  r  =  3,  fmdyb  and  S5. 

(b)  Ifj^i  =  3,  r  =  z,  find  ji7  and  5*17. 

3.  Let  {);„}  be  a  G.P. 

(a)  If  ji  =  5  and  jy5  =  80,  find  all  possible  values  of  r  and  £5. 

(b)  If  yi  =  1  and  ^12  =  42,  how  many  possible  values  of  r  are  there? 

4.  The  enrollment  at  a  certain  university  increases  at  the  rate  of  3%  per 
year.  If  there  were  10,000  students  enrolled  in  1947,  how  many 
students  were  enrolled  in  1957?  What  will  be  the  first  year  in  which 
the  enrollment  is  more  than  double  the  enrollment  of  1947? 

5.  One  third  of  the  air  in  a  container  is  removed  with  each  stroke  of  a 
vacuum  pump.  What  fraction  of  the  original  amount  of  air  remains 
in  the  container  after  5  strokes?  How  many  strokes  are  necessary  to 
remove  99%  of  the  air? 

6.  If  we  know  that  3  numbers,  a,  b,  and  c,  are  consecutive  terms  of  both 
an  A. P.  and  a  G.P.,  find  all  possible  values  of  a,  b,  and  c. 

7.  Find  the  value  of  each  of  the  following: 

10  5 

(a)  2   3(2)*  (c)     2   (2*  +  3k) 

10  25 

(b)  S  2~"  (d)    S   (I)*  +  (i)k 

k  =  1  k  =  5 

8.  Suppose  that  r  is  a  number  different  from  1,  and  let  n  be  a  positive 
integer.     Using  synthetic  division,  show  that 

(rn  -  1)  -^  (r  -  1)  =  V  r*. 

Ar  =  0 

Compare  your  result  with  Formula  79-5. 

9.  Write  the  first  4  terms  of  the  G.P.  {yn}  that  is  defined  by  yn  =/(«)  if 
the  exponential  function/ is  defined  by  the  equation: 

(a)  /(*)  =  2'  (c)  f(x)  =  4(|)« 

(b)  f(x)  =  3(10)'  (d)  /(*)  =  (sin  3)' 
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10.  Find  the  equation  that  defines  an  exponential  function  /  such  that 
yn  =  f(n)  if  {yn}  is  a  G.P.  that  is  defined  by  the  following  equations. 
Sketch  a  graph  of/  showing  the  points  that  correspond  to  the  terms  of 
the  G.P. 

(a)^  =  3,r=§  (b)yn=  (.I)-* 


80     ARITHMETIC  AND  GEOMETRIC  MEANS. 
THE  SUM  OF  A  G.P. 

The  mean  (more  precisely,  the  arithmetic  mean)  of  two  numbers  a 
and  b  is  their  average,  {a  +  b)/2.  Thus,  the  mean  of  the  numbers  3 
and  7  is  5.  If  we  observe  that  the  three  numbers  3,  5,  7  are  the  con- 
secutive terms  of  an  A. P.,  we  are  led  to  a  generalization  of  the 
concept  of  the  arithmetic  mean  of  two  numbers. 

Definition  80-1.  If  we  choose  n  numbers,  each  between  two  given  numbers 
a  and  b,  in  such  a  way  that  the  set  of  numbers  that  consists  of  the  chosen  num- 
bers and  the  given  numbers  a  and  b  forms  the  first  n  +  2  terms  of  an  A. P., 
then  we  call  the  chosen  numbers  the  nth  arithmetic  means  of  the  numbers  a 
and  b. 

Example  80-1.  Find  the  third  arithmetic  means  of  the  numbers  —3 
and  9. 

Solution.  According  to  Definition  80-1,  we  must  find  three  numbers, 
j2,jz,  andj4,  such  that  the  numbers y\  =  —  3,y2,ys,y^,  andjy5  =  9  form 

the  first  five  terms  of  an  A. P.  First,  we  find  a  number  d  such  that 
y5  and  yi  are  related  by  Equation  78-1 ;  that  is,  yb  =  yx  +  Ad.  Since 
yb  =  9  andjvi  =  —3,  we  immediately  find  that  d  =  3.  Hence, yi  =  0, 
yz  =  3,  and y4  =  6. 

The  geometric  mean  of  two  positive  numbers  a  and  b  is  the  number 
v  ab.  Thus,  the  geometric  mean  of  2  and  8  is  4.  If  we  observe 
that  the  three  numbers  2,  4,  8  are  consecutive  terms  of  a  G.P.,  we 
are  led  to  a  generalization  of  the  concept  of  the  geometric  mean  of 
two  numbers. 

Definition  80-2.  lj  we  choose  n  positive  numbers,  each  between  two  given 
positive  numbers  a  and  b,  in  such  a  way  that  the  set  of  numbers  that  consists 
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of  the  chosen  numbers  and  the  given  numbers  a  and  b  forms  the  first  n  +  2 
terms  of  a  G.P.,  then  we  call  the  chosen  numbers  the  nth  geometric  means 
of  the  numbers  a  and  b. 

Example  80-2.  Find  the  fourth  geometric  means  of  the  numbers  | 
and  16. 

Solution.  According  to  Definition  80-2,  we  must  find  four  positive 
numbers,  j^2,  J^3,  JV4,  andjy5,  such  that  the  numbers^  =  \ ,  jfe, y$, y±, y6, 
andjy6  =  16  are  the  first  six  terms  of  a  G.P.  First,  we  find  the  positive 
number  r  such  that  16  =  |r5  (Equation  79-1).  We  see  that  r  =  2,  and 
the  required  means  are  therefore  the  numbers  j2  =  1,^3  =  2,  y4  =  4, 
andj;6  =  8. 

Example  80-3.  If  a  and  b  are  two  positive  numbers,  show  that  their 
first  arithmetic  mean  is  not  less  than  their  first  geometric  mean. 

Solution.  Since  the  arithmetic  mean  of  a  and  b  is  \{a  +  b)  and  the 
geometric  mean  is  V  ab,  we  must  show  that 

^~ab  <  i(a  +  b). 
In  order  to  demonstrate  this  inequality,  we  proceed  as  follows: 

2^/~ab  <  (a  +  b), 

Aab  <  {a  +  b)2 

Aab  <  a2  +  lab  +  b2. 

But  this  last  inequality  can  be  rearranged  as 

0  <  a2  -  lab  +  b\ 

0  <  {a  -  b)2. 

This  final  inequality  is  obviously  correct,  and  we  can  reverse  the  steps 
in  our  reasoning  to  solve  the  problem. 

In  Example  79-4  we  found  that  the  distance  traveled  by  a  certain 
golf  ball  in  n  bounces  was 

Dn  =  400  -  300(f)"-1. 

We  then  concluded  that  no  matter  how  long  the  ball  bounces,  the 
distance  it  travels  is  less  than  400.     But  if  n  is  a  very  large  integer, 
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for  example,  1,000,000,  then  the  distance  Dn  is  almost  400.  In 
fact,  since  we  can  make  the  number  (f)n_1  as  small  as  we  please  by 
choosing  a  large  enough  value  for  n,  we  can  make  the  difference 
between  Dn  and  400  as  close  to  zero  as  we  please.  We  say  that  the 
limit  of  Dn  is  400. 

Let  {yn}  be  a  G.P.  that  is  defined  by  Equation  79-1.  Then  ac- 
cording to  Equation  79-5,  we  can  write  the  formula  for  the  nth.  partial 
sum  of  the  G.P.  as 


-  -Jl 


irt-y- 


80-1 

1  —  r 

If  \r\  <  1,  then  we  can  make  the  second  term  of  the  right-hand  side 
of  Equation  80-1  as  close  to  zero  as  we  wish  by  making  n  large  enough. 
(You  can  probably  convince  yourself  of  this  fact  by  considering  the 
value  of  an  expression  like  (J)n,  when  n  is  a  large  number.)  It  fol- 
lows that  if  \r\  <  1,  then  — — —  closely  approximates  the  sum  Sn  when 

n  is  a  large  number — in  fact,  the  larger  the  number  n,  the  closer  the 
approximation.     To  express  the  fact  that  we  can  make  the  difference 

between  Sn  and  — — —  as  small  as  we  please  by  making  n  large  enough, 


we  write 


//i 


80-2  If     \r\  <  1,     lim  Sn  =  £  yk  = 

n->oo  k  =  l  1    —    T 

The  symbol  lim  Sn  is  read  "the  limit  of  Sn  as  n  increases  without 

n— >°o 

00 

bound."     The  symbol  2  yk  is  read  "the  sum  of  the  sequence  {  yn}" 

k  =  l 

Example  80-4.     Find  the  limit  of  the  partial  sums  of  the  G.P.  {(!)*}. 

Solution.     Since j^i  =  \  and  r  =  J,  we  have,  according  to  Equation  80-2 

i 
lim  Sn  =       2_  i  =  1. 

n— >oo  1  2 

In  Fig.  80-1  the  numbers  «5i,  S2,  £3, 1S4,  are  shown  plotted  on  the  number 
scale.  We  see  that  each  time  a  point  ^a+i  is  plotted,  it  bisects  the 
segment  between  the  points  iS*  and  1 .  Thus,  even  though  the  point  Sn 
is  never  the  point  1 ,  it  is  clear  that  the  point  £n  is  very  close  to  the  point  1 
when  n  is  a  large  number. 
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igure 


80-1 


Example  80-5.     Find   2    (J)' 

r=0 


Solution.     We  are  to  find  the  sum  of  a  geometric  progression  whose 
first  term  is  1  and  for  which  r 

00 

2  (1)'- 


\.     According  to  Equation  80-2, 
1 


r  =  0 


1 


Problems  80 

1.  Find  the  second  arithmetic  means  of  the  following  numbers: 

(a)  4  and  10  (c)    -3  and  7 

(b)  - 1  and  1  (d)  V2  and  6  +  V2 

2.  Find  the  second  arithmetic  means  of  the  numbers  k  and  k2. 

3.  Find  the  third  geometric  means  of  the  numbers  16  and  81. 

4.  Find  the  second  arithmetic  means  and  the  second  geometric  means  of 
the  numbers  -|  and  -f.  Plot  the  points  (1,-f)  and  (4,-|)  and  the  points 
corresponding  to  the  second  arithmetic  and  geometric  means. 

5.  Find  3  numbers  a,  b,  and  c  that  are  between  2  and  18  such  that  their 
sum  is  25,  the  numbers  2,  a,  b  are  consecutive  terms  of  an  A. P.,  and  the 
numbers  b,  c,  and  18  are  consecutive  terms  of  a  G.P. 

6.  The  number  .111  ..  .  can  be  considered  as  the  sum  of  the  G.P.  {(to)")- 
In  other  words  .111  ...  =    2    GrV)fc-     Evaluate  this  sum. 

7.  Follow  the  procedure  indicated  in  the  preceding  problem  to  evaluate 
.3333  ...     and  .9999  .... 

8.  Inside  a  square  that  has  sides  1  ft  long  a  second  square  is  constructed 
whose  vertices  are  the  mid-points  of  the  sides  of  the  first  square.  Simi- 
larly, a  third  square  is  constructed  whose  vertices  are  the  mid-points 
of  the  second  square.     If  this  sequence  of  constructions  is  continued, 

(a)  find  the  area  of  the  10th  square, 

(b)  find  the  area  of  the  nth  square, 

(c)  find  the  sum  of  the  areas  of  the  first  10  squares, 

(d)  find  the  limit  of  the  sum  of  the  areas  of  the  squares. 
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9.  Find  the  value  of  each  of  the  following  sums: 

(a)  2   (-I)4  (c)     S   81(f)* 

k=0  k=5 

(b)  2  (-57)*  (d)     2     (I)* 

&  =  0  &  =  100 

10.  A  function  /  whose  domain  is  the  set  of  all  real  positive  numbers  is 
defined  by  the  equation 

/(*)  =   2  (1  +  *)-*• 

fc  =  0 

Sketch  the  graph  of  the  function/. 

81      MATHEMATICAL  INDUCTION  APPLIED 
TO  SEQUENCES  OF  STATEMENTS 

Preceding  sequences  have  consisted  of  numbers,  one  number  being 
associated  with  each  positive  integer  n.  In  this  section  we  are  going 
to  discuss  sequences  of  statements;  that  is,  with  each  positive  integer  n 
we  will  associate  some  mathematical  statement  Pn.  Some  examples 
of  such  statements  follow. 

Illustration  81-1.  Pn  is  the  statement  "1  +  2  +'...+  rc  = 
in(n  +  1)," 

Illustration  81-2.  Pn  is  the  statement  "1  !  +  2 !  +  ...+  n\  is  an 
odd  number," 

Illustration  81-3.     Pn  is  the  statement  "(rc  +  \)n  <  nn+l" 

Illustration  81-4.     Pn  is  the  statement  u2n  —  1  is  a  perfect  square." 

We  shall  explain  one  way  to  determine  whether  or  not  a  sequence 
{Pn}  of  statements  contains  only  true  statements.  For  any  integer  n 
the  corresponding  statement  Pn  of  Illustration  81-1  is  true,  as  we 
showed  in  Example  77-3.  We  shall  show  in  Example  81-1  that  all 
the  statements  of  the  sequence  of  Illustration  81-2  are  also  true.  In 
Illustration  81-3,  statements  Pi  and  P<l  are  false,  but  we  shall  show 
(in  Example  81-3)  that  all  the  other  statements  in  that  sequence  are 
true.  The  only  true  statement  of  the  sequence  of  Illustration  81-4 
is  Pi,  but  the  methods  we  will  discuss  in  this  section  are  not  the  way 
to  show  that  a  statement  such  as  P3  is  false. 

With  a  given  sequence  of  statements  \Pn\  we  shall  associate  in  a 
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simple  way  a  sequence  of  numbers  \an).  If  Pn  is  a  true  statement, 
we  let  an  =  0,  and  if  Pn  is  a  false  statement,  we  let  an  —  \.  We  can 
now  use  our  Induction  Axiom  to  prove  the  following  theorem. 

Theorem  81-1.  If  {Pn}  is  a  sequence  of  statements  that  possesses  the 
properties 

(i)  Pi  is  true  and 
(ii)  whenever  P&  is  true,  then  Pk+\  is  true, 

then  Pn  is  a  true  statement  for  every  positive  integer  n. 

Proof.  Properties  (i)  and  (ii)  of  the  sequence  of  statements  { Pn  \ 
imply  that  the  corresponding  sequence  of  numbers  {an}  possesses 
the  properties  (i)  a\  =  0  and  (ii)  whenever  ak  =  0,  then  ak+i  =  0. 
It  follows  from  the  Induction  Axiom  that  an  =  0  for  every  positive 
integer  n.     Hence,  for  each  n,  Pn  is  a  true  statement. 


Example  81-1.     Use  Theorem  81-1  to  show  that  the  sum   2  r!  is  an 

r  =  l 

odd  number  for  every  positive  integer  n. 

Solution.  We  are  to  verify  that  the  sequence  of  statements  {Pn}  of 
Illustration  81-2  consists  only  of  true  statements.  Since  Pi  is  the 
statement  "1  is  an  odd  number,"  it  is  true,  and  we  see  that  the  sequence 
{Pn}  possesses  Property  (i)  of  Theorem  81-1.  Suppose  that  Pk  is  a 
true  statement;  that  is,  that  the  sum  1 !  +  2!  +  .  ..  +  /:!  is  odd. 
Then,  since  (k  +  1) !  =  1  •  2  •  .  .  .  •  (k  +  1)  is  an  even  number,  it 

fc+1  k 

follows  that    2   r\  =    2    r\  +  (k  +  1)!   is  an  odd  number;   that  is, 

r=l  r=l 

that  the  statement  P^.+i  is  true.  Hence,  the  sequence  {Pn}  possesses 
Property  (ii)  of  Theorem  81-1,  and  it  follows  that  all  the  statements 

n 

in  the  sequence  are  true.     In  other  words,   2   r !  is  an  odd  number  for 

r=l 

every  positive  integer  n. 

Example  81-2.  Let  x  be  any  real  number.  Show  that  |sin  wx|  < 
7z|sin  x\  for  every  positive  integer  n. 

Solution.  Let  {P„}  be  the  sequence  in  which  Pn  is  the  statement 
"|sin?zx|  <  7z|sin#|."     Then  Pi  is  the  statement  "|sinx|  <  |sin.v|," 
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which  is  surely  true.  We  must  also  show  that  the  truth  of  the  state- 
ment Pk  implies  that  statement  Pk+\  also  is  true.     For  any  k,  we  have 

[sin  (k  +  l)x|  =  [sin  (kx  +  x)\ 

=  [sin  kx  cos  x  +  cos  kx  sin  x\ 

<  |sin  kx  cos  x\  +  |cos  kx  sin  x\ 

<  |sin  kx\  +  |sin  x\. 

Hence,  if  Pk  is  true  (that  is,  if  |sin  kx\  <  k\sin  x\),  we  see  that 

|sin  (k  -f  1)*|  <  |sin  £#[  +  |sin  x\  <  A; [sin  #|  +  |sin  ^| 

=  (k  +  l)|sin  x|. 

Thus,  the  statement  Pk+i, 

|sin(A;+  1)*|  <  (k  +  l)[sin  x|, 

is  true  whenever  Pk  is  true.  The  two  conditions  of  Theorem  81-1  are 
satisfied,  so  we  conclude  that  statement  Pn  is  true  for  any  positive 
integer  n. 

Example  81-3.     Show  that,  for  n  >  3,  (n  +  l)71  <  nn+1. 

Solution.  With  a  little  algebra,  we  can  show  that  the  above  inequality 
is  equivalent  to  the  statement 


m 


<  n. 


We  will  call  this  last  inequality  the  statement  Pn.  It  is  clear  that  the 
sequence  {Pn}  does  not  possess  Property  (i)  of  Theorem  81-1,  but  we 
will  show  that  it  does  possess  Property  (ii).  For  any  positive  integer  k 
it  is  clearly  true  that 

k+2       k + 1 
k  +  1  k 

Hence, 

— 7 —  J    <  k)  then 
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which  simply  states  that  Pk+i  is  true.  Hence,  {Pn}  possesses  Property 
(ii) — that  is,  every  true  statement  of  the  sequence  is  followed  by  a 
true  statement.  If  we  replace  our  original  sequence  {Pn}  with  a 
sequence  {Qn}  that  is  obtained  from  {Pn}  by  neglecting  the  first  two 
terms  (Qi  =  P^  Q2  =  Pa,  and  so  on),  it  is  clear  that  {Qn}  will  also 
possess  Property  (ii).     The  sequence  {Qn}  is  the  sequence  of  statements 

"(n  +  3)"+2  <  (n  +  2)"+3." 

The  sequence  {Qn}  also  possesses  Property  (i),  for  Qi  is  the  statement 

"(1  -1-  3)3  <  (1  +  2)4" 
or 

"64  <  81." 

According  to  Theorem  81-1,  it  follows  that  statement  Qn  is  true  for 
each  n,  and  therefore  statement  Pn  is  true  for  each  n  >  3. 

Problems  81 

1.  Let  Pn,    be    the    statement   "n  =  n  +  1."     Does    the    sequence    {Pn} 
possess  Property  (ii)  of  Theorem  81-1? 

2.  Use  mathematical  induction  to  prove  Equation  78-2. 

3.  Use  mathematical  induction  to  prove  Equation  79-5. 

4.  Show  that  for  any  positive  integer  n  if  0  <  a  <  b,  then  an  <  bn. 

5.  Use  mathematical  induction  to  prove  that  log  n  <  n  for  every  positive 
integer  n. 

6.  Let  {yn}  be  the  Fibonacci  Sequence  that  is  defined  by  the  equations 

y\  =  1,^2  =  2,yn+2  =  yn  +yn+i. 
Prove  that 

n 

2  yT  =yn+2  -  2. 

7.  Use  mathematical  induction  to  show  that  if  n  is  a  positive  integer,  then 
x  —  y  is  a  factor  of  xn  —  yn. 

8.  Use  mathematical  induction  to  show  that  if  n  is  an  odd  positive  integer, 
then  x  +  y  is  a  factor  of  xn  -\-  yn. 

9.  Use  mathematical  induction  to  prove  that  for  any  positive  integer  n: 

(a)  n2  —  3n  +  4  is  an  even  number. 

(b)  2rc3  —  3w2  +  n  is  divisible  by  6. 

10.  Suppose  that  a  >  —  1.     Show  that  for  every  positive  integer  n 

(1  +  a)n  >  1  +  ft<z. 
Where  does  your  proof  break  down  if  a  <  —\7 
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Review  Problems,  Chapter  Nine 

You  should  be  able  to  answer  the  following  quest,  tons  without  referring  back  to  the  text. 

1.  (a)  Let  {yn}  and  {zn}  be  A.P.'s.     Show  that  {yn  +  zn}  is  an  A. P. 
(b)  Let  {yn}  and  {zn}  be  G.P.'s.     Show  that  {ynzn}  is  a  G.P. 

2.  (a)  Let  {yn}  be  an  A.P.  If  zn  is  the  arithmetic  mean  of  yn  and  yn+h 
is  the  sequence  {zn}  an  A. P.?  If  zn  is  the  geometric  mean  of  yn  and 
yn+h  is  {zn}  an  A. P.?  If  zn  is  the  geometric  mean  of  yn  and  yn+h  is 
{zn}  a  G.P.? 

(b)  Answer  the  questions  in  part  (a)  if  {yn}  is  a  G.P. 

50 

3.  Is  the  sequence  {log  n}  an  A.P.?     Calculate   2   log  &. 

k  =  \ 

4.  If  {jyn}  is  a  G.P.  of  positive  terms,  show  that  {log yn}  is  an  A.P. 

5.  Evaluate: 

208  n 

S     (2r-l)  S    2' 

(a)  i'"1  (b)  (-1)"° 

6.  Twenty  rungs  are  equally  spaced  along  a  ladder.  The  bottom  rung 
is  2  J  ft  long  and  the  top  rung  is  1 J  ft  long.  How  many  linear  ft  of  wood 
were  required  to  make  all  the  rungs? 

7.  In  a  given  equilateral  triangle  whose  sides  are  1  ft  long,  let  us  shade  an 
equilateral  triangle  whose  vertices  are  the  mid-points  of  the  sides  of  the 
given  triangle.  Next,  in  each  of  the  3  unshaded  triangles  formed  by 
the  first  shading  we  shade  an  equilateral  triangle  whose  vertices  are  the 
mid-points  of  an  unshaded  triangle.  In  the  same  way,  we  then  shade  9 
equilateral  triangles  inside  each  of  the  9  unshaded  triangles,  and  so  on. 
If  we  continue  this  process  indefinitely,  what  percentage  of  the  original 
triangle  will  be  shaded? 

8.  Prove  that  2n  <  n !  <  nn  for  every  integer  n  >  4. 

9.  Let  a,  b,  and  c  be  given  numbers.  Show  that  the  sequence  formed  by 
taking  differences  of  consecutive  terms  of  the  sequence  {an2  +  bn  +  c } 
is  an  A.P. 

10.  Let yn  =  \[\  +  (— l)n+1].     Write  out  the  first  5  terms  of  the  sequence 
\     n 
{yn} .     Let  au  =  -  J]  yr.     Prove  that  if  n  is  an  even  integer,  then  an  =  \. 

n  r  =  1 


jMiscellaneous  Problems,  Chapter  Nine 

These  problems  are  designed  to  test  your  ability  to  apply  your  knowledge  of  sequences 
and  mathematical  induction  to  somewhat  more  difficult  problems. 
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1.  A  man  invested  $100  on  the  first  day  of  January  for  10  consecutive  years 
at  5%  interest  compounded  annually.  What  was  the  value  of  his  ac- 
count just  after  he  made  his  last  deposit? 

2.  The  product  Pn  =  y\  •  jy2  •  .  .  .  •  yn  is  called  the  nth  partial  product  of 
the  sequence  {yn} .     Find  a  formula  for  the  nth  partial  product  of  a  G.P. 

3.  Is  the  inequality  in  Example  81-2  true  if  the  sine  function  is  replaced 
by  the  cosine  function? 

4.  For  what  positive  integers  n  is  the  inequality  log  n !  >  n  true?  Use 
mathematical  induction  to  prove  your  answer. 

5.  Let  {yn}  be  an  A. P.     Find  a  formula  for  the  following  sums: 

2n  n  n 

(a)    S  yr  (b)    X  fr     (See  8(c)  of  Problems  77  for  2   r2.) 

r=n  r=l  r=l 

n 

6.  Let    {yn}   be  the  sequence  that  is  defined  by  the  equation  yn  =    2   r. 

r=l 
m  n 

Find  a  formula  for   2  yu-     (See  8(c)  of  Problems  77  for  2   r2-) 

k  =  1  r  =  1 

7.  Billiard  balls  are  placed  in  a  rack  in  the  form  of  an  equilateral  triangle. 
There  are  5  balls  along  each  side  of  the  rack.  A  second  layer  of  balls 
is  placed  on  top  of  those  in  the  rack  so  that  there  are  4  balls  on  a  side;  a 
third  layer  is  placed  on  the  second  layer,  and  so  on,  so  that  a  pyramid  of 
balls  is  formed  with  one  ball  on  top.  How  many  balls  does  the  pyramid 
contain?  Find  a  formula  for  the  number  of  balls  in  the  pyramid  if  the 
bottom  layer  has  n  balls  along  each  side  of  the  rack. 

8.  Use  mathematical  induction  to  show  that 

|2 


ii-m 


A  sequence  {yn}  is  called  an  harmonic  progression  if  the  sequence  <,  — 

is  an  A. P. 

(a)  Write  the  first  4  terms  of  an  H.P.  ifji  =  1,  y<i  =  \. 

(b)  Write  the  first  4  terms  of  an  H.P.  if yx  =  2,y2  =  f. 

(c)  Make  a  logical  definition  of  the  harmonic  mean  of  two  numbers 
and  find  a  formula  for  the  harmonic  mean  of  two  numbers  a  and  b. 
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INVERSE  FUNCTIONS  AND 
TRIGONOMETRIC  EQUATIONS 


In  this  chapter  we  will  review  and  extend  our  knowledge 
of  functions.  You  will  recall  that  the  three  elements  that  comprise  a 
function  are: 

(i)  a  set  of  numbers  called  the  domain  of  the  function, 
(ii)  a  set  of  numbers  called  the  range  of  the  function,  and 
(iii)  a  rule  that  assigns  to  each  number  x  in  the  domain  a  number 
y  in  the  range. 

We  pick  a  number  in  the  domain  and  get  a  number  in  the  range. 
We  shall  now  look  at  what  happens  when  we  first  pick  a  number  in 
the  range  of  a  given  function.     Most  of  our  attention  will  be  devoted 
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to  trigonometric  functions,  but  the  ideas  we  develop  here  can  be 
applied  to  other  functions. 

We  will  assume  for  convenience  thai  all  the  numbers  we  discuss  in  I  Ins 

chapter  are  real  numbers. 

82      INVERSE  FUNCTIONS 

We  will  begin  our  discussion  of  inverse  functions  with  an  important 
example.  Let  /  be  the  function  that  is  determined  by  the  equation 
f(x)  =  log  x.     The  domain  of  the  logarithmic  function  /  is  the  set 


Figure  82-1 

of  all  positive  numbers,  and  its  range  is  the  set  of  all  real  numbers. 
Figure  82-1  shows  the  graph  of/;  the  domain  (the  positive  #-axis) 
and  the  range  (the  entire  y-axis)  are  indicated  by  heavy  lines.  It  is 
obvious  how  we  can  use  the  graph  to  find  the  number  y  in  the  range 
that  corresponds  to  a  given  number  x  in  the  domain.  It  is  equally 
obvious  that  we  could  pick  the  number  y  first  and  then  find  x.  That 
is,  with  each  real  number  y  we  can  associate  the  positive  number  x 
that  satisfies  the  equation  log  x  =  y.  From  our  study  of  logarithms 
we  know  that  the  number  x  is  explicitly  given  by  the  equation  x  =  1(X 
This  equation  defines  a  new  function — its  domain  is  the  set  of  all 
real  numbers,  its  range  is  the  set  of  positive  numbers,  and  its  rule  of 
correspondence  is  expressed  by  the  equation  x  =  \0V.     This  function 
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is  not  the  same  as  the  logarithmic  function/,  but  it  is  certainly  closely 
related  to  it.  We  say  that  this  new  function  is  the  inverse  of  /  and 
denote  it  by  the  symbol/-1.  The  number  that  corresponds  to  a  given 
real  number^  is  10y,  so  we  write  f~l(y)  =  10y. 

In  the  case  of  the  logarithmic  function  we  can  pick  any  number 
in  the  range  and  find  exactly  one  corresponding  number  in  the  do- 
main. In  general,  however,  if  we  pick  a  number  in  the  range  of  a 
function,  then  there  may  be  several  corresponding  numbers  in  the 
domain.  For  example,  if  g  is  the  function  that  is  determined  by  the 
equation  y  =  x2,  then  to  every  positive  number  y  there  correspond 
two  numbers:  x  =  vy  and  x  =  —  Vji.  We  don't  have  a  rule  of 
correspondence  that  assigns  just  one  number  x  to  each  chosen  num- 
ber y.     Our  function  g  does  not  have  an  inverse. 

We  now  lay  down  a  rule  that  tells  us  when  a  function  /  has  an 
inverse  and  how  to  define  this  inverse  when  it  exists. 

Definition  82-1.  If  for  each  number  y  in  the  range  of  a  function  f  there 
is  exactly  one  number  x  in  the  domain  of  f  such  that  f(x)  =  y,  then  the  function 
f  has  an  inverse  function  f~l.  The  domain  of  f~l  is  the  range  of  f, 
and  the  range  of  f~l  is  the  domain  of  f.  The  number  that  corresponds  to  a 
given  number  y  in  the  range  of  f  is  the  number  x  that  satisfies  the  equation 
y  —  /(#)•     Thus, 

*  =  f~Ky)     if,  and  only  if,     y  =  /(*). 

Example  82-1.  Determine  whether  or  not  the  function/  that  is  de- 
fined by  the  equation  /(#)  =  xz  has  an  inverse  function  /_1,  and  if  it 
does,  find  the  equation  that  determines/-1. 

Solution.  Both  the  domain  and  the  range  of/  consist  of  all  the  real 
numbers.  If  y  is  any  real  number,  then  there  is  exactly  one  real 
number  x  such  that  f(x)  =  *3  =  y;  namely,  x  =  vy.  Thus,  the  in- 
verse function/-1  exists  and  is  defined  by  the  equation  f~l(y)  =  vj/. 

We  can  easily  see  whether  or  not  a  function  /  has  an  inverse  by 
looking  at  the  graph  of/  We  merely  draw  a  horizontal  line  through 
each  point  on  the  jy-axis  that  is  in  the  range  of  our  function.  If 
each  such  line  cuts  the  graph  exactly  once  (see  Fig.  82-1,  for  exam- 
ple), the  equation  /(,v)  =  y  has  just  one  solution  and  the  function  / 
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has  an  inverse.  If  a  horizontal  line  through  some  point  y  cuts  the 
graph  more  than  once,  the  equation  f(x)  =  y  has  more  than  one 
solution,  and  the  function  /  does  not  have  an  inverse. 

Example  82-2.  Determine  whether  or  not  the  function/  that  is  de- 
fined by  the  equation  /(#)  =  x2  +  2x  has  an  inverse  function  f~\ 
and  if  it  does,  find  the  equation  that  defines/-1. 

Solution.  The  domain  of/  is  the  set  of  all  the  real  numbers.  The 
graph  of/  (Fig.  82-2)  shows  us  that  the  range  of/  is  the  set  of  all  real 
numbers  y  >  —  1.     If y  is  any  number  in  the  range  of/  (other  than 


) 
\                                        3 
\                                     2 

1 

/y  =  f  (x) 

\                                    1 

1 

-3                -2\                -1                  / 

-1 

0                  1                     2 

Figure  82-2 


y  =  —1),  it  is  evident  from  Fig.  82-2  that  there  are  two  numbers  x 
in  the  domain  of/  such  that  f(x)  =  y.  For  example,  the  numbers  0 
and  —2  both  correspond  to  y  =  0.  Thus,  the  function/  does  not 
have  an  inverse. 


In  Example  82-2  we  see  that  a  horizontal  line  cuts  the  graph  of 
the  function  /  in  two  points  and  therefore  /  has  no  inverse.  We  can 
get  a  curve  that  is  intersected  only  once  by  each  horizontal  line  by 
simply  removing  one  of  the  "branches"  of  the  curve  in  Fig.  82-2 
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(see  Fig.  82-3).  The  remaining  branch  is  the  graph  of  a  new  function 
F  whose  domain  is  the  set  of  numbers  x  >  —  1,  whose  range  is  the 
set  of  numbers  y  •>  —  1,  and  for  which  F(x)  =  x2  +  2#.  The  only 
difference  between  the  original  function  /  and  the  new  function  F 
is  that  the  domain  of  F  is  smaller  than  the  domain  of  /.  We  have 
obtained  the  function  F  by  restricting  the  domain  of  /.     Clearly, 


Figure  82-3 


our  new  function  F  has  an  inverse.  You  may  use  the  Quadratic 
Formulas  to  see  that  the  solutions  to  the  equation  y  =  x2  +  2x  are 
x  =  —  1  +  vl  +  y  and  x  —  —  1  —  Vl  +  y.  Since  the  domain  of 
F  is  the  set  of  numbers  x  >  —  1,  we  see  that  F~l(y)  =  —1  +  Vl  +j. 
If  F  is  any  function  that  has  an  inverse,  then  F  and  its  inverse  F"1 
have  the  "same"  graph,  except  that  the  domain  of  F-1  consists  of 
numbers  on  the  vertical  axis  (Fig.  82-4).  Since  the  numbers  in  the 
domain  of  a  function  are  usually  pictured  as  lying  along  the  hori- 
zontal axis,  we  turn  the  picture  of  the  graph  of  F_1  over  and  then 
rotate  it  to  make  the  j-axis  point  to  the  right  (Fig.  82-5).  If  we  now 
re-label  the  axes  so  that  the  horizontal  axis  is  the  „r-axis  and  the 
vertical  axis  is  the  y-axis,  our  graph  is  still  the  graph  of  the  function 
F~\  but  now  it  is  also  the  graph  of  the  equation  y  =  F-1(v)  (Fig.  82-6). 
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Range  of   F 
Do  main  of    F 


Figure  82-4 


y  =  F(x)  or  x=  F      (y) 


Domain  of  F 
Range  of  F-1 


Domain  of   F 
Range  of  F 


Figure  82-5 


y=  F(x)  or  x  =  F     (y) 


Range  of  F 
Domain  of  F~' 


■*-  y 


Figure  82-6 


y  =  F  '(x) 
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The  dashed-line  curve  of  Fig.  82-6  is  the  graph  of  the  equation 
y  =  F(x).  If  you  study  that  figure,  you  will  see  that  the  graph  of 
the  equation  y  =  F~l(x)  may  be  obtained  by  reflecting  the  graph 
of  the  equation  y  =  F(x)  about  the  line  that  bisects  the  first  and 
third  quadrants. 


Example  82-3.     The  domain  of  a  function  G  is  the  set  of  numbers  x 


such  that  -1  <  x  <  0,  and  G(x)  =  Vl  -  x2.     Find  the  graph  of  G~l. 


Figure  82-7 


-i 


Solution.  The  graph  of  the  equation y  =  G(x)  is  the  dashed-line  curve 
in  Fig.  82-7.  We  obtain  the  graph  of  G~l  (the  solid  curve)  by  reflect- 
ing the  graph  of  G  about  the  line  y  =  x. 


Problems  82 

1.  Let/ be  the  exponential  function  that  is  defined  by  the  equation/(.v)  =  2T. 
Does/  have  an  inverse/-1?     If  so,  how  is  it  defined? 

2.  Determine  whether  or  not  the  function/  has  an  inverse/-1,  and  if  it  does, 
find  the  equation  that  determines/-1. 
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(a)/(*)  =  3*  +  2  1 

(l»/(.v)  =  1        6x  {l)    /lAJ       x 

(C)    /(*)     -    .Y'1  (g)/W     =    M 

(d)/W  =  .rr>  (h)/W  -  [.v]  -  x 
(e)  /(*)  -  \x\ 


2  - 


3.  Let  /  be   the  function  that  is  defined   by  the  equation  f(x)  = 

What  is  the  domain  of/?     Find  the  equation  that  determines/-1.     What 
is  the  domain  of/-1?     What  is  the  range  of/? 

4.  Restrict  the  domain  of  the  function  /  that  is  defined  by  the  equation 
/(*)  =  x2  to  obtain  a  function  F  that  has  an  inverse  F-1.  Can  you  find 
more  than  one  such  function  F? 

5.  Suppose  the  function  F  has  an  inverse  function  F-1.  Let  x  be  a  number 
in  the  domain  of  F  and  let  y  be  a  number  in  the  domain  of  F-1. 

(a)  Use  Definition  82-1  to  show  that  F-1[F(*)]  =  x,  and  F[F-1(>-)]  => 

(b)  Verify  the  equations  in  part  (a)  if  F  is  determined  by  the  equation 

Fix)  =  x/(l  +  x). 

6.  Draw  the  graph  of  F and  F-1  if  Fis  determined  by  the  following  equations: 

(a)  F(x)  =  x  +  1  (c)   FO)  =  1  -  x 

(b)  FO)  =  *3  (d)  F(x)  =  </x 

7.  Suppose  F  is  a  function  with  an  inverse  function  F-1  that  is  the  same 
as  F;  that  is,  F-1  and  F  have  the  same  domain  and  range,  and  F~l(x)  = 
F(x)  for  every  x  in  their  domain.  Describe  the  graph  of  F.  Give  an 
example  of  a  function  F  such  that  F-1  is  the  same  as  F. 

8.  For  each  of  the  functions/  that  are  defined  by  the  following  equations, 
determine  the  range  of/  from  the  graph  of/.  Then,  define  a  function  F 
by  restricting  the  domain  of/  such  that  F-1  exists.  Draw  the  graph  of 
your  function  F-1  and  find  the  equation  that  determines  F-1 . 

(a)  f(x)  =  .v2  +  2x  -  3  (d)  /(*)  =\x-  \x> 

(b)f(x)  =  1  +2*-*2  (e)/W  =  |*-2| 

(c)  /(*)  =  ^2  -  2x  (f)  /W  -  2  -  |*  +  1| 

9.  Suppose  /  and  g  are  functions  that  have  inverses  such  that  the  domain 
of  g  is  the  range  of/.  Let  F  be  the  function  that  is  defined  by  the  equation 
F(x)  =  g[f(x)]-  Show  that  F  has  an  inverse  function  F-1  and  find  the 
equation  that  expresses  F-1  in  terms  of/-1  and  g~l. 

83     INVERSE  FUNCTIONS  FOR  THE 
SINE  AND  COSINE  FUNCTIONS 

The  domain  of  the  sine  function  is  the  set  of  all  real  numbers,  and 
its  range  is  the  set  of  all  numbers  y  such  that  —1    <y  <  1.     Since 
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the  sine  function  is  periodic,  it  is  clear  that  the  equation  sin  x  =  y 

has  infinitely  many  solutions  for  each  number  y  in  the  range  of  the 

sine  function.     Therefore,  the  sine  function  does  not  have  an  inverse. 

But  by  restricting  the  domain  of  the  sine  function,  we  can  construct 

a  new  function  that  does  have  an  inverse.      We  define  the  Sine  function 

{the  capital  letter  S  distinguishes  this  new  function  from  the  sine  function) 

as  the  function  whose  domain  is  the  set  of  numbers  x  such  that  —  ir/2  <  x  < 

tt/2,  and  whose  rule  of  correspondence  is  expressed  by  the  equation  y  =  sin  x. 

The  solid  curve  in  Fig.  83-1  is  the  graph  of  the  Sine  function;  the 

dashed-line  curve  is  the  part  of  the  graph  of  the  sine  function  that 

we  "removed." 

y 


■TT\ 


Figure  83-1 

It  is  clear  from  Fig.  83-1  that  the  Sine  function  has  an  inverse, 
and  we  call  this  inverse  function  the  Arcsine  function.  The  domain 
of  the  Arcsine  function  is  the  set  of  numbers  y  such  that  —  1  <  y  <  1 , 
and  its  range  is  the  set  of  numbers  x  that  satisfy  the  inequalities 
—  tt/2  <  x  <  tt/2.  If  y  is  a  number  in  the  domain  of  the  Arcsine 
function,  we  will  denote  the  associated  number  in  the  range  either 
by  Arcsin  y  or  Sin-1  y.     Both  these  notations  are  in  common  use. 

Definition  83-1.  The  Arcsine  function  is  defined  as  follows:  x  = 
Arcsin  y  =  Sin-1  y  if,  and  only  if,  (i)  sin  x  =  y,  and  (ii)  —  tt/2  <x< 
tt/2. 

Example  83-1.     Find  Arcsin  h- 


Solution.     We  know  from  our  previous  study  tiiat  sin  w/6 
since  —  7r/2  <  t/6  <  tt/2,  we  see  that  Arcsin  J  =  ir/6. 


rid 
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Example  83-2.     Find  Arcsin  (-.7895). 
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Solution.  We  find  from  Table  II  that  sin  .91  =  .7895,  so  sin  (-.91) 
=  -.7895.  Since  -tt/2  <  -.91  <  tt/2,  we  see  that  Arcsin  (-.7895) 
=  -.91. 

It  follows  from  our  discussion  of  the  graphs  of  inverse  functions  in 
Section  82  that  we  can  obtain  the  graph  of  the  Arcsine  function  by 
reflecting  the  graph  of  the  Sine  function  about  the  line  y  =  x.  The 
graph  of  the  equation  jy  =  Arcsin  x  is  shown  in  Fig.  83-2. 


Figure  83-2 


*-** 


Figure  83-3 
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We  can  treat  the  cosine  function  in  the  same  way  we  treated  the 
sine  function.  We  first  define  the  Cosine  function  {again  using  a  capital 
letter  to  distinguish  this  new  function  from  the  cosine  function)  as  the  function 
whose  domain  is  the  set  of  numbers  x  that  satisfy  the  inequalities  0  <  x  <  w, 
and  whose  rule  of  correspondence  is  expressed  by  the  equation  y  =  cos  x. 
The  graph  of  the  Cosine  function  is  the  solid  curve  in  Fig.  83-3. 
Clearly,  the  Cosine  function  has  an  inverse;  we  call  it  the  Arccosine 
function.  The  domain  of  the  Arccosine  function  is  the  set  of  numbers 
y  such  that  —  1  <  y  <  1 ,  and  its  range  is  the  set  of  numbers  x  that 
satisfy  the  inequalities  0  <  x  <  t.  The  number  corresponding  to  a 
given  number  y  in  the  domain  of  the  Arccosine  function  is  denoted 
either  by  Arccos  y  or  Cos-1  y. 


Definition    83-2.      The   Arccosine  function   is  defined  as  follows:  X  = 
Arccos  y  =  Cos*1  y  if,  and  only  if,  (i)  cos  x  =  y,  and  (ii)  0  <  x  <  it. 

The  graph  of  the  equation 
y  =  Arccos  x  is  shown  in  Fig. 
83-4. 


Example    83-3. 
sin  (Cos-1  -J). 


Calculate 


Solution.  Let  t  =  Cos-1  f . 
According  to  Definition  83-2, 
cos  t  =  f ,  and  0  <  t  <  t. 
In  fact,  since  cos  t  >  0, 
we  know  that  0  <  t  <  ir/2. 
From  the  fundamental  iden- 
tity sin2 1  +  cos2 1  —  1,  we 
obtain   the   equation 


sin2/  =  1  -  (f)2 


16 
2S- 


Since  0  <  t  <  ir/2,  we  know 
that  sin  /  >  0,  and  there- 
fore sin  t  =  f .  Thus,  we 
have  sin  (Cos-1  f )  =  f . 


y 

i  TT 

irS 

2     V 

_i J » 

-I  0  I 


Figure  83-4 


Example    83-4.     Show    that 

Arcsin  x  +  Arccos  x  =  tt/2  for  any  number  x  such  that  —  1  <  x  <  1. 


Solution.     Let  u  =  Arcsin  x.     Then  sin  u  =  x,  and  —  t/2  <  u  <  ir/2. 
Therefore,  if  we  write  v  =  ir/2  —  u,  it  follows  that  0  <  v  <  7r,  and 
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cos  v  —  cos  (tt/2  —  u)  =  sin  u  =  x.     Since  0  <  v  <  tt,  and  cos  »  =  x, 
we  see  from  Definition  83-2  that  7'  =  Arccos  x.     Thus, 


A  resin  v  -f  Areeos  x  —  u 


Problems  83 

1.  Evaluate. 

(a)  Arcsin  V3/2 

(b)  Arccos  —\ 

(c)  Sin"1  .8573 

(d)  Cos"1  .4536 

2.  Simplify. 

(a)  sin  (Sin-1  x) 

(b)  cos  (Cos-1  x) 

3.  Evaluate. 

(a)  cos  (Sin-1  .8) 

(b)  sin  (Arccos  ^f ) 

4.  Evaluate. 

(a)  sin  (2  Arccos  J) 

(b)  cos  (2  Sin"1  J) 

5.  Prove. 


(e)  Sin-1  1  +  Cos"1  1 

(f)  Sin-1  J  +  Cost1  (-1) 

(g)  Arccos  (Sin-1  0) 
(h)  Arcsin  (Cos"1  1) 

(c)  Sin-1  (sin  x) 

(d)  Cos-1  (cos  x) 

(c)  sin  (Arccos  .28) 

(d)  cos  (Sin-1  .96) 

(c)  Cos"1  (2  sin  tt/6) 

(d)  Sin"1  (2  cos  2tt/3) 


(a)  Sin-1  2x  ^  2  Sin  !  * 

(b)  Cos-1  u  +  Cos"1  v  9*  Cos-1  (?/  +  v) 

6.  Prove. 


(a)  cos  (Arcsin  a  -+-  Arccos  />)  =  £v  1  —  #2  —  #  \  1   —  62 

(b)  sin  (2  Arcsin  /)  =  2/Vl  -  /'2 

(c)  sin  (Cos-1  j;)  =  cos  (Sin-1  y) 

(d)  cos  (2  CosLl  y)  =  2y2  -  1 

7.  Solve  for  £. 

(a)  Cos-1 1  -  Sin"1  §  =  Cos"1  * 

(b)  Sin-1  (-A)  +  Cos"1 1  =  Sin-1  f 

8.  Prove. 

(a)  Sin"1  (-y)  =  -Sin"1^  (b)  Cos"1  (~y)  =  w  ~  Cos~ly 


9.  Let  —  1  <  «  <  z>  <  1.     Determine  which  of  the  following  numbers  is 
larger. 

(a)  Sin-1  u  or  Sin-1  v 

(b)  Cos-1  u  or  Cos""1  v 


(c)  Sin  !  (?/  —  v)  or  Sin  ]  (v  —  u) 

(d)  Cos-1  (u  —  v)  or  Cos-1  (v  —  u) 
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10.  In  calculus  the  smaller  area  between  a  circle  of  radius  r  and  a  chord  d 
units  from  the  center  of  the  circle  is  given  by  the  formula /(r)  —f(d)3 
where 

x 


f{x)  =  xVr2  -  x2  +  r2  Sin"1 


Calculate  the  area  between  a  circle  with  a  radius  of  1  and  a  chord  that 
is  one -half  the  distance  from  the  center  of  the  circle. 

84     THE  INVERSE  FUNCTIONS  FOR  THE 

TANGENT  AND  COTANGENT  FUNCTIONS 


None  of  the  trigonometric  functions  has  an  inverse,  but  we  have  just 
seen  how  to  restrict  the  domain  of  the  sine  and  cosine  functions  to 
produce  new  functions  that  do  have  inverses.  So  let's  apply  the  same 
procedure  to  the  tangent  and  cotangent  functions.  First,  we  define  the 
Tangent  function  (the  capital  letter  distinguishes  this  new  function  from 
the  tangent  function)  as  the  function  whose  rule  of  correspondence  is  expressed 

y 


Figure  84-1 
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by  the  equation  y  =  tan  x,  and  whose  domain  is  the  set  of  numbers  that  satisfy 
the  inequalities  —  w/2  <  x  <  w/2.  The  graph  of  the  Tangent  function 
is  the  solid  curve  in  Fig.  84-1. 

The  Tangent  function  has  an  inverse,  called  the  Arctangent  func- 
tion. The  domain  of  the  Arctangent  function  is  the  set  of  all  real 
numbers,  and  its  range  is  the  set  of  numbers  between  —  7r/2  and  w/2. 


Figure  84-2 
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Figure  84-3 
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The  number  that  is  associated  with  a  given  real  number  y  is  denoted 
either  by  Arctan  y  or  Tan-1  y. 

Definition  84-1.  The  Arctangent  function  is  defined  as  follows:  X  = 
Arctan  y  =  Tan~ly  if,  and  only  if,  (i)  tan  x  =  y,  and  (ii)  —  t/2  < 
x  <  t/2. 

We  obtain  the  graph  of  the  Arctangent  function  (Fig.  84-2)  by 
reflecting  the  graph  of  the  Tangent  function  about  the  line  y  =  x. 

Example  84-1.  Figure  84-3  shows  the  graph  of  the  equation  y  = 
1/(1  +  x2)  for  values  of  x  >  0.  When  you  study  calculus,  you  will 
find  that  the  area  bounded  by  the  curve,  the  #-axis,  and  two  vertical 
lines  through  the  points  a  and  b  (the  shaded  area  in  the  figure)  is 
given  by  the  formula  A  =  Arctan  b  —  Arctan  a.  What  is  this  area  if 
a  =  0  and  b  =  1? 


Figure  84-4 
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Solution.  According  to  the  formula  we  have  just  mentioned,  A  = 
Arctan  1  —  Arctan  0.  You  can  easily  find  that  Arctan  1  =  ir/4  and 
Arctan  0  =  0,  and  therefore  A  =  tt/4.  (Inspect  Fig.  84-3.  Docs  this 
answer  seem  reasonable?) 


We  define  the  Cotangent  function  as  the  function  whose  rule  of  corre- 
spondence is  given  by  the  equation  y  =  cot  x,  and  whose  domain  is  the  set  of 
numbers  0  <  x  <  tt.  The  graph  of  the  Cotangent  function  is  the 
solid  curve  shown  in  Fig.  84-4. 

The  Cotangent  function  has  an  inverse,  called  the  Arccotangent 
function.  The  domain  of  the  Arccotangent  function  is  the  set  of  all 
real  numbers,  and  its  range  is  the  set  of  numbers  between  0  and  it. 
The  number  that  is  associated  with  a  given  real  number  y  is  denoted 
by  Arccot  y  or  Cot-1  y. 


Definition  84-2.      The  Arccotangent  function  is  defined  as  follows:  X  = 
Arccot  y  =  Cot"1  y  if,  and  only  if,  (i)  cot  X  =  y  and  (ii)  0  <  X  <  7T. 

We  obtain  the  graph  of  the  Arccotangent  function  (Fig.  84-5)  by 
reflecting   the  graph  of  the  Cotangent  function  about  the  line  y  =  x. 


Figure  84-5 
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Example  84-2.     Find  Arctan  1  +  Arccot  5. 

Solution.  Using  Table  II,  we  find  by  interpolation  that  cot  .197  =  5. 
Since  Arctan  1  =  ir/4  =  .785,  we  have  Arctan  1  +  Arccot  5  =  .197  + 
.785  =  .982. 


Example  84-3.     Show  that  if  x  >  0,  then  Arctan  x  =  Arccot  -« 

x 

Solution.     Let  u  =  Arctan  x.     Then  tan  u  =  x,  and  —  tt/2  <  u  <  7r/2. 
In  fact,  since  x  >  0,  we  know  that  0  <  u  <  tt/2.     Since 

1  1 

-  =  =  cot  u. 

x       tan  u 

and  0  <  u  <  tt/2,  we  have  u  =  Arccot  \/x;  that  is,  Arctan  x  =  Arc- 
cot 1/x. 


Example  84-4.     Find  sin  (Arctan  x),  where  x  may  be  any  real  number. 

Solution.  Let  t  =  Arctan  x.  Then  tan  t  =  x,  and  —  7r/2  <  t  <  tt/2. 
Also  (see  Fig.  84-2),  t  and  x  have  the  same  sign.  We  wish  to  express 
sin  t  in  terms  of  x.     Since  tan  t  =  x,  we  have 

sin  t  =  x  cos  /, 

sin2 1  =  x2  cos2 1, 

sin2 1  =  x2(l  —  sin2 1). 

When  we  solve  this  last  equation  for  sin2 1  we  get 

x2 
sin2 1  —  -  • 

1  +  x2 

Therefore,  either 

x  —  x 

sin  t  =  — ,  or     sin  t  =  — , 

VI  +  x2  V  1  +  x2 

Since  £  is  between   —tt/2  and  7r/2,  sin/  and  £  have  the  same  sign. 


We  have  already  seen  that  t  and  x  have  the  same  sign.  Now  */Vl  +  xa 
has  the  same  sign  as  x,  while  —  #/V  1  +  x2  has  the  opposite  sign,  so 
we  conclude  that 

sin  /  =  sin  (Arctan  x)  = 


Vl  + 
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We  shall  not  discuss  inverse  functions  for  the  cosecant  and  secant 
functions.  They  may  be  defined  in  the  same  way  that  the  inverse 
functions  for  the  other  trigonometric  functions  are  defined.  For 
example,  we  introduce  a  "Secant"  function  and  its  inverse.  If  you 
master  the  concepts  in  this  and  the  preceding  section,  you  will  have 
no  trouble  defining  inverse  functions  for  the  secant  and  cosecant 
functions  when  you  need  to. 


Problems  84 

1. 

Evaluate. 

(a)  Arctan  V3 

(e) 

Tan-1  .2027 

(b)  Arctan  (-1) 

(f) 

Tan"1  1.871 

(c)  Cot-M-i) 

(g) 

Arccot  .0709 

(d)  Cot"1  V3 

(h) 

Arccot  (-7.096) 

2. 

Express  in  terms  of  x. 

(a)   tan  (Tan-1  x) 

(e) 

cos  (Tan-1  x) 

(b)  cot  (Cot"1  x) 

(f) 

sin  (Cot-1  x) 

(c)   Tan-1  (tan  x) 

(g) 

cos  (Cot-1  x) 

(d)  Cot"1  (cot  x) 

(h) 

tan  (Cot"1  \/x) 

3. 

Evaluate. 

(a)  sin  (Tan-1  .75) 

(c) 

cos  (Arccot  ■£%) 

(b)  cos  (Arctan  —  f) 

(d) 

sin  [Cot"1  (-^) 

4. 

Express  in  terms  of  x. 

(a)   tan  (2  Tan-1  x) 

(c) 

sin  (2  Arctan  x) 

(b)  cot  (2  Cot"1  x) 

(d) 

cos  (2  Arccot  x) 

5.   For  what  values  of  x  are  the  following  equations  valid? 

(a)  Arctan  2a:  =  2  Arctan  x  (c)   Arccot  2x  =  2  Arccot  x 


(b)  Tan 


■(A)- 


2  Tan"1  x  (d)  Cot" 


<*?)- 


2  Cot"1  x 


6.  Prove. 

(a)  tan  (J  Cos-1  a)  =  yl 

(b)  tan  (Tan-1  a  +  Tan"1  1)  = 

(c)  tan  (Tan-1  a  —  Tan~J  b)  = 


1  +  a 


1  +  ab 


(d)  tan  (Cos-1  a  +  Sin-1  b)  = 


V(l  -  a2)(l  -  b2)  +  ab 
aV\  -  b2  -  bV\  -  a2 
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7.  For  what  values  of  x  is  the  following  equation  valid? 

2Vl  —  x2 
(an  (2  A  resin  x) 


x(]   -  .v2) 

8.  Prove. 

(a)  Tan-1  (-*)=»  -Tan"1  *        (b)  Got"1  (-*)  =  w  -  Cot"1  * 

9.  Find  the  equation  that  relates  Arctan  x  and  Arccot  1/x  if  x  <  0  (see 
Example  84-3) .     What  is  the  equation  that  relates  Arctan  x  and  Arccot  x? 

10.  Solve  for  t. 

(a)  Arctan  J  +  Arctan  \  =  Arcsin  t 

(b)  Arccot  \  +  Arccot  \  =  Arccos  t 

85     TRIGONOMETRIC  EQUATIONS 

Let  y  be  any  number  that  satisfies  the  inequalities  —1  <  y  <  1. 
Then  the  equation  sin  x  =  y  has  infinitely  many  solutions.  For  ex- 
ample, the  equation  sin  x  =  \  is  satisfied  by  any  number  x  that  can 
be  written  either  as  x  -  tt/6  -\-  2kir  or  x  =  5ir/6  +  2kir,  where  k  is 
an  integer — positive,  negative,  or  zero.  The  complete  solution  to 
the  equation  sin  x  =  |  is  the  collection  of  all  such  numbers,  and  we 
shall  denote  this  collection  by  using  braces   {    }.     Thus,  we  write 

7r  Sir  ^1 

—  +  2kw,  — — |-  2kw  y  to  represent  the  set  of  numbers 

7T         57T         137T         177T  1 1 7T  1  IT 


{ 


You  should  have  no  trouble  using  this  notation  to  describe  the  sets 
of  numbers  that  satisfy  the  more  elaborate  trigonometric  equations 
that  follow. 

Example  85-1.     Solve  the  equation  sin2  x  =  1. 

Solution.     Clearly,  sin2  x  «=  1  if,  and  only  if,  sin  x  =  1  or  sin  x  =  —1. 
The   set  of  all   solutions   to   the   first  of  these  equations  is  the  set 

<  -  +  2kir  >i  while  the  set  <^  —  +  2kir  >  is  the  set  of  all  the  solutions  to 

the  second.     Therefore  the  solution  to  the  equation  sin2  x  =  1  is  the  set 


{|  +  2for,  \  +  2*r}. 
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Example  85-2.     Solve  the  equation  sin2  x  —  4  sin  *  +  3  =  0. 

Solution.     In  factored  form,  this  equation  reads 

(sin  x  —  3)  (sin  x  —  1)  =0, 

and  therefore  sin  x  =  3  or  sin  x  =  1 .  There  is  no  real  number  x  for 
which  sin  x  =  3,  and  hence  the  set  of  solutions  we  are  seeking  consists 

of  all  the  solutions  to  the  equation  sin  x  =  1 ;  that  is,  the  set  <  -  +  2kw 

Example  85-3.     Solve  the  equation  2  sin2  x  +  cos2  x  —  4  sin  x  +  2  =  0. 

Solution.     We  replace  cos2  x  with  1  —  sin2  x  and  simplify: 
2  sin2  x  +  1  —  sin2  x  —  4  sin  x  +  2  =  0, 
sin2  x  —  4  sin  x  +  3  =  0. 
This  last  equation  was  solved  in  Example  85-2. 

Example  85-4.    Solve  the  equation  cos  2*  +  3  sin2  x  —  4  sin  x  +  2  =  0. 

Solution.  We  may  use  the  identity  cos  2x  =  1  —  2  sin2  *  to  transform 
this  equation  into  the  equation  that  we  solved  in  Example  85-2. 

As  in  the  case  of  algebraic  equations,  solutions  may  be  "lost"  or 
extraneous  "solutions"  may  be  introduced  as  you  simplify  a  given 
trigonometric  equation.  Thus,  it  is  always  wise  to  check  your  solu- 
tions by  substituting  in  the  given  equations. 

Example  85-5.     Solve  the  equation  sin  x  +  cos  x  =  1. 

Solution.     If  we  square  both  sides  of  this  equation,  we  get 

sin2  x  +  2  sin  x  cos  x  +  cos2  x  =  1 . 

Since  sin2  x  +  cos2  x  =  1,  and  2  sin  x  cos  x  =  sin  2x,  our  problem 
reduces  to  solving  the  equation 

sin  2x  =  0. 

Now  x  is  a  solution  to  this  last  equation  if  2x  belongs  to  the  set  of 
numbers  {kir}  ;  that  is,  if*  is  in  the  set  {kw/2} .  But  not  every  number 
of  this  latter  set  satisfies  the  original  equation.  The  numbers  37r/2 
and   7r,   for   example,    satisfy   the   equation   sin  2x  =  0,    but   not   the 
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equation  sin  x  +  cos  x  =  1 .  You  can  easily  check  to  see  that  those 
numbers  in  the  set  {kir/2}  that  satisfy  the  equation  sin  x  +  cos  x  =  1 
form  the  set  {2kir,  ir/2  +  2kir) . 

The  trigonometric  equation  in  Example  85-5  is  of  the  form 

85-1  B  sin  x  +  C  cos  x  =  r. 

In  Section  38  (Theorem  38-1),  we  showed  that  there  were  numbers  A 
and  b  such  that 

B  sin  x  +  C  cos  x  =  A  sin  (x  +  6). 

Therefore,  Equation  85-1  is  equivalent  to  the  equation 

^4  sin  (a:  +  b)  —  r, 

where  A  and  b  are  chosen  in  the  way  that  is  indicated  in  the  proof 
of  Theorem  38-1.  To  solve  the  equation  of  Example  85-5,  we  could 
have  observed  that 

sin  x  +  cos  x  =  V  2  sin  f  x  +  —  V 
The  equation 


sin 


is  satisfied  if  #  +  7r/4  is  in  the  set  J7r/4  +  2k-ir,  37r/4  +  2A:7r} ;  that  is, 
if  x  is  in  the  set  { 2kir,  ir/2  -f-  2kir  \ . 

Problems  85 

1.  Solve  for  x: 

(a)  V3  sin  x  +  2  =  0  (c)   V3  tan  a:  +  1  =0 

(b)  2  cos  x  -  1  =  0  (d)  cot  (*  +  1)  -  V3  =  0 

2.  Solve  for  t: 

(a)  4  sin2 1  -  1  =  0  (c)   2  tan  *  -  2  cot  *  +  3  =  0 

(b)  6  cos2 1  +  5  cos  t  +  1  =  0      (d)  2  sec2  *  +  3  sec  t  -  2  =  0 

3.  Solve  for  #: 

(a)  cos  2x  +  sin  x  =  1  (c)   4  tan  x  +  sin  2x  =  0 

(b)  sin  2x  +  cos  x  =  0  (d)  tan  2x  =  cos  x 

4.  Solve  for  £: 

(a)  sin  t  =  sin  (2*  —  tt)  (c)   cot  *  =  tan  (2t  —  3ir) 

(b)  cos  t  =  sin  (w  —  30  (d)  sec  t  =  esc  (/  +  tt/6) 
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5.  Solve  for  x: 

(a)  V 3  cos  x  —  sin  x  =  1  (b)  sin  x  —  2  cos  x  —  1 

6.  Solve  the  following  systems  of  equations: 

(a)  sin  x  +  cosjy  =1  (b)  y  =  a  sin  x  +  b  cos  * 

sin  2*  =  siny  y  =  a  cos  x  +  6  sin  x, 

where  a  and  6  are  given  numbers 
and  a  t*  b. 

7.  Solve  for  x: 

(a)  3  Sin-1  a:  =  7r/2  (c)  Arcsin  (2x  —  x2)  =  Arcsin  \ 

(b)  Arctan  (x  —  1)  =  tt/3  (d)  Arccos  (x2  —  2x)  =  Arccos  1 

8.  (a)  Show  that  if  sin  a  =  sin  b  and  cos  a  =  cos  £,  then  a  =  b  +  2^7r. 
(b)  Show    that    if   sin  a  =  cos  6    and    cos  a  =  sin  6,    then    a  -\-  b  = 

tt/2  +  2£tt. 

9.  Solve  for  #:  Arctan  x  —  2  Sin-1  */2. 

10.  Solve  for  r,  0,  and  0,  if  r  >  0,  0  <  6  <  ir,  0  <  <f>  <  2tt. 

r  sin  6  cos  0=1 
r  sin  d  sin  <f>  =  1 
r  cos  d  =  2. 

86      GRAPHICAL  SOLUTION  OF  TRIGONOMETRIC  EQUATIONS 

Certain  trigonometric  equations  are  quite  difficult  to  solve  by  analytic 
methods.  Many  times  we  can  find  the  solutions  to  such  equations 
by  means  of  graphs.  To  illustrate  the  use  of  graphical  methods  to 
solve  trigonometric  equations,  we  shall  first  solve  an  equation  that 
we  previously  solved  analytically. 

Example  86-1.     Solve  the  equation  sin  x  +  cos  x  =  1. 

Solution.  We  first  write  the  equation  as  sin  x  =  1  —  cos  x.  Then  we 
graph  the  two  equations  y  =  sin  x  and  y  =  1  —  cos  x  (Fig.  86-1). 
The  .xr-coordinates  of  the  points  of  intersection  of  these  graphs  are  the 
solutions  to  the  original  equation.  From  Fig.  86-1  we  obtain  the  same 
set  of  solutions  as  we  did  in  Example  85-5 — the  set  of  numbers 
{2kir,  tt/2  +  2#7r}. 

We  cannot  solve  the  equation  in  the  next  example  by  simple  formu- 
las such  as  we  used  in  the  last  section.  Nevertheless,  it  is  a  type  of 
equation  that  arises  frequently  in  certain  kinds  of  applied  problems. 
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Figure  86-1 


i ►x 


Figure  86-2 
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Example  86-2.     Solve  the  equation  x  —  2  tan  x  =  0. 

Solution.  We  write  this  equation  as  x/2  =  tan  x.  Its  solutions  are 
the  ^-coordinates  of  the  points  of  intersection  of  the  graphs  of  the 
equations  y  =  x/2  and  y  =  tan  x.  From  Fig.  86-2  we  see  that  two 
of  the  solutions  to  our  equation  are  x  =  0  and  x  =  4.3  (approximately). 

Example  86-3.     Solve  the  equation  x  sin  x  =  1. 

Solution.  We  first  observe,  as  we  could  have  in  the  previous  example, 
that  if  t  is  a  solution,  so  is  —t.  For  (-t)sm(-t)  =  t  sin  t.  So  if 
the  right  side  of  this  equation  is  1,  so  is  the  left  side.     Therefore,  we 


Figure  86-3 

need  only  look  for  positive  solutions.  We  write  the  given  equation 
as  sin  x  =  \/x,  and  then  graph  the  equations  y  =  sin  x  and  y  =  1/x 
for  x  >  0  (see  Fig.  86-3).  We  then  see  that  the  original  equation  has 
infinitely  many  solutions,  two  of  which  are  the  numbers  1.1  and  2.8. 
It  is  clear  from  Fig.  86-3  that  those  solutions  whose  absolute  value  is 
large  are  approximately  integral  multiples  of  ir.  This  fact  was  to  be 
expected,  since  \/x  is  small  when  x  is  large,  and  the  solutions  to  our 
equation  are  almost  solutions  to  the  equation  sin  x  =  0. 

Problems  86 

Use  graphical  methods  to  find  some  oj  the  solutions  to  each  of  the  following  equations. 
1.  sin  2x  —  tan  x  =  0.  2.  tan  irx  =  x  +  1. 
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3.  tvx  —  3  sin  wx  =  0.  9.  x  —  Arccos  x  =  0. 

4.  sin  27r*  +  cos  2irx  =  7rx.  10.  x  +  Tan-'  x  —  \. 

5.  sin  (3x  —  1)  —  x.  11.  2r  =  sin  7™. 

6.  a:  tan  ir#  =  1.  12.  log  x  =  sin  7nr. 

7.  #2  =  cos  27ta\  13.  |sin  tx\  =  x  —  [V]. 

8.  x  —  Arcsin  a:  =  0. 

Review  Problems,  Chapter  Ten 

You  should  be  able  to  answer  the  following  questions  without  referring  back  to  the  text. 

1.  Can  the  graph  of  F  be  symmetric  with  respect  to  the  j-axis  if  F  has  an 
v^    inverse? 

2.  If  a  function  F  has  an  inverse,  show  that  F~l  has  an  inverse  and  that 
(F-1)-1  =  F. 

3.  What  can  you  say  about  the  signs  of  the  following? 

(a)  sin  (Cos-1jy)  (c)   tan  (Arcsin y) 

(b)  cos  (Sin_1jv)  (d)  sin  (Arctanjy) 

4.  Does  every  linear  function  have  an  inverse?     If  a  linear  function  has  an 
inverse,  show  that  the  inverse  function  is  a  linear  function. 

5.  The  greatest  integer  function  does  not  have  an  inverse.     Can  you  re- 
strict its  domain  to  get  a  function  that  does  have  an  inverse? 

6.  The  domain  of  a  function/  is  the  set  of  all  numbers  x  >  J,  and  its  rule 

x  +  2 
of  correspondence  is  expressed  by  the  equation^  = -■     Show  that 

f~l  exists  and  that/-1  =/. 

7.  Let  a  and  b  be  positive  numbers.     Show  that  Sin-1  a  =  Cos-1  b  if,  and 
only  if,  a2  +  b2  =  1. 

8.  Solve  for  x: 

(a)  Sin"1  (Cos"1  x)  =  0  (c)  Tan"1  (Arccos  x)  =  tt/3 

(b)  Sin-1  (Cos-1  x)  =  tt/4  (d)  Tan-1  (Arccot  x)  =  1 

9.  For  what  values  of  x  is    |sin*|  =  |cosx|?     For  what  values  of  x  is 
sin  x  <  cos  x? 

10.  Graph  the  equation  sin  (y  —  x)  =0. 

11.  Solve  the  following  equations,  graphically  if  necessary. 

(a)  Arcsin  x  =  Arccos  x  (c)  Arctan  x  =  Arccos  x 

(b)  Arctan  x  =  Arccot  x  (d)  Sin  x  =  Sin-1  x 


390  INVERSE    FUNCTIONS 

Miscellaneous  Problems,  Chapter  Ten 

These  problems  are  designed  to  test  your  ability  to  apply  your  knowledge  of  inverse 
functions  to  somewhat  more  difficult  problems. 

1.  An  A. P.  is  a  linear  function  whose  domain  is  the  set  of  positive  integers. 
Do  all  A.P.'s  have  inverses?  Is  there  an  A. P.  whose  inverse  is  also 
an  A.P.? 

2.  A  function/  is  strictly  increasing  if  whenever  x\  <  x2,  then/(xi)  <f(x2). 
A  function/ is  strictly  decreasing  if  whenever  xi  <  x2,  ihenf(xi)  >f(x2). 
Show  that  strictly  increasing  functions  and  strictly  decreasing  functions 
have  inverses.  Can  you  construct  a  function  that  is  neither  strictly 
increasing  nor  strictly  decreasing  yet  has  an  inverse? 

3.  Let  the  function/ be  determined  by  the  equation /(x)  =  x  -\ Show 

that/  does  not  have  an  inverse.     Can  you  restrict  the  domain  of/  to 
obtain  a  function  F  that  does  have  an  inverse? 

4.  Let  F  be  a  function  with  an  inverse,  and  suppose  that  the  addition 
formula  for  F  is  F(u  -f-  v)  =  F(u)  +  F(v ) .  Show  that  the  addition 
formula  for  F"1  is  F~\u  +  v)  =  F^O)  +  F~l(v). 

5.  Let  F  be  the  function  that  is  defined  by  the  equation  F(x)  =  [x]  +  x. 
Does  F  have  an  inverse?  If  so,  define  F~l  by  giving  its  domain  and  its 
rule  of  correspondence. 

6.  Suppose  the  positive  solutions  Xi,  x2,  #3,  .  .  .  of  the  equation  tan  x  =  2 
are  arranged  so  that  0  <  x\  <  x2  <  x$  .  .  .  .  Show  that  {xn}  is  an 
A. P.     If  yn  =  10*"  sin  xn,  show  that  {yn}  is  a  G.P. 

7.  Let  m  be  a  positive  integer  and  let  N  be  the  number  of  solutions  to  the 
equation  sin  x  =  \  such  that  0  <  x  <  mir.     Express  N  in  terms  of  m. 

8.  Draw  the  graph  of  the  function  F  that  is  defined  by  the  equation 
F(x)  =  (x  —  [V|)2  +  [*J.  Does  F  have  an  inverse?  If  so,  draw  the 
graph  of  F~l. 

9.  Find  graphically  two  solutions  to  the  system  of  equations 

y  =  tan  x 
x  =  tany. 

10.  The  smaller  area  between  a  unit  circle  and  a  chord  d  units  from  the 
center  of  the  circle  is  \  the  area  of  the  whole  circle.  Use  Problem  83-10 
and  graphs  to  find  d. 

11.  Let  {un}  be  the  sequence  that  is  defined  by  the  equation 

v1n— 1 
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In  calculus  it  is  shown  that  the  limit  of  the  sequence  of  partial  sums  {Sn} 
of  the  sequence  {un}  is  Tan"1  x,  if  \x\  <  1.     Thus, 

Tan-1,  =  ,-|  +  f-...  +  (-l)-^— [  +  ••• 
for  \x\  <  1.     Let  x  =  1  and  calculate  the  partial  sum  £5  to  find  the 
approximate  value  of  ir. 

12.  Prove  that  7r/4  =  Tan-1  \  +  Tan-1  \.  Evaluate  the  right-hand  side  of 
this  equation  by  using  the  equation  of  Tan-1  x  in  the  preceding  problem 
to  obtain  an  approximate  value  of  ir/4. 

13.  Let  x  be  the  solution  to  the  equation  sin  x  =  1/x  that  lies  between  107T 
and  21tt/2.     Show  that  x  -  IOtt  <  ^. 
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TABLE  I 


1.0 

.0000 

.0043 

.0086 

.0128 

.0170 

.0212 

.0253 

.0294 

.0334 

.0374 

1.1 

.0414 

.0453 

.0492 

.0531 

.0569 

.0607 

.0645 

.0682 

.0719 

.0755 

1.2 

.0792 

.0828 

.0864 

.0899 

.0934 

.0969 

.1004 

.1038 

.1072 

.1106 

1.3 

.1139 

.1173 

.1206 

.1239 

.1271 

.1303 

.1335 

.1367 

.1399 

.1430 

1.4 

.1461 

.1492 

.1523 

.1553 

.1584 

.1614 

.1644 

.1673 

.1703 

.1732 

1.5 

.1761 

.1790 

.1818 

.1847 

.1875 

.1903 

.1931 

.1959 

.1987 

.2014 

1.6 

.2041 

.2068 

.2095 

.2122 

.2148 

.2175 

.2201 

.2227 

.2253 

.2279 

1.7 

.2304 

.2330 

.2355 

.2380 

.2405 

.2430 

.2455 

.2480 

.2504 

.2529 

1.8 

.2553 

.2577 

.2601 

.2625 

.2648 

.2672 

.2695 

.2718 

.2742 

.2765 

1.9 

.2788 

.2810 

.2833 

.2856 

.2878 

.2900 

.2923 

.2945 

.2967 

.2989 

2.0 

.3010 

.3032 

.3054 

.3075 

.3096 

.3118 

.3139 

.3160 

.3181 

.3201 

2.1 

.3222 

.3243 

.3263 

.3284 

.3304 

.3324 

.3345 

.3365 

.3385 

.3404 

2.2 

.3424 

.3444 

.3464 

.3483 

.3502 

.3522 

.3541 

.3560 

.3579 

.3598 

2.3 

.3617 

.3636 

.3655 

.3674 

.3692 

.3711 

.3729 

.3747 

.3766 

.3784 

2.4 

.3802 

.3820 

.3838 

.3856 

.3874 

.3892 

.3909 

.3927 

.3945 

.3962 

2.5 

.3979 

.3997 

.4014 

.4031 

.4048 

.4065 

.4082 

.4099 

.4116 

.4133 

2.6 

.4150 

.4166 

.4183 

.4200 

.4216 

.4232 

.4249 

.4265 

.4281 

.4298 

2.7 

.4314 

.4330 

.4346 

.4362 

.4378 

.4393 

.4409 

.4425 

.4440 

.4456 

2.8 

.4472 

.4487 

.4502 

.4518 

.4533 

.4548 

.4564 

.4579 

.4594 

.4609 

2.9 

.4624 

.4639 

.4654 

.4669 

.4683 

.4698 

.4713 

.4728 

.4742 

.4757 

3.0 

.4771 

.4786 

.4800 

.4814 

.4829 

.4843 

.4857 

.4871 

.4886 

.4900 

3.1 

.4914 

.4928 

.4942 

.4955 

.4969 

.4983 

.4997 

.5011 

.5024 

.5038 

3.2 

.5051 

.5065 

.5079 

.5092 

.5105 

.5119 

.5132 

.5145 

.5159 

.5172 

3.3 

.5185 

.5198 

.5211 

.5224 

.5237 

.5250 

.5263 

.5276 

.5289 

.5302 

3.4 

.5315 

.5328 

.5340 

.5353 

.5366 

.5378 

.5391 

.5403 

.5416 

.5428 

3.5 

.5441 

.5453 

.5465 

.5478 

.5490 

.5502 

.5514 

.5527 

.5539 

.5551 

3.6 

.5563 

.5575 

.5587 

.5599 

.5611 

.5623 

.5635 

.5647 

.5658 

.5670 

3.7 

.5682 

.5694 

.5705 

.5717 

.5729 

.5740 

.5752 

.5763 

.5775 

.5786 

3.8 

.5798 

.5809 

.5821 

.5832 

.5843 

.5855 

.5866 

.5877 

.5888 

.5899 

3.9 

.5911 

.5922 

.5933 

.5944 

.5955 

.5966 

.5977 

.5988 

.5999 

.6010 

4.0 

.6021 

;6031 

.6042 

.6053 

.6064 

.6075 

.6085 

.6096 

.6107 

.6117 

4.1 

.6128 

.6138 

.6149 

.6160 

.6170 

.6180 

.6191 

.6201 

.6212 

.6222 

4.2 

.6232 

.6243 

.6253 

.6263 

.6274 

.6284 

.6294 

.6304 

.6314 

.6325 

4.3 

.6335 

.6345 

.6355 

.6365 

.6375 

.6385 

.6395 

.6405 

.6415 

.6425 

4.4 

.6435 

.6444 

.6454 

.6464 

.6474 

.6484 

.6493 

.6503 

.6513 

.6522 

4.5 

.6532 

.6542 

.6551 

.6561 

.6571 

.6580 

.6590 

.6599 

.6609 

.6618 

4.6 

.6628 

.6637 

.6646 

.6656 

.6665 

.6675 

.6684 

.6693 

.6702 

.6712 

4.7 

.6721 

.6730 

.6739 

.6749 

.6758 

.6767 

.6776 

.6785 

.6794 

.6803 

4.8 

.6812 

.6821 

.6830 

.6839 

.6848 

.6857 

.6866 

.6875 

.6884 

.6893 

4.9 

.6902 

.6911 

.6920 

.6928 

.6937 

.6946 

.6955 

.6964 

.6972 

.6981 

5.0 

.6990 

.6998 

.7007 

.7016 

.7024 

.7033 

.7042 

.7050 

.7059 

.7067 

5.1 

.7076 

.7084 

.7093 

.7101 

.7110 

.7118 

.7126 

.7135 

.7143 

.7152 

5.2 

.7160 

.7168 

.7177 

.7185 

.7193 

.7202 

.7210 

.7218 

.7226 

.7235 

5.3 

.7243 

.7251 

.7259 

.7267 

.7275 

.7284 

.7292 

.7300 

.7308 

.7316 

5.4 

.7324 

.7332 

.7340 

.7348 

.7356 

.7364 

.7372 

.7380 

.7388 

.7396 
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5.5 

.7404 

.7412 

.7419 

.7427 

.7435 

.7443 

.7451 

.7459 

.7466 

.7474 

5.6 

.7482 

.7490 

.7497 

.7505 

.7513 

.7520 

.7528 

.7536 

.7543 

.7551 

5.7 

.7559 

.7566 

.7574 

.7582 

.7589 

.7597 

.7604 

.7612 

.7619 

.7627 

5.8 

.7634 

.7642 

.7649 

.7657 

.7664 

.7672 

.7679 

.7686 

.7694 

.7701 

5.9 

.7709 

.7716 

.7723 

.7731 

.7738 

.7745 

.7752 

.7760 

.7767 

.7774 

6.0 

.7782 

.7789 

.7796 

.7803 

.7810 

.7818 

.7825 

.7832 

.7839 

.7846 

6.1 

.7853 

.7860 

.7868 

.7875 

.7882 

.7889 

.7896 

.7903 

.7910 

.7917 

6.2 

.7924 

.7931 

.7938 

.7945 

.7952 

.7959 

.7966 

.7973 

.7980 

.7987 

6.3 

.7993 

.8000 

.8007 

.8014 

.8021 

.8028 

.8035 

.8041 

.8048 

.8055 

6.4 

.8062 

.8069 

.8075 

.8082 

.8089 

.8096 

.8102 

.8109 

.8116 

.8122 

6.5 

.8129 

.8136 

.8142 

.8149 

.8156 

.8162 

.8169 

.8176 

.8182 

.8189 

6.6 

.8195 

.8202 

.8209 

.8215 

.8222 

.8228 

.8235 

.8241 

.8248 

.8254 

6.7 

.8261 

.8267 

.8274 

.8280 

.8287 

.8293 

.8299 

.8306 

.8312 

.8319 

6.8 

.8325 

.8331 

.8338 

.8344 

.8351 

.8357 

.8363 

.8370 

.8376 

.8382 

6.9 

.8388 

.8395 

.8401 

.8407 

.8414 

.8420 

.8426 

.8432 

.8439 

.8445 

7.0 

.8451 

.8457 

.8463 

.8470 

.8476 

.8482 

.8488 

.8494 

.8500 

.8506 

7.1 

.8513 

.8519 

.8525 

.8531 

.8537 

.8543 

.8549 

.8555 

.8561 

.8567 

7.2 

.8573 

.8579 

.8585 

.8591 

.8597 

.8603 

.8609 

.8615 

.8621 

.8627 

7.3 

.8633 

.8639 

.8645 

.8651 

.8657 

.8663 

.8669 

.8675 

.8681 

.8686 

7.4 

.8692 

.8698 

.8704 

.8710 

.8716 

.8722 

.8727 

.8733 

.8739 

.8745 

7.5 

.8751 

.8756 

.8762 

.8768 

.8774 

.8779 

.8785 

.8791 

.8797 

.8802 

7.6 

.8808 

.8814 

.8820 

.8825 

.8831 

.8837 

.8842 

.8848 

.8854 

.8859 

7.7 

.8865 

.8871 

.8876 

.8882 

.8887 

.8893 

.8899 

.8904 

.8910 

.8915 

7.8 

.8921 

.8927 

.8932 

.8938 

.8943 

.8949 

.8954 

.8960 

.8965 

.8971 

7.9 

.8976 

.8982 

.8987 

.8993 

.8998 

.9004 

.9009 

.9015 

.9020 

.9025 

8.0 

.9031 

.9036 

.9042 

.9047 

.9053 

.9058 

.9063 

.9069 

.9074 

.9079 

8.1 

.9085 

.9090 

.9096 

.9101 

.9106 

.9112 

.9117 

.9122 

.9128 

.9133 

8.2 

.9138 

.9143 

.9149 

.9154 

.9159 

.9165 

.9170 

.9175 

.9180 

.9186 

8.3 

.9191 

.9196 

.9201 

.9206 

.9212 

.9217 

.9222 

.9227 

.9232 

.9238 

8.4 

.9243 

.9248 

.9253 

.9258 

.9263 

.9269 

.9274 

.9279 

.9284 

.9289 

8.5 

.9294 

.9299 

.9304 

.9309 

.9315 

.9320 

.9325 

.9330 

.9335 

.9340 

8.6 

.9345 

9350 

.9355 

.9360 

.9365 

.9370 

.9375 

.9380 

.9385 

.9390 

8.7 

.9395 

.9400 

.9405 

.9410 

.9415 

.9420 

.9425 

.9430 

.9435 

.9440 

8.8 

.9445 

.9450 

.9455 

.9460 

.9465 

.9469 

.9474 

.9479 

.9484 

.9489 

8.9 

.9494 

.9499 

.9504 

.9509 

.9513 

.9518 

.9523 

.9528 

.9533 

.9538 

9.0 

.9542 

.9547 

.9552 

.9557 

.9562 

.9566 

.9571 

.9576 

.9581 

.9586 

9.1 

.9590 

.9595 

.9600 

.9605 

.9609 

.9614 

.9619 

.9624 

.9628 

.9633 

9.2 

.9638 

.9643 

.9647 

.9652 

.9657 

.9661 

.9666 

.9671 

.9675 

.9680 

9.3 

.9685 

.9689 

.9694 

.9699 

.9703 

.9708 

.9713 

.9717 

.9722 

.9727 

9.4 

.9731 

.9736 

.9741 

.9745 

.9750 

.9754 

.9759 

.9763 

.9768 

.9773 

9.5 

.9777 

.9782 

.9786 

.9791 

.9795 

.9800 

.9805 

.9809 

.9814 

.9818 

9.6 

.9823 

.9827 

.9832 

.9836 

.9841 

.9845 

.9850 

.9854 

.9859 

.9863 

9.7 

.9868 

.9872 

.9877 

.9881 

.9886 

.9890 

.9894 

.9899 

.9903 

.9908 

9.8 

.9912 

.9917 

.9921 

.9926 

.9930 

.9934 

.9939 

.9943 

.9948 

.9952 

9.9 

.9956 

.9961 

.9965 

.9969 

.9974 

.9978 

.9983 

.9987 

.9991 

.9996 
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TABLE  II 


sin  t 


tan  t 


cot  t 


sec  t 


esc  t 


.00 

.0000 

1 .0000 

.0000 

1.000 

.01 

.0100 

1.0000 

.0100 

99.997 

1.000 

100.00 

.02 

.0200 

.9998 

.0200 

49.993 

1.000 

50.00 

.03 

.0300 

.9996 

.0300 

33.323 

1.000 

33.34 

.04 

.0400 

.9992 

.0400 

24.987 

1.001 

25.01 

.05 

.0500 

.9988 

.0500 

19.983 

1.001 

20.01 

.06 

.0600 

.9982 

.0601 

16.647 

1.002 

16.68 

.07 

.0699 

.9976 

.0701 

14.262 

1.002 

14.30 

.08 

.0799 

.9968 

.0802 

12.473 

1.003 

12.51 

.09 

.0899 

.9960 

.0902 

11.081 

1.004 

11.13 

.10 

.0998 

.9950 

.1003 

9.967 

1.005 

10.02 

.11 

.1098 

.9940 

.1104 

9.054 

1.006 

9.109 

.12 

.1197 

.9928 

.1206 

8.293 

1.007 

8.353 

.13 

.1296 

.9916 

.1307 

7.649 

1.009 

7.714 

.14 

.1395 

.9902 

.1409 

7.096 

1.010 

7.166 

.15 

.1494 

.9888 

.1511 

6.617 

1.011 

6.692 

.16 

.1593 

.9872 

.1614 

6.197 

1.013 

6.277 

.17 

.1692 

.9856 

.1717 

5.826 

1.015 

5.911 

.18 

.1790 

.9838 

.1820 

5.495 

1.016 

5.586 

.19 

.1889 

.9820 

.1923 

5.200 

1.018 

5.295 

.20 

.1987 

.9801 

.2027 

4.933 

1.020 

5.033 

.21 

.2085 

.9780 

.2131 

4.692 

1.022 

4.797 

.22 

.2182 

.9759 

.2236 

4.472 

1.025 

4.582 

.23 

.2280 

.9737 

.2341 

4.271 

1.027 

4.386 

.24 

.2377 

.9713 

.2447 

4.086 

1.030 

4.207 

.25 

.2474 

.9689 

.2553 

3.916 

1.032 

4.042 

.26 

.2571 

.9664 

.2660 

3.759 

1.035 

3.890 

.27 

.2667 

.9638 

.2768 

3.613 

1.038 

3.749 

.28 

.2764 

.9611 

.2876 

3.478 

1.041 

3.619 

.29 

.2860 

.9582 

.2984 

3.351 

1.044 

3.497 

.30 

.2955 

.9553 

.3093 

3.233 

1.047 

3.384 

.31 

.3051 

.9523 

.3203 

3.122 

1.050 

3.278 

.32 

.3146 

.9492 

.3314 

3.018 

1.053 

3.179 

.33 

.3240 

.9460 

.3425 

2.920 

1.057 

3.086 

.34 

.3335 

.9428 

.3537 

2.827 

1.061 

2.999 

.35 

.3429 

.9394 

.3650 

2.740 

1.065 

2.916 

.36 

.3523 

.9359 

.3764 

2.657 

1.068 

2.839 

.37 

.3616 

.9323 

.3879 

2.578 

1.073 

2.765 

.38 

.3709 

.9287 

.3994 

2.504 

1.077 

2.696 

.39 

.3802 

.9249 

.4111 

2.433 

1.081 

2.630 
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sin  t  cos  t  tan  /  cot  t  sec  t  esc  t 


.40 

.3894 

.9211 

.4228 

2.365 

1.086 

2.568 

.41 

.3986 

.9171 

.4346 

2.301 

1.090 

2.509 

.42 

.4078 

.9131 

.4466 

2.239 

1.095 

2.452 

.43 

.4169 

.9090 

.4586 

2.180 

1.100 

2.399 

.44 

.4259 

.9048 

.4708 

2.124 

1.105 

2.348 

.45 

.4350 

.9004 

.4831 

2.070 

1.111 

2.299 

.46 

.4439 

.8961 

.4954 

2.018 

1.116 

2.253 

.47 

.4529 

.8916 

.5080 

1.969 

1.122 

2.208 

.48 

.4618 

.8870 

.5206 

1.921 

1.127 

2.166 

.49 

.4706 

.8823 

.5334 

1.875 

1.133 

2.125 

.50 

.4794 

.8776 

.5463 

1.830 

1.139 

2.086 

.51 

.4882 

.8727 

.5594 

1.788 

1.146 

2.048 

.52 

.4969 

.8678 

.5726 

1.747 

1.152 

2.013 

.53 

.5055 

.8628 

.5859 

1.707 

1.159 

1.978 

.54 

.5141 

.8577 

.5994 

1.668 

1.166 

1.945 

.55 

.5227 

.8525 

.6131 

1.631 

1.173 

1.913 

.56 

.5312 

.8473 

.6269 

1.595 

1.180 

1.883 

.57 

.5396 

.8419 

.6410 

1.560 

1.188 

1.853 

.58 

.5480 

.8365 

.6552 

1.526 

1.196 

1.825 

.59 

.5564 

.8309 

.6696 

1.494 

1.203 

1.797 

.60 

.5646 

.8253 

.6841 

1.462 

1.212 

1.771 

.61 

.5729 

.8196 

.6989 

1.431 

1.220 

1.746 

.62 

.5810 

.8139 

.7139 

1.401 

1.229 

1.721 

.63 

.5891 

.8080 

.7291 

1.372 

1.238 

1.697 

.64 

.5972 

.8021 

.7445 

1.343 

.   1.247 

1.674 

.65 

.6052 

.7961 

.7602 

1.315 

1.256 

1.652 

.66 

.6131 

.7900 

.7761 

1.288 

1.266 

1.631 

.67 

.6210 

.7838 

.7923 

1.262 

1.276 

1.610 

.68 

.6288 

.7776 

.8087 

1.237 

1.286 

1.590 

.69 

.6365 

.7712 

.8253 

1.212 

1.297 

1.571 

.70 

.6442 

.7648 

.8423 

1.187 

1.307 

1.552 

.71 

.6518 

.7584 

.8595 

1.163 

1.319 

1.534 

.72 

.6594 

.7518 

.8771 

1.140 

1.330 

1.517 

.73 

.6669 

.7452 

.8949 

1.117 

1.342 

1.500 

.74 

.6743 

.7385 

.9131 

1.095 

1.354 

1.483 

.75 

.6816 

.7317 

.9316 

1.073 

1.367 

1.467 

.76 

.6889 

.7248 

.9505 

1.052 

1.380 

1.452 

.77 

.6961 

.7179 

.9697 

1.031 

1.393 

1.437 

.78 

.7033 

.7109 

.9893 

1.011 

1.407 

1.422 

.79 

.7104 

.7038 

1.009 

.9908 

1.421 

1.408 
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TABLE  II— Cont. 

sin  t  cos  t  tan  t  cot  t  sec  t  esc  t 


.80 

.7174 

.6967 

1.030 

.9712 

1.435 

1.394 

.81  ' 

.7243 

.6895 

1.050 

.9520 

1.450 

1.381 

.82 

.7311 

.6822 

1.072 

.9331 

1.466 

1.368 

.83 

.7379 

.6749 

1.093 

.9146 

1.482 

1.355 

.84 

.7446 

.6675 

1.116 

.8964 

1.498 

1.343 

.85 

.7513 

.6600 

1.138 

.8785 

1.515 

1.331 

.86 

.7578 

.6524 

1.162 

.8609 

1.533 

1.320 

.87 

.7643 

.6448 

1.185 

.8437 

1.551 

1.308 

.88 

.7707 

.6372 

1.210 

.8267 

1.569 

1.297 

.89 

.7771 

.6294 

1.235 

.8100 

1.589 

1.287 

.90 

.7833 

.6216 

1.260 

.7936 

1.609 

1.277 

.91 

.7895 

.6137 

1.286 

.7774 

1.629 

1.267 

.92 

.7956 

.6058 

1.313 

.7615 

1.651 

1.257 

.93 

.8016 

.5978 

1.341 

.7458 

1.673 

1.247 

.94 

.8076 

.5898 

1.369 

.7303 

1.696 

1.238 

.95 

.8134 

.5817 

1.398 

.7151 

1.719 

1.229 

.96 

.8192 

.5735 

1.428 

.7001 

1.744 

1.221 

.97 

.8249 

.5653 

1.459 

.6853 

1.769 

1.212 

.98 

.8305 

.5570 

1.491 

.6707 

1.795 

1.204 

.99 

.8360 

.5487 

1.524 

.6563 

1.823 

1.196 

1.00 

.8415 

.5403 

1.557 

.6421 

1.851 

1.188 

1.01 

.8468 

.5319 

1.592 

.6281 

1.880 

1.181 

1.02 

.8521 

.5234 

1.628 

.6142 

1.911 

1.174 

1.03 

.8573 

.5148 

4.665 

.6005 

1.942 

1.166 

1.04 

.8624 

.5062 

1.704 

.5870 

1.975 

1.160 

1.05 

.8674 

.4976 

1.743 

.5736 

2.010 

1.153 

1.06 

.8724 

.4889 

1.784 

.5604 

2.046 

1.146 

1.07 

.8772 

.4801 

1.827 

.5473 

2.083 

1.140 

1.08 

.8820 

.4713 

1.871 

.5344 

2.122 

1.134 

1.09 

.8866 

.4625 

1.917 

.5216 

2.162 

1.128 

1.10 

.8912 

.4536 

1.965 

.5090 

2.205 

1.122 

1.11 

.8957 

.4447 

2.014 

.4964 

2.249 

1.116 

1.12 

.9001 

.4357 

2.066 

.4840 

2.295 

1.111 

1.13 

.9044 

.4267 

2.120 

.4718 

2.344 

1.106 

1.14 

.9086 

.4176 

2.176 

.4596 

2.395 

1.101 

1.15 

.9128 

.4085 

2.234 

.4475 

2.448 

1.096 

1.16 

.9168 

.3993 

2.296 

.4356 

2.504 

1.091 

1.17 

.9208 

.3902 

2.360 

.4237 

2.563 

L086 

1.18 

.9246 

.3809 

2.427 

.4120 

2.625 

1.082 

1.19 

.9284 

.3717 

2.498 

.4003 

2.691 

1.077 
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TABLE  II— Cent. 

sin  t  cos  /  tan  t  cot  t  sec  t  esc  t 


1.20 

.9320 

.3624 

2.572 

.3888 

2.760 

1.073 

1.21 

.9356 

.3530 

2.650 

.3773 

2.833 

1.069 

1.22 

.9391 

.3436 

2.733 

.3659 

2.910 

1.065 

1.23 

.9425 

.3342 

2.820 

.3546 

2.992 

1.061 

1.24 

.9458 

.3248 

2.912 

.3434 

3.079 

1.057 

1.25 

.9490 

.3153 

3.010 

.3323 

3.171 

1.054 

1.26 

.9521 

.3058 

3.113 

.3212 

3.270 

1.050 

1.27 

.9551 

.2963 

3.224 

.3102 

3.375 

1.047 

1.28 

.9580 

.2867 

3.341 

.2993 

3.488 

1.044 

1.29 

.9608 

.2771 

3.467 

.2884 

3.609 

1.041 

1.30 

.9636 

.2675 

3.602 

.2776 

3.738 

1.038 

1.31 

.9662 

.2579 

3.747 

.2669 

3.878 

1.035 

1.32 

.9687 

.2482 

3.903 

.2562 

4.029 

1.032 

1.33 

.9711 

.2385 

4.072 

.2456 

4.193 

1.030 

1.34 

.9735 

.2288 

4.256 

.2350 

4.372 

1.027 

1.35 

.9757 

.2190 

4.455 

.2245 

4.566 

1.025 

1.36 

.9779 

.2092 

4.673 

.2140 

4.779 

1.023 

1.37 

.9799 

.1994 

4.913 

.2035 

5.014 

1.021 

1.38 

.9819 

.1896 

5.177 

.1931 

5.273 

1.018 

1.39 

.9837 

.1798 

5.471 

.1828 

5.561 

1.017 

1.40 

.9854 

.1700 

5.798 

.1725 

5.883 

1.015 

1.41 

.9871 

.1601 

6.165 

.1622 

6.246 

1.013 

1.42 

.9887 

.1502 

6.581 

.1519 

6.657 

1.011 

1.43 

.9901 

.1403 

7.055 

.1417 

7.126 

1.010 

1.44 

.9915 

.1304 

7.602 

.1315 

7.667 

1.009 

1.45 

.9927 

.1205 

8.238 

.1214 

8.299 

1.007 

1.46 

.9939 

.1106 

8.989 

.1113 

9.044 

1.006 

1.47 

.9949 

.1006 

9.887 

.1011 

9.938 

1.005 

1.48 

.9959 

.0907 

10.983 

.0910 

11.029 

1.004 

1.49 

.9967 

.0807 

12.350 

.0810 

12.390 

1.003 

1.50 

.9975 

.0707 

14.101 

.0709 

14.137 

1.003 

1.51 

.9982 

.0608 

16.428 

.0609 

16.458 

1.002 

1.52 

.9987 

.0508 

19.670 

.0508 

19.695 

1.001 

1.53 

.9992 

.0408 

24.498 

.0408 

24.519 

1.001 

1.54 

.9995 

.0308 

32.461 

.0308 

32.476 

1.000 

1.55 

.9998 

.0208 

48.078 

.0208 

48.089 

1.000 

1.56 

.9999 

.0108 

92.620 

.0108 

92.626 

1.000 

1.57 

1.0000 

.0008 

1255.8 

.0008 

1255.8 

1.000 

1.58 

1.0000 

-.0092 

-108.65 

-.0092 

-108.65 

1.000 

1.59 

.9998 

-.0192 

-52.067 

-.0192 

-52.08 

1.000 

1.60 

.9996 

-.0292 

-34.233 

-.0292 

-34.25 

1.000 
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TABLE  III 

sin  9  tan  9  cot  9 


0° 

.0000 

.0000 

1.0000 

90° 

1° 

.0175 

.0175 

57.290 

.9998 

89° 

2° 

.0349 

.0349 

28.636 

.9994 

88° 

3° 

.0523 

.0524 

19.081 

.9986 

87° 

4° 

.0698 

.0699 

14.301 

.9976 

86° 

5° 

.0872 

.0875 

11.430 

.9962 

85° 

6° 

.1045 

.1051 

9.5144 

.9945 

84° 

7° 

.1219 

.1228 

8.1443 

.9925 

83° 

8° 

.1392 

.1405 

7.1154 

.9903 

82° 

9° 

.1564 

.1584 

6.3138 

.9877 

81° 

10° 

.1736 

.1763 

5.6713 

.9848 

80° 

11° 

.1908 

.1944 

5.1446 

.9816 

79° 

12° 

.2079 

.2126 

4.7046 

.9781 

78° 

13° 

.2250 

.2309 

4.3315 

.9744 

77° 

14° 

.2419 

.2493 

4.0108 

.9703 

76° 

15° 

.2588 

.2679 

3.7321 

.9659 

75° 

16° 

.2756 

.2867 

3.4874 

.9613 

74° 

17° 

.2924 

.3057 

3.2709 

.9563 

73° 

18° 

.3090 

.3249 

3.0777 

.9511 

72° 

19° 

.3256 

.3443 

2.9042 

.9455 

71° 

20° 

.3420 

.3640 

2.7475 

.9397 

70° 

21° 

.3584 

.3839 

2.6051 

.9336 

69° 

22° 

.3746 

.4040 

2.4751 

.9272 

68° 

23° 

.3907 

.4245 

2.3559 

.9205 

67° 

24° 

.4067 

.4452 

2.2460 

.9135 

66° 

25° 

.4226 

.4663 

2.1445 

.9063 

65° 

26° 

.4384 

.4877 

2.0503 

.8988 

64° 

27° 

.4540 

.5095 

1.9626 

.8910 

63° 

28° 

.4695 

.5317 

1.8807 

.8829 

62° 

29° 

.4848 

.5543 

1.8040 

.8746 

61° 

30° 

.5000 

.5774 

1.7321 

.8660 

60° 

31° 

.-5150 

.6009 

1.6643 

.8572 

59° 

32° 

.5299 

.6249 

1.6003 

.8480 

58° 

33° 

.5446 

.6494 

1.5399 

.8387 

57° 

34° 

.5592 

.6745 

1.4826 

.8290 

56° 

35° 

.5736 

.7002 

1.4281 

.8192 

55° 

36° 

.5878 

.7265 

1.3764 

.8090 

54° 

37° 

.6018 

.7536 

1.3270 

.7986 

53° 

38° 

.6157 

.7813 

1.2799 

.7880 

52° 

39° 

.6293 

.8098 

1.2349 

.7771 

51° 

40° 

.6428 

.8391 

1.1918 

.7660 

50° 

41° 

.6561 

.8693 

1.1504 

.7547 

49° 

42° 

.6691 

.9004 

1.1106 

.7431 

48° 

43° 

.6820 

.9325 

1.0724 

.7314 

47° 

44° 

.6947 

.9657 

1.0355 

.7193 

46° 

45° 

.7071 

1.0000 

1 .0000 

.7071 

45° 

cot  9  tan  9  sin  9 
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TABLE  IV 


log  n\ 


Jog  n ! 


log  n ! 


1 
2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 

14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 

27 
28 
29 

30 
31 
32 
33 
34 


0.0000 
0.3010 
0.7782 
1.3802 

2.0792 
2.8573 
3.7024 
4.6055 

5.5598 

6.5598 
7.6012 
8.6803 
9.7943 
10.9404 

12.1165 
13.3206 
14.5511 
15.8063 
17.0851 

18.3861 

19.7083 
21.0508 
22.4125 
23.7927 

25.1906 
26.6056 
28.0370 
29.4841 
30.9465 

32.4237 
33.9150 
35.4202 
36.9387 
38.4702 


35 
36 
37 
38 
39 

40 
41 
42 
43 

44 

45 
46 
47 
48 
49 

50 
51 
52 
53 
54 

55 
56 
57 
58 
59 

60 
61 
62 
63 
64 

65 
66 
67 
68 


40.0142 
41.5705 
43.1387 
44.7185 
46.3096 

47.9116 
49.5244 
51.1477 
52.7812 
54.4246 

56.0778 
57.7406 
59.4127 
61.0939 
62.7841 

64.4831 
66.1906 
67.9066 
69.6309 
71.3633 

73.1037 
74.8519 
76.6077 
78.3712 
80.1420 

81.9202 
83.7055 
85.4979 
87.2972 
89.1034 

90.9163 
92.7359 
94.5620 
96.3945 


69 

70 

71 
72 
73 
74 

75 
76 
77 
78 
79 

80 
81 
82 
83 
84 

85 
86 
87 
88 
89 

90 
91 
92 
93 
94 

95 
96 
97 
98 
99 
100 


98.2333 

100.0784 
101.9297 
103.7870 
105.6503 
107.5196 

109.3946 
111.2754 
113.1619 
115.0540 
116.9516 

118.8547 
120.7632 
122.6770 
124.5961 
126.5204 

128.4498 
130.3843 
132.3238 
134.2683 
136.2177 

138.1719 
140.1310 
142.0948 
144.0632 
146.0364 

148.0141 
149.9964 
151.9831 
153.9744 
155.9700 
157.9700 
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ANSWERS 


Problems  1 

1 


Page  4. 


(a)  -3;  (c)  4400.  2.  (a)  1  -  3x;  (c)  x  -  6.  3.  (a)  x3  +_y3;  (c)  x3  - 
6x2y  +  12xjy2  —  8jy3;  (e)  6x2  +  5xy  —  6y2.  4.  (a)  (x  +  y)(x2  —  xy  -\-  y'2) ; 
(c)  (2x  -  3/y)(4x2  +  6x/y  +  9//);  (e)  (.1*  -  3)(.l*  +  3);  (g)  (x  -  2) 
(x  +  2)(x2  +  2x  +  4)(x2  -  2x  +  4) ;  (i)  (2*  -  j  -  3z)(2x  -  y  +  3z) ; 
(k)  2z(z  —  3x)(x  +  3y).  5.  (a)  Positive  integer  if  x  =  1  or  x  =  2,  integer 
for  all  integral  values  of  x;  (c)  Positive  integer  if  x  is  odd  positive  integer 
other  than  1,  integer  if  x  is  odd. 


Problems  2.     Page  8. 


1.  (a)¥;    (c)   ¥;    (e)    i         2.  f±.         4.   (a)    (x.+  y/z-w);    (c)    1/fc; 
(e)  3/(x  -  y);  (g)  1/(1  -  x).     5.   (a)  l/(x  +  v);  (c)  xy/{x  +y);  (e)   |. 
x  ,  ,  14*  -f  9 


6.   (a)-2 

x    +  xy  +  jr 

true  for  x  =  1 . 


;(c) 


6x(l  -  2x)(l  +  2x)'  V  ;  3(x  -  4)'  K&>  U' 
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Problems  3.     Page  12. 


1.   (a)  -£;  (c)  (a  +  b)/2.     5.  b  =  -^§f,  c  =  3.     7.  Yes,  no,  irrational  unless 
the  rational  faelor  is  0.     10.   (a)  Irrational;  (c)  Irrational. 


Problems  4.     Page  16. 

5.  (a)  False;  (c)  True;  (e)  True;  (g)  True.  6.  (a)  x  >  3;  (c)  x  >  -Jf ; 
(e)  *  >  1;  (g)  *  <  1  or*  >  4;  (i)  *  <  -4  or*  >  1.  9.  (a)  *  =  3.141, 
y  —  3.142,  for  example;  (c)  *  =  6.1,  y  =  6.9,  for  example.     11.  ^°-  < 


Problems  5.    Page  19. 

1.   (a)  0;  (c)  *  >  1;  (e)  *  <  0;  (g)  *  >  -1  or*  <  -3;  (i)  *  <  0  or  *  >  4. 
3.   21.743  <  perimeter  <  21.765.     5.   Less  than  3.2  miles. 


Problems  6.    Page  22. 

1.  (a)  *  =  6  or  *  =  —  6;  (c)  No  numbers;  (e)  *  =  5  or  x  =  —  5.  2.  (a)  *  > 
0;  (c)  *  =  2  or  *  =  —  1 ;  (e)  *  >  0.  3.  #  is  either  3  units  from  0  or  7  units 
from  0.     4.   (a)  5  or  3;  (c)  1  or  7.     5.  No.     7.  Yes. 


Problems  7.    Page  25. 

1.   (a)  -f  <  x  <  f ;  (c)  -2  <  *  <  4;  (e)  -|  <  *  <  f     2.  (a)  *  >  f  or 

*  <  — -§;  (c)  *  >  9  or  *  <  —  7;  (e)  *  >  2  or  *  <  —  1.  3.  (a)  True  for 
all  *;  (c)  *  >  | ;  (e)  *  >  J.  5.  (a)  |*  -  2|  <  1;  (c)  |*  -  f |  <  f;  (e)  |8* 
+  11  <7. 


Problems  8.     Pag*  29. 

1.  (a)  -i;(c)-12;(e)|;(g)*;(i)!*2r5;(k)*6.     2.  (a)*;  (c)  1/(1 +*); 

(e)  *  +3;;  (g)  ff;  «  (*  +  DA3-     3.  (a)  (l/*"2)  -  (l/^2);  (c)  (I/*"2) 
+  ^-3;  (e)  (x/3)-2.     5.   (a)  §  <  *  <  f ;  (c)  *  >  2  or  *  <  -2;  (e)  *  >  3. 


Problems  9.     Page  33. 

1.  (a)  4;    (c)    -27;    (e)   81;    (g)    -1024.         3.  (a)   V7*"3/*;    (c)    \x  +  y\; 
(e)  (V*  -  j)/(*  -  />).     4.   (a)  a1/^"1'8;  (c)  a^-i/a.  (e)  -*"1'3;  (g)  x1/4. 
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Review  Problems.    Page  34. 


1.  (a)  0,  1,  2,  3,  4.  2.  (a)  2(x  -  2){x  +  2);  (b)  3(x  -  2)(x  -  3).  3.  Yes, 
if  a  9*  0.  8.  (a)  -2  <  x  <  5.  9.  \x  -  ||  <  f.  11.  No.  13.  No. 
15.  No.     17.  (a)  y/x2y/xy. 

Miscellaneous  Problems.    Page  35. 

1.  (a)  True;  (c)  May  be  true  or  false;  (e)  May  be  true  or  false.  3.  x  =  2, 
y  =  2.  7.  Copper  is  cheaper  on  cost-per-year  basis.  If  cost-per-year 
is  the  same,  then  the  iron  pipe  costs  less  than  $100.  9.  10  =b  -£$. 
11.  (25  +  5  •  21'3  +  22'3)/123. 

Problems  10.    Page  41. 

1.  (a)  f(n)  =*  n  +  1;  (c)  A(w)  =  1.  2.  (a)  All  positive  numbers;  (c)  x  >  1 
or  x  <  -2;   (e)f>lorK0.     3.  (a)    {2,5,8};   (c)    {0,1};   (e)    {1}. 

4.  (a)  5;  (c)  3V^  -  1 ;  (e)  3|a|  -  1;  (g)  3;  (i)  3j>  -  J.     5.   (a)  1;  (c)  12; 
(e)  a*  +  2ah  +  h*;(g)2a  +  h;(i)y. 

Problems  11.    Page  44. 

1.  (a)  4;  (c)  3;  (e)  2V2.         2.   (a),  (c),  and  (d)  are  true.         3.  All  true. 

5.  C  =  80*  +  180,000/*.  7.  d  =  50V41/2  -  50/  +  25  for  t  >  1. 
9.   J7=  4x(4  -  *)(5  -  *). 

Problems  12.    /V^  50. 


1.  (a)  V29;  (c)  5;  (e)  Vl6  +  2VlO.  2.  (a)  2W2  +  62;  (c)  2Va  +  b. 
3.  Not  right  triangle.  5.  One  set  consists  of  the  points  (4,2)  and  (4,-5). 
7.  8.     9.   (4,0).     11.   (a)  Not  collinear;  (c)  Collinear. 

Problems  13.     Page  55. 

3.   (-3,2).     5.  (a)  1.2;  (c)  1.2.     9.  The  point  (-a,b)  is  on  the  graph. 

Problems  14.    Page  59. 

1.   (3,2).     3.   (i,f).     8.   (M,  (-«,-£),  and  (-/;,-,/).     9.  a  =  2  or  a  =  0. 

Problems  15.     Pag*  62. 

1.  /(*)  =  3*/2.  3.  (a)  129  miles,  (b)  4  hr.,  38  min.  5.  Not  unless  a  =  0. 
7.  Constant  represents  his  hourly  wage.     250/3  hr. 
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Problems  16.     Page  66. 

1.  /(*)  =  3x  -  2.  2.  (a)  /(*)  =  mx;  (c)  f(x)  =  mx  +  m  -  1 ;  (e)  /(*)  = 
(x/4)  +  f.  3.  (a)  Yes.  5.  (a)  J;  (c)  -|.  7.  V  =  -32/  +  100.  %5- 
sec.  after  firing.     11.  80  cal. 

Problems  17.     Page  70. 

1.  /(*)  =  5/*.  3.  /(*)  =  24/x3.  4.  8  amp.  R  >  240  ohms.  5.  5^10 
cm.     9.  h  =  2  ft. 

Review  Problems.     Page  71. 

1.  (b)  and  (d)  are  true.  3.  It  must  lie  in  a  rectangle  2  units  wide  and  4  units 
high  with  center  at  the  origin.  4.  f(x)  =  2x  +  1.  9.  Yes.  10.  3,-1. 
13.  /(0  =  i/12. 

Miscellaneous  Problems.    Pag<?  72. 


„       n  10*  or  r    /  .      ,N  .  12    -  *     .      V^  +  36 

2'  *  =  37+lo'     3'L  =  L°{mt  +  1}'      4'  f  =  ~^-  +  ^ 

5.  a:  =  3.     8.   (a)  /»  =  1;  (c)  />  =  -J.     10.  True  if  x  >  0  or  if  x  is  a 
negative  integer. 

Problems  18.     Page  78. 

3.   (a)  2.7;  (c)  2.97;  (e)  3.3.     8.  3000(.6)<,  233  cu  ft.     9.   N  =  A'0(.8)'. 

Problems  19.     Page  81. 

1.  (a)  logs  81  =  4;(c)logM5  =  k.  2.  (a)  125;  (c)  2;  (e)  2.  3.  (a)*  =  l; 
(c)  *  is  any  positive  number  except  1.  4.  (a)  1.6;  (c)  —A.  7.  —2. 
9.   (a)5;(c)5.     10.   (a)  3;  (c)  5. 

Problems  20.     Page  85. 

2.  (a)  -.41;  (c)  1.38;  (e)  2.20;  (g)  3.17;  (i)  4.50 ;_(k)  -1.10;  (m)  .08. 
3.  (a)  f  log6x;  (c)  log6  3*5'4.  4.  (a)  ^£.  5.  v's.  6.  (a)  14;  (c)  a\ 
9.  logw  4  =  .6020,  logio  5  =  .6990,  log10  6  =  .7781,  log10  8  =  .9030, 
log10  9  =  .9542. 

Problems  21.     Page  89. 

1.   (a)  1.58;  (c)  -.58.     3.   .65.     9.   (a)  2;  (c)  f.     11.  7. 
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Problems  22.     Page  93. 


1.  (a)  4.8627;  (c)  .9600  -  5.  2.  (a)  .9499;  (c)  .2330  -  2;  (e)  3.6031. 
3,  (a)  155,000;  (c)  2.52.  4.  (a)  61.1 ;  (c)  6.31.  5.  (a)  .00455;  (c)  .0753; 
(e)  6.84;  (g)  4130.     8.   (a)  1.43;  (c)  .356.     9.   (a)  .3633. 

Problems  23.     Page  97. 

1.   (a)   .9550;  (c)  .3938  +  3;  (e)  .5712  -  6.  2.   (a)  3.565;  (c)  .5226. 

3.   (a)    -.4005;    (c)    1.3644.         4.  (a)   2.483;   (c)    1.585;    (e)    .001913. 
5.  3.25,  too  small.     7.  ¥• 

Problems  24.     Page  100. 

1.  (a)  107.6;  (c)  17.41;  (e)  .183.  2.  (a)  -.1692.  3.  (a)  257/6;  (c)  321. 
5.  A  =■-  p(l.03)n,  $25.16.     7.  2.108  sec. 

Problems  25.    Page  104. 

1.  (a)  .63;  (c)  1.76.  2.  (a)  .37;  (c)  .836.  3.  (a)  .46.  5.  6  hr  20  min. 
7.   JV  =  7,  k  =  2.     9.  6%  (approx.). 

Review  Problems.    P^  704. 

2.  (a)  True;  (c)  False;  (e)  True;  (g)  True.  3.  (log,  10) 2.  5.  12,630. 
7.  x  =  1  or  x  =  100.         10.  x  >  1.         14.  f. 


15    n  =  log{a-S  +  rS)-\oga  ^  =      /log,. 

log  r  \logx 

Miscellaneous  Problems.    Page  105. 

1.   Arl0*b  a.     3.  No.     8.  No.     9.  ^  =  p  (\  +  0"'  23  yr,  7%. 

Problems  26.     Page  113. 

1.  (a)  (1,0);  (c)  (0,1);  (e)  (0,-1).  2.  (a)  (.- V5/2, - V2/2) ;  (c)  (V2/2, 
-V2/2).  3.  (a)  (-J,V3/2);  (c)  (-J,-V3/2).  4.  (a)  (V3/2,-|); 
(c)  (V3/2,-J);  (e)  (V3/2,J).     5.   (.54,  .84).     6.  (a)  II;  (c)  I;  (e)  IV. 

Problems  27.     Z5^  117. 

1.  (a)  sin  *  =  2/V5;  (c)  sec  /  =  -3.  2.  (a)  .84;  (c)  .07.  3.  (a)  -3tt/2, 
—  7r/2,  7r/2,  37r/2;  (c)  —2t,  —  7r,  0,  7r,  27r.  4.  (a)  Positive;  (c)  Positive; 
(e)  Negative. 


408  ANSWERS 


Problems  28.     Page  121. 


1.  (a)  .8985;  (c)  1.038;  (e)  .3662.  2.  cos  .333.  3.  To  4  decimal  places 
the  numbers  are  equal.  6.   (a)  tt/6;  (c)   .17;  (e)   .92.  7.   VT5/4. 

10.   (a)   .5312;  (c)  .02976. 

Problems  29.     Page  125. 

1.  (a)  -.4078;  (c)  1.185;  (e)  -1.450.  2.  (a)  J;  (c)  1/V3";  (e)  \/2; 
(g)  -2;  (i)  -1/V3.  3.  (a)  (-.4158,  .9094),  (c)  (-.6539,  -.7565); 
(e)   (.9602,   -.2794);       (g)   (.8776,   -.4794);       (i)   (-.4536,   -.8912). 

4.  (a)  .8718;  (c)  .1343;  (e)  1.908;  (g)  -.3071.     5.   (a)  cos  6;  (c)  tan  10. 

Problems  30.     Page  130. 

5.  /(*)  =/(  —  #)•  6.  f(  —  x)  =  ■—/(*).  7.  (a)  Increasing;  (c)  Decreasing; 
(e)  Decreasing.     8.   (a)  True;  (c)  True.     13.  x  =  .74. 

Problems  31.    Page  135. 

4.   -sin  ii.    6.  -^(v^  -  1).    9.  — ?  (1  +  V3).    15.   (a)  0.    16.   (a)  tt/3; 

(c)  t/12.     17.   (b),  (c),  and  (f)  are  even.     18.   (a),  (b),  (c),  (d),  and  (e) 
are  odd. 

Problems  32.     Page  139. 

i      cot,  -tan,.  V2    v~  _  _  V2(V3  +  l)/4. 

1  +  cot  u  tan  v  v  '     4    v  "  w  v  y/ 

5.  (a)  .9975;  (c)  .8415.         6.  (a)   1;  (c)  0.         7.   (a)  cos  a;  (c)  cos^. 
8.  sin  x  cosy  cos  z  +  cos  ^  sin y  cos  z  +  cos  x  cos  j  sin  2  —  sin  x  sin  _y  sin  z. 


Problems  33.     Page  141. 

2  tan  £  ;  -- 

i-  1 — : — rv         3-  1 — i o7  4-  (a)  o — ~;  (c)  V2  —  1, 

1  —  tan^  /  14-  cos  2t  v   '  ?.  '  v  ' 


2  tan  *  „    1  -  cos  2/  .     ,  x    V2  +  V2 


6.  3  sin  *  cos2 1  -  sin3  *.     7.  2  -  V  2  +  v^     8    (a)  1;  (c)   _cos  4; 


9.   (a)  M;  (c)  ftf        11.  (a)  .4208;  (c)  .6967.        12.   (a)  j2  Va*  -  z2 


(c)  r— 
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Section  34-    Page  145. 


1.   (a)  sin  t;  (c)  cos  u.  %  (a)  1/Vl  -  sin2  t;  (c)  VI  -  sin2  //sin  *. 

3.  (a)    -cot  2t;    (c)    1.  5.  x/4.           6.   (a)    1  +  ^— ;    (c)   sec  2/. 

7.  tan  \x  =  .f"     •  10.  2tt/3. 
2         1  +  cos  X 


Problems  35.     Page  150. 

1.  (c)  and  (d)  are  periodic.  3.  (a)  1;  (c)  1;  (e)  2tt.  5.  F(3.5)  =  -1, 
F(-*#)  =  -1,  F(201.7)  =  -1.  6.  (a)  tt;  (c)  tt/2.  7.  /(7)  =  \. 
9.   (a)  Not  necessarily;  (c)  Not  necessarily. 

Problems  36.    Page  154. 

2.  (a)  Unbounded;  (c)  Greatest  lower  bound  is  0;  (e)  Unbounded. 
3.  (a)  5;  (c)  \\  (e)  \.  5.  Amplitude  f;  period  2?r.  6.  (a)  3;  (c)  .4. 
7.  Amplitude  is  1. 

Problems  37.    Page  158. 

2.  (a)  Frequency  is  1,  phase  shift  is  —J;  (c)  Frequency  is  1,  phase  shift  is  \. 
3.  (a)  Frequency  is  3/27T,  phase  shift  is  ir/6,  and  amplitude  is  4;  (c)  Fre- 
quency is  1,  phase  shift  is  2,  and  amplitude  is  3.  5.  A  =  B,  a  =  c,  and 
b  =  d  +  tt/2.  7.  B  =  A,  c  =  -a,  and  d  =  tt  -  b.  9.  B  =  -A, 
c  =  a,andd  =  b  +  tt/2.     11.  V105/2tt. 

Problems  38.     Page  163. 

4.  (a)  Infinitely  many  solutions.     10.  y^-. 


Problems  39.    Pag*  167. 

2.  (a)  5tt/4;  (c)  Htt/6;  (e)  1.836.  3.  (a)  15°;  (c)  172°;  (e)  40.8°. 
4.  (a)  27°  12';  (c)  57°  17' 45";  (e)  177°  36' 1".  5.  (a)  .017;  (c)  .0000048; 
(e)  2.6.  8.  51°  25' 43".  9.  (a)  78°;  (c)  582  degrees.  11.  (.3907, 
.9205). 

Problems  40.    Page  171. 

3.  5tt/12.     5.  45/47rin.     9.  42tt/5.     11.  x  =  rcos«r  +  \/L2  -  r2sin2w7\ 
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Problems  41.     Page  176. 


1.  (a)  .6508;  (c)  -11.430;  (e)  .0584;  (g)  1.07;  (i)  3.86.  2.  (a)  cos  3°; 
(c)  sin  7.  3.  (a)  sin  d  =  ^;  (c)  tan  6  =  -f ;  (e)  sec  6  =  ^/.  4.  (a)  53°; 
(c)  162°;  (d)  294°.  7.  (a)  (4.096,2.868);  (c)  (-4.890,-1.040). 
9.   (-.8090  cos  6  +  .5878  sin  6,  -.5878  cos  6  -  .8090  sin  6). 

Problems  42.     Page  182. 

1.  (V2,V2).  3.  (a)  53°;  (c)  16°.  4.  (a)  b  =  4.2,  r  =  6.5;  (c)  a  =  4.1, 
r  =  9.17.     5.  89  ft.     7.  No.     9.   14  ft.     11.   16tt  +  24^3. 

Problems  43.     Page  187. 

2.  (a)  a  =  75°,  c  =  5,  6  =  2.6;  (c)  7  =  95°  42',  a  =  6.9,  b  =  9.7. 
3.  (a)  0  =  38°  41',  7  =  111°  19',  c  =  7.4  or  0  =  141°  19',  7  =  8°  41', 
c  =  1.2;  (c)  No  triangle.  5.  270  miles.  7.  6.4  in.  and  5  in.  9.  4.3 
miles. 

Problems  44.     Page  190. 


1.   (a)  c  =  V7,  a  =  79°,  (3  =  41°;  (c)   V53  +  14V2;  (e)  c  =  2^26. 
3.  7.9  ft.     6.  Approximately  5500  ft.     10.   (a)   34°,   56°,  90°;   (c)   27°, 

63°,  90°;  (e)  57°,  59°,  64°. 

Problems  45.     Page  194. 

1.   (a)  ^;  (c)  17.  2.   (a)  3.3;  (c)  30.  3.   (a)  |Vl5; 


Vlog  30  log  (15/2)  log  (10/3)  log  (6/5),  7.  4VS  id. 

4 

Review  Problems.     Pag*  195. 

1.  No.  3.  (a),  (b),  (d),  (e),  and  (f)  are  true.  5.  (a)  .7456;  (c)  1.8. 
7-  (a)  (~hi)-  n-  (a)  0  <  x  <  ir,  2t  <  x  <  3tt,  etc.  13.  (a)  x  =  0. 
16.   (a)  0;  (c)  (-l)n.     17.  22tt  miles. 

Miscellaneous  Problems.     Page  196. 

1.    (a)  Origin;  (c)  Not  symmetric  if  bm  ^  0;  (c)  v-axis.  4.  71-  2  —  1. 

11.    (a)  2r-  (|  -  —4Y  13.   32  miles,  216  ft.  14.   5r-  tan  18c 

(1  -  sin  18°). 
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Problems  46.     Page  203. 

1.  (a)  9  +  2i;  (c)  8  -  3*.  2.  (a)  8  +  4z;  (c)  Hi.  3.  -i,  1,  -1,  i,  -1. 
4.  (a)  -1  +  12*;  (c)  11;  (e)  -2i;  (g)  8.  6.  *  =  -V|  -f  Vf  f"  or 
x ;.=  V|  -  V|  i.  7.  (a)  2f  -  1,"  1  +  2f.  9.  (a,b)(c,d)  =  (ac  -  bd, 
ad  +  k). 

Problems  47,    Pag*  205. 

7.  -*,  -1,  z,  1,  -?',  u  9.  (a)  |  -  \%\  (c)  -^  -  ^y.  11.  (a)  \i\ 
(c)  f  -  J*\ 

Problems  48.    Page  210. 

1.  (a)  2,  30°;  (c)  1,  180°;  (e)  2,  240°.  2.  (a)  -V3  +  i;  (c)  V2  +  Vie; 
(e)  -6.58  -  2.39/.  8.   (a)  uv  =  48  (cos  ^|  +  z  sin  ^|\ 

-  =  3  f  cos  £  +  i  sin  £-);  (c)  ii»  =  6  (cos  80°  +  i  sin  80°), 
v           \        12                12/ 

-  =  24  (cos  40°  +  i  sin  40°).     9.   (a)   -12  +  12/;  (c)  2.     11.   (a)  Circle 

of  radius  1,  center  at  origin;  (c)  Region  bounded  by  circle  of  radius  2, 
center  at  origin. 

Problems  49.    Page  215. 

1.   (a)  1;   (c)   212;   (e)   Practically  1.     3.   (a)   1,    ~ 1  +       3  *>    ~1  ~       3  -j 

(c)  -1,  *  ~2V/3l»  !  +2V^?-  5.  (a)  4i;  (c)  W2  +  1  -  W5  -  1  i; 
(e)  (1  -  0/3/5.  7.  cos30  -  3  cos  0  sin2  0.  9.  (a)  1  -  i,  i  -  1;  (c)  i, 
(-V3 .+  0/2,  (V3  -  0/2. 

Review  Problems.     Page  216. 

1.  —^7(5  —  130-  3.  The  set  of  all  real  numbers.  5.  (a),  (c),  and  (d). 
6.   (a)  3,  (c)  Not  for  all  complex  numbers.     7.  3  —  i,  yes,  yes. 

Miscellaneous  Problems.     Page  217. 

1.  (a)  Circle  of  radius  3,  center  at  point  (2,0) ;  (c)  Area  between  circles  cen- 
tered at  origin  of  radii  1  and  2;  includes  latter  circle,  too.  2.  (a)  If  the 
line  joining  z  and  the  origin  is  rotated  through  an  angle  of  a  radians,  it 
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becomes  the  line  joining  the  point  f(z)  and  the  origin.  4.  1  +  2i, 
-1  -  2i.  5.  u  =  0  +  bi,v  =  0  +  ci  (c^O).  6.  (a)  Circle  of  radius  2 
with  center  at  origin. 

Problems  50.     Page  222. 

1.   (a)  x4  +  x2  +  x  -  24;        (c)    x6  +  4x5  -  2x4  -  7x3  +  4x2  -  2x  -  8. 

2.  (a)  6x5  -  8x4  +  5x3  -  10x2  +  9^  —  2;       (c)   13x3  -  4x2  -  Ax  -  65. 

3.  (a)  m  +  n;  (c)  rc*.  4.  (a)  25;  (c)  2x2  +  2;  (c)  9/zx2  +  A(9A  +  2)x  + 
3/z3  +  h2  -  2h.  6.  (a)  q  =  4,  r  =  1;  (c)  q  =  17,  r  =  8.  7.  (a)  Q(*)  = 
*2  -  x  +  1,  /?(*)  =  -x;  (c)  Q(x)  =  1,  R(x)  =  2x2  +  2.  8.  (a)  Q(x)  = 
x*  +  1,  R  =  0;  (c)  Q(x)  =  x4  -  x3  +  x2  -  x  +  1,  /?  =  0;  (e)  Q(x)  = 
3x3  +  x2  -  2x  +  11,  R  =  0. 

Problems  51.    Page  226. 

1.  (a)  fj;  (c)  If  b  ?±  0,  x  =  (3  +  rf)/2;  (e)  If  jy  is  neither  0  nor  2,  a  = 
(-3y  -  \)/{f  -  2y);  (g)  If y  ^  i,  x  =  (1  +^)/(e  +  j0-  3.  4000  min. 
5.  35.     7.  (a)  464;  (c)  3310. 

Problems  52.    Page  232. 

1.  (a)  0,  -|;  (c)  3,  0.  2.  (a)  -1  +  V2,  -1  -  V2.  3.  (a)  (7  +  V77)/2, 
(7  -_V77)/2;    (c)    (-2  +  V6)/4,    (-2  -  V6)/4;    (e)     -V3  +  2, 

-V3  -  2. 4.  (a)  (-6  +  Vb2  -  ac)/a,  {-b  -  Vb2  -  ac)/a; 

(c)  (vQ  +  Vv20  -  2gs)/gL  (v0  -  Vt%  -  2gs)/g.  5.  (a)  Positive;  (c)  Neg- 
ative.    6.   (a)  Z1^i ~,=±~i "5    (°)    _1>    l+2».     7-   (a)    Twice- 

8.  (a)  (1  +  iV3)y/2,  (1  -  iVl)y/2.  10.  (a)  1  -  V2  <  x  <  1  +  ^2; 
(c)^<-lor0  4.     11.  (a)   |*|  >  2^5;  (c)  *  <  f     13.  420  mph. 

Problems  53.    Page  235. 


1.  (a)  i,    -i,   V2,    -V2\   (c)   Vl  +  i,    -  Vl  +  f,   Vl  -  i9    -Vl  -  i. 

2.  (a)  -1,  32;  (c)  8,  -&.  3.  (a)  tt/2;  (c)  tt/3.  4.  (a)  3;  (c)  ^solu- 
tion. 7.  2,  -1  +  iV3,  -1  -  iV2>,  -1,  (1  -  i'Vl)/2,  (1  +  »V3)/2. 
„    3  +  VI    1  +  V5 


Problems  54.    />«£*  238. 

1.   (a)  x2  -  5x  -  1 ;  (c)  I  x )  I  x 1« 
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2.   (a)  -Mc)^ 

.  ,  2  /        3  +  3zV255\  /        3-3*V255\ 

(e)  3  v* "  — ie — J  r  — i6 — / 

6.  (a)  *2  +  (4*/3)  +  |;  (c)  x2  -  4*  +_5;  (e)  x*  -  1  +  2^2  i;  (g)  x2  4-  bK 

7.  (a)  (*  -  1  +2  V3j)  (*  "  1  ~2>V3J,)»  <c>  <*  -  *><**  +  *>■ 

Problems  55.    Pag*  24/. 

1.  (a)  x4  -  3x3  +  9x2  -  27x  +  82,  i?  =  -245;  (c)  x2  +  V5  x  +  5,  #  = 
5  +  5V5.  2.  (a)  2;  (c)  485.  3.  (a)  100,000,003.  4.  (a)  x3  -  x2  -f 
x  -  1 ;  (c)  x3  -  3*x2  -  4x  +  2i.     5.  P(0)  =  4. 

7.  (a)  (x  +  2)(x  -  2)(x  +  2i)  (x  -  20; 

m.'lf\i    f  \  3_±_^3   3  -  Vl33 

8.  (a)  2;  (c) » 

Problems  56.    Pag*  244. 

1.  No.     No.     3.  a  =  3,  6  =  -2. 

6.(a)(,-l)(,-^^)(,-=i^); 

(c)  c  _  1K,  +  2)(,  _  ±1^)  (,  _  L^l). 

8-1^  +  f  +  l.    ».^*»  +  £* 

Problems  57.    Page  249. 

1.  (a)  x3  +  x2  +  x  +  1 ;  (c)  x4  -  4x3  +  llx2  -  14*  +  10.  %  (a)  i,  -i,  \ ; 
(c)  3  -  2z,  (-1  +  Vl0)/3,  (-1  -  Vl0)/3;  (e)  -1  +  V6,  -1  -  V6. 

6.   (a)  (x  -  l)(x2  +  x  +  1);  (c)  (*2  -  2x  +  2)(x2  -  x  -  1). 
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Problems  58.     Page  252. 

2.   (a)  None;  (c)  0,  -J,  |,  -J.     3.   (a)  -1,2;  (c)  7,  -1,2;,  -2;;  (e)  §,  | 
-I,  I     6.   (a)  None. 


Problems  59.     Page  256. 

1.  (a)  A  zero  at  1  and  a  zero  between  1  and  2;  (c)  A  zero  between  5  and  6 
and  another  between —3  and —4.  3.  (a)  1.9.  4.  (a)  .62.  5.  (a)  2.65; 
(c)  1.91.     7.  2.69.     9.  About  6  in. 


Review  Problems.    Page  257. 

1.  A(x)  =  flo  5^  0  and  2?(x)  =  l/#o  for  some  number  a0-  2.  (a)  k  is  odd. 
3.  c=  -1.  4.  (a)  (1  -  c2r)/(3c2r  +  l);(c)  No  solution.  5.  3150miles. 
7.  5.  9.  x2  +  2*  +  4  +  a  =  0.  11.  b  =  -2,c  =  -1.  13.  nb2  = 
ac  (a  +  l)2.     15.   (a)  -£/c;  (c)  (3ak  -  63)/V. 


IVIiscellaneous  Problems.     Page  258. 

in              «    i              *    3        12              7    /  n  19  +  ilVu    19  -  fTVjt 
1.  0.  3.  1.  5.  f,  -^.  7.  (a) > : 


,  N  -1  +  V3  +  2^5          -1  -  V3  +  2V5          -1  +  V3  -  2V5 
(c)  = '        « '         « 1 


-1  _  V3  _  2V5,     9>  X2  _j_  (6i  _  3^)x  +  ,3. 


Problems  60.     Pa£*  264. 

1.   (a)  Yes;  (c)  Yes;  (e)  No.     2.   (a)  (1,1),  (2,i);  (c)  (10,1);  (e)  ?  +  ^  " 

~  5  +/     j  ]  •     3.  All.     5.  6  +  V6  ft  and  6-^6  ft. 


Problems  61.     Page  269. 

1.   (a)  (2,-1);   (c)    (-*;»).  2.   (a)  (~y^»  "V^    to    (o,  -Q 

3.  (a)    x  =  2,  y  =  -*,   2  =  -|;    (c)    *  =  -1,  ^  =  2,    2  -  3,   w  =  6. 

4.  (a)  (^;,y);  (c)  (10,100).  5.  75%  cheap,  25%  expensive. 
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Problems  62.     Page  274. 


z 


2.   (a)  (-13,9);   (c)  t±  6,  v  =  5.  3.  x  =  T\,  y  =   -^, 

4.  (a)   r  =  |,  "j  =  T7o,   /  =  —J;    (c)   #  =  2,  jy  =  0,  z  =  —  1,  «;  = 

5.  80°,  85°,  15°.     7.  a  =  -3,  b  =  2,  c  =  4. 

Problems  63.    P<zg«  277. 

1.  (a)  *  =  —1,  y  =  7,  z  =  10;  (V)  #  =  1  +  i,  y  =  1  — ■  3i,  z  =  —  5?. 
3.  (a)  Dependent;  (c)  Dependent.  4.  (a)  Inconsistent.  5.  (a)(0,  —  f ) ; 
(c)  Do  not  intersect.     7.  374,  no. 

Problems  64.     Page  282. 

1.  (a)  (-1,1),  (-8,-13);  (c)  (1,-2),  CHW)-  2.  (a)  (3,20,  (-3,-20, 
(3,-20,  (-3,20.     3.  (aH6,3),  (-6,-3),  (3*,-60,  (-3*,60;  (c)  (0,0). 

5.  9  in.  by  12  in.     7.  Vabc. 

Problems  65.    Page  287. 

1.   (a)  5;  (c)  1  -  3«.     2.  (a)  -J;  (c)  2,  -1  +  tVi",  -1  -  iV$.     3.  x  <  3. 

6.  (0,0),  (2,1),  (4,2),  etc. 

Problems  66.    Page  291. 

1.   (a)  3;  (c)  1.     2.  (a)  12;  (c)  -1.     3.  (a)  -24;  (c)  4.     4.   (a)  32. 

Review  Problems.     Page  292. 

1.  x  =  r  cos  /  +  s  sin  £,  y  =  s  cos  £  —  r  sin  £.  3.  a  =  2,  6  =  —  1,  c  =  3. 
5.  £  =  2  or  A;  =  7.     9.  120  6's  and  230  8's. 

Miscellaneous  Problems.    Page  293. 

1.  (2,2),  (z',-40,  (-*,40.  3.  (-5,-1),  Grf,A).  5-  4  nickels,  3  dimes, 
and  3  quarters;  or  1  nickel,  7  dimes,  and  2  quarters.  7.  #i  =  3,  #2  =  7, 
*3  =  2,  #4  =  6,  *s  =  1,  #6  =  5,  x7  =  0,  #8  =  4, .  *9  =  —  1.     9.   —  1,  3  + 

2V3,  3  -  2V3. 

Problems  67.     Page  299. 

1.  (a)  9^;  (c)  («  +  l)/h.  2.  (a)  1.014  X  1016;  (c)  2.24  X  10~84.  3.  9000. 
5.  36.     7.  216,  112.     9.  18. 
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Problems  68.     Page  304. 


2.   (a)  7.89  X  106;  (c)  1.29  X  105«.     3.  (a)  Pi5;  (c)  5,005.     5.  12  X  56  X 
Pf.     7.  9!,  9!/(4!3!2!).     9.  8!,  12,  (n  -  1) !. 

Problems  69.    Page  308. 

1.   (a)  21;    (c)    n;    (e)    1.     3.  (a)    5;    (c)    5.     5.  6.35  X  10".     7.  (a)    Q. 
9.  2500. 

Problems  70,    Page  311. 

1.  (a)  35xy;  (c)  840x12/.     5.  (a)  15a V.     6.  (a)  -1920*4;  (c)  -56/x7/2. 
7.  (a)  1.03;  (c)  1.05  X  1010.     8.  (a)  -4  -  4«;  (c)  1  +  6  tan  *  +  15  tan2  x 
+  20  tan3  x  +  1 5  tan4  x  +  6  tan5  *  +  tan6  *. 

Problems  71.    Pag*  5/5. 

1.   (a)  3960a8b*;  (c)  70*4.  2.   (a)  x30  +  30x™y  +  435*V  +  4060*V ; 

(c)  <z19  -  38a186  +  684<z1762  -  7752a16R       5.  rcx"-1  +  "("  ~  ^  x"-2/z  + 

i7i      *    /  \    •     a    i    sin  2    .    sin  3    .    sin  4     ,  *    _,       _„    ,    _ 
.  .  .  +  A—1.     7.  (a)  sin  1  +  —  +  —  +  — ;  (c)  23  -  22  +  2  -  1 

+  i  -  (i)2  +  (i)3  -  G)4.     9.  25.     10.  (a)  -3. 

Problems  72.    Pag*  379. 

1.  TV      3.  CPCI/CT  =  ^V      5.  A-      7.  fc  1.17.      8.  1.90.      9.  Jfc  «. 
11.  ^  0.     12.  (a)  4/CP;  (c)  4(q3  -  10)/Cf . 


Problems  73.    Page  324. 

1.  (a)  i;  (c)  J.         2.  (a)   fe)2;  (c)   (^)2  +  (*)».         3.   (a)  -^;   (c)   f|. 

4.  (a)  |.     5.  25.     7.  (a)  6.38;  (c)  5.25.     9.  f  J.     10.  (a)  A;  (c)  0. 

Problems  74.    Page  33l 

1.  No.        2.  (a)  ^;  (c)  5.        3.  2,  .296.        5.  (a)  6;  (c)  6.        7.  (a)  4. 
9.  ff(t)4- 

Problems  75.    Pag*  333. 

I-  1,  i  toW  2.  (a)  T-Jg;  (c)  J.  3.   (a)  (f)»;  (c)  .0027. 

5.  2  c?°(f)30-r(f)r;  .0002. 

r=0 
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Review  Problems.     Page  333. 

1.  15.  2.  (a)  n  +  2;  (c)  (|)/1 !,  (i)2/2!,  (|)3/3!,  (i)4/4!,  (i)5/5!.  3.  5, 
n(n  -  3)/2.  5.  10!/(3!2!2!),  9!/(3!2!),  71/2L  7.  (J)5.  9.  72. 
11.   5,  .017. 

Miscellaneous  Problems.     Page  334. 

1.  k  =  6,  w  =  2;  or  A:  =  5,  n  =  3.     4.  No.     6.  1.     7.  AV     U«  10£ 

Problems  76.    Pa^  347. 

1.  Yes,  no.  2.  (a)  1,  f,  4,  V,  7;  (c)  (J)/l !,  (i)2/2!,  (i)3/3!,  tt)4/4!, 
(i)V5!;  (e)  1,  0,  -1,  0,  1.  3.  (a)  3,  7,  15,  31,  63;  (c)  1,  1,  f,  3,  -^; 
(e)  3,  2,  f,  f,  Y-  4.  (a)  f-1;  (c)  2"  -  1.  5.  (a)  -1,  0,  -1,  0; 
(c)  1,  t,  A,  m-     6.   (a)  i,  |,  |,  f|,  fi;  (c)  3,  9,  18,  30,  45.     7.  33. 

Problems  77.    />«£*  345. 

2.  (a),  (c),  (d).     5.  (a)  (|)^;  (c)  (-l)*«10/(fi  +  1). 

Problems  78.     Page  350. 

1.  (a)j>7=-9,  ft  =-21;  (c)^  =  9,  rf  =  1;  (e)  ^  =  ±  j*  =  -2/. 
3.  n(«  +  1).  5.  1955.  7.  (a)  5,  8,  11,  14;  (c)  f,  f,  J,  f.  8.  (a)  /(*)  = 
-a:  +  3;  (c)  /(*)  =  3*  -  8.     9.  (a)  234;  (c)  -6314.     11.  195  ft. 

Problems  79.     Page  354. 

1.  Sn  =  nyi.  2.  (a)  yh  =  405,  Sb  =  605.  3.  (a)  r  =  2,  -2,  2z,  or  -2i, 
S6  =  35,.  15,  17  -  6i,  or  17  +  6*.  5.  (f)5,  12.  7.  (a)  6138,  (c)  107. 
9.  (a)  2,  4,  8,  16;  (c)  2,  J,  J,  |.     10.  (a)  /(*)  =  f(f)*. 

Problems  80.     Page  358. 

1.  (a)  6,  8;  (c),  £,  V-  3.  24,  36,  54.  5.  a  =  5,  ft  =  8,  c  =  12.  7.  J,  1. 
8.   (a)  (!)*;  (c)  2  -  (*)•.     9.  (a)  f ;  (c)  32. 

Problems  81.     Page  362. 

1.  Yes. 

Review  Problems.    Page  363. 

2.  (a)  Yes,  no,  no.     3.  No,  64.4831.     5.  (a)   1.     7.  "100%." 
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Miscellaneous  Problems.     Page  363. 

1.  $1140.  3.  No.  5.  (a)^n  -  («  -  lb>„_i  -  («'-  2)^.  7.  35, 
n(n  +  1)(2h  +  4)/12.     9.  (a)  1,  §,  §,  J;  (c)  2^/(a  +  6). 

Problems  82.     Page  371. 

1.  Yes,/"1^)  =  log2^.  2.  (a)/"1^)  =  (j  -  2)/3;  (c)  No  inverse;  (e)  No 
inverse;  (g)  No  inverse.  7.  Let  F  be  the  function  whose  domain  is  the 
set  of  positive  numbers  and  whose  rule  of  correspondence  is  given  by  the 
equation  y  =  \/x.     9.  F_1(jv)  = /_1  [g^iy)]- 

Problems  83.    Page  376. 

1.  (a)  tt/3;  (c)  1.03;  (e)  tt/2;  (g)  x/2.  2.  (a)  x;  (c)  Sin"1  (sin  x).  3.  (a)  .6; 
(c)  .96.     4.  (a)  V3/2;  (c)  0.     7.  (a)  1.     9.  (a)  Sin"1  v;  (c)  Sin"1  (v  -  u). 

Problems  84.    Page  382. 

1.  (a)  tt/3;  (c)  3tt/4;  (e)  .2;  (g)  1.5.  '2.  (a)  *;  (c)  Tan"1  (tan  x) ; 
(e)  1/VTT72;  (g)  */^l"T^.  3.  (a)  .6;  (c)  ^.  4.  (a)  2*/(l  -  *2) ; 
(c)  2x/(l  +  *2)-  5.  (a)  0;  (c)  None.  9.  Arccot  (1/x)  =  tt  +  Arctan  x. 
10.   (a)  V2/2. 

Problems  85.    Page  385. 

1.  (a)  No  solution;  (c)  {5tt/6  +  for}.  2.  (a)  {tt/6  +  kx,  -tt/6  +  £tt}  ; 
(c)  {.46  +  for,  2.03  +  for}.  3.  (a)  {kx,  x/6  +  2A-tt,  5tt/6  +  2kx)  ; 
(c)  {for}.  4.  (a)  {for,  2tt/3  +  2for,  -2tt/3  +  2for}  ;  (c)  {(k  -§)*-, 
x/6  +  for,      -tt/6  +  for}-  5.   (a)       {x/6  +  2for,       3tt/2  +  2for}. 

6.  (a)  x  =  kx,y  =  2hx,  where  h  and  k  are  integers.     7.   (a)  §;  (c)  2  +  V 2, 
2  -  V2.     9.  0. 

Problems  86.     Page  388. 

1.  -tt,  -tt/4,  0,  tt/4,  tt.  3.  0,  .7,  -.7.  5.  .5,  .95.  7.  .24,  -.24,  1,  -1. 
9.  .74.     11.   -1.2,  -1.9.     13.    {k,  .74  +  £}. 

Review  Problems.     Page  389. 

1.  No.  3.  (a)  Positive;  (c)  Same  as  sign  of  y.  8.  (a)  t/2;  (c)  —.16. 
9.    {tt/4  +  for/2};  -3tt/4  <  x  <  tt/4,  for  example.  11.   (a)    s/2/2; 

(c)   .67. 
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Miscellaneous  Problems.    Page  390. 


1.  All  A.P.'s  with  different  terms  have  inverses.  3.  Let  the  domain  of  F 
be  the  set  of  numbers  x  for  which  x  >  1 .  5.  Domain  of  F~l  consists  of 
all  numbers y  such  that  2k  <  y  <  2k  +  15  where  k  is  an  integer.  7.  N  = 
m  +  1  if  m  is  odd,  N  =  w  if  w  is  even.     9.  (0,0),  (4.07.1.33).     11.  3.36. 
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A.  P.  (Arithmetic  Progressions), 

346 
A  priori  probability,  331 
Absolute  value: 

of  a  complex  number,  208 
of  a  real  number,  20 
Adding  equations,  263 
Addition  formulas,  131 
Addition  of  jy-coordinates,  160 
Algebra,  the  Fundamental 

Theorem  of,  242 
Ambiguous  case  in  the  solution 

of  triangles,  183 
Amplitude,  151 
Angles,  164-167 
initial  side  of,  164 
negative,  165 
positive,  165 

standard  position  of,  165 
terminal  side  of,  164 
Angular  velocity,  170 
Arccosine  function,  375 
Arccotangent  function,  380 
Arcsine  function,  373 
Arctangent  function,  378 
Area  formulas   (for  triangles), 

191-194 
Area  of  a  segment  of  a  circle, 

169 
Argument  of  a  complex  num- 
ber, 208 
Arithmetic  means,  355 
Arithmetic  progressions  (A.  P.), 

346 
Associative  laws,  2 
Augmented  matrix  of  a  system 

of  linear  equations,  271 
Axes,  coordinate,  46 


Binomial,  309 
Binomial  coefficients,  310 
Binomial  Law,  326 
Binomial  Theorem,  310 
Boundedness,  151 


Base: 

logarithmic,  80 

of  an   exponential   function, 

77 


Cancellation  rule,  7-8 
Cartesian  coordinates,  45 
Characteristic  of  a  logarithm, 

91 
Circles,  168-171 
Coefficients   of  a    polynomial, 

219 
Combinations: 
definition  of,  306 
number  of,  306 
Commutative  laws,  2 
Completing  the  square,  227 
Complex     numbers     (Chapter 
Five),  199-217 
absolute  value  of,  208 
argument  of,  208 
conjugate  of,  204-206 
definition  of  equality  of,  201 
graphical   representation   of, 

207-210 
imaginary  part  of,  203 
real  part  of,  203 
roots  of,  212-215 
rules  of  arithmetic  for,  201- 

202 
square  roots  of,  215 
trigonometric  form  of,  208 
Computations  with  logarithms, 

98-100 
Conjugate  of  a  complex  num- 
ber, 204-206 
Constant  of  proportionality,  60 
Converse   of  the   Factor   The- 
orem, 240 
Coordinates: 
cartesian,  45 

of    points    on    the    number 
scale,  10 
Cosines,  Law  of,  188-190 
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INDEX 


Exponents,  26-30 
Extraneous  solutions,  234 


Degree  measurement  of  angles, 

166 
Degree  of  a  polynomial,  219 
DeMoivre's  Theorem,  212 
Dependent     system     of    linear 

equations,  275 
Determinant  of  a  matrix: 
of  any  order,  289 
of  order  2,  283 
Determinative  system  of  linear 

equations,  275 
Diagonal  numbers  of  a  matrix, 

288 
Diagonal  of  a  polygon,  334 
Difference,  definition  of,  2 
Direct  variation,  60 
Discriminant    of    a    quadratic 

polynomial,  229 
Distance  between  points: 
in  the  plane,  48 
on  the  number  scale,  20 
Distributive  laws,  2 
Division,  synthetic,  221 
Domain  of  a  function,  39 


Empirical  probability,  331 
Equations: 

exponential  and  logarithmic, 

101-104 
linear,  66 
systems  of  (Chapter  Seven), 

260-294 
theory  of  (Chapter  Six),  218- 

259 
trigonometric,  383-388 
Equivalent    systems    of    equa- 
tions, 262 
Even  functions,  136 
Expectation,  318 
Exponential  equations,  101-104 
Exponential  functions,  76 


Factor  of  a  polynomial,  240 
Factor  Theorem,  240 

converse  of,  240 
Factored  form  of  a  product,  3 
Factorial  notation,  296 
Factoring  polynomials: 

of    degree    greater    than    2, 
238-241 

of  the  second  degree,  236-238 
Factoring    identities    (trigono- 
metric), 145 
Frequency,  155 
Functions,  37-73 

definition  of,  38 

domain  of,  39 

exponential,  76 

linear,  63 

logarithmic,  85 

periodic,  146 

range  of,  39 

trigonometric  (definitions  of), 
113-114 
Fundamental  principles  of  enu- 
meration, 298 
Fundamental  Theorem  of  Al- 
gebra, 242 


G.  P.  (Geometric  Progressions), 

351 
Geometric  means,  355 
Geometric  Progressions  (G.  P.), 

351 
Graphical  representation  of  a 

complex  number,  207 
Graphs  of  equations,  56 
Graphs  of  functions,  51-55 
Greatest  integer  function,  42 
Greatest  lower  bound,  151 
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H  Harmonic  Progressions  (H.  P.), 

364 
Homogeneous  systems  of  linear 
equations: 
n  equations,  290 
two  equations,  284 


Identities: 

elementary  trigonometric, 

114 
factoring  (trigonometric), 

145 
trigonometric,   summary   of, 
142-144 
Identity  function,  42 
Imaginary  part  of  a  complex 

number,  203 
Inconsistent    system    of   linear 

equations,  275 
Independent  trials,  325 
Index  of  summation,  313 
Induction  axiom,  342 
Inequalities,  13-20 
Inequalities  involving  absolute 

values,  23 
Inequality  signs,  13 
Infinite  decimal,  10 
Initial  side  of  an  angle,  164 
Integers: 
negative,  3 
positive,  2 
the  set  of  all,  3 
Interpolation,  linear,  93-97 
Inverse  of  a  function,  367 
Inverse  variation,  68 
Irrational  numbers,  1 1 
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Least  upper  bound,  151 
Limit,  357 

Linear  equations,  66,  225 
Linear  equation  in  n  unknowns, 

265 
Linear  functions,  63 
Linear  interpolation,  93-97 
Linear  polynomials,  225 
Linear  velocity,  170 
Logarithmic  equations,  101-104 
Logarithmic  functions,  85 
Logarithms: 

computations  with,  98-100 

definition  of,  79-80 

fundamental  properties  of,  82 
"Losing"  a  solution  to  an  equa- 
tion, 235 


Mantissa,  91 

Mathematical  induction,  342 

Matrix,  270 

coefficient  matrix  of  a  system 

of  linear  equations,  271 
augmented  matrix  of  a  sys- 
tem   of   linear    equations, 
271 

Means,  355-356 

Midpoint  of  an  interval,  24 

Most  likely  number  of  successes, 
327 

Multiple  of  an  equation,  263 

Multiplicity  of  zeros  of  a  poly- 
nomial, 244 

Mutually  exclusive  types  of  out- 
comes, 322 


Law  of  Cosines,  188 
Law  of  Sines,  183 
Laws  of  arithmetic,  2 


Negative  angles,  165 
Negative  integers,  3 
Number  scale,  9 
Numbers: 

complex  (see  complex  num- 
bers) 

irrational,  11 
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rational    (see    rational    num- 
bers) 
real  (see  real  numbers) 


Odd  function,  136 

Order  of  a  square  matrix,  283 

Order  relation,  1 3 

Origin  of  the  number  scale,  9 


Quadrants,  47 

Quadratic    equations,    systems 

involving,  279-282 
Quadratic  formulas,  228 
Quadratic  polynomial,  227 
Quotient.  2,  220 


Partial  product  of  a  sequence, 

364 
Partial  sum  of  a  sequence,  339 
Partitioning  an  ordered  set  of 

objects,  303 
Period  of  a  function,  146 
Periodic   extension    of  a   func- 
tion, 149 
Periodic  functions,  146 
Permutations: 
definition  of,  300 
number  of,  300-302 
Phase  shift,  155  ' 
Polynomials: 

coefficients  of,  219 
definition  of,  218-222 
degree  of,  219 
division  of  two  polynomials, 

220 
equality  of  two  polynomials, 

219 
factor  of  a  polynomial,  240 
factoring    polynomials,    242- 

244 
number  of  zeros  of  a  polyno- 
mial, 243 
of  first  degree,  223-226 
of  second  degree,  227-231 
term  of  a  polynomial,  219 
Positive  angle,  165 
Positive  integers,  2 
Prime  number,  1 1 
Probability,  definition  of.  317 
Proportion  (see  variation) 


Radian  measurement  of  angles, 

165 
Radical  31 
Radicand,  31 
Range  of  a  function,  39 
Rational  numbers; 
as  exponents,  31-32 
form  of,  6 
operations  with,  6 
Rational  zeros  of  a  polynomial, 

249-252 
Rationalizing  denominators,  33 
Real  numbers: 
description  of,  9 
graphical    representation    of, 

11 
rules  of  arithmetic,  1 1 
Real  part  of  a  complex  number. 

203 
Reciprocal  of  a  number,  8 
Recursion  formula.  315.  338 
Reduced    form    of    a    rational 

number,  250 
Reference  angle,  173 
Reference  number,  122 
Remainder,  220 
Restricting    the    domain    of    a 

function,  369 
Right-triangle  trigonometry, 

177-182 
Root,  Hth,  30 
Root,  principal,  31 
Roots     of    complex     numbers, 

212-215 
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Scientific  notation.  90 

Semiperimeter  of  a  triangle, 
193 

Sequence,  337 

Sigma  notation,  312-313 

Simple  harmonic  motion,  157 

Sines,  Law  of,  183 

Square  roots  of  complex  num- 
bers, 215 

Standard  form  (for  writing 
logarithms),  91 

Standard  position  of  an  angle, 
165 

Strictly  decreasing  function, 
390 

Strictly  increasing  function,  390 

Sum  of  a  G.  P.,  357 

Symmetry  of  graphs,  130 

Synthetic  division,  221 


definitions  of,  113-114 
graphs  of,  127-130 
of  angles,  172-176 
Trigonometric  point,  108 


Unit  point,  9 


Variation: 

direct,  60 

inverse,  68 
Velocity: 

angular,  170 

linear,  170 
Vertex  of  an  angle. 


164 


Tangent  function,  377 
Term  of  a  polynomial,  219 
Terminal  side  of  angle,  164 
Terms  of  a  sequence,  338 
Theory  of  Equations  (Chapter 

Six),  218-259 
Tree  diagram,  297 
Triangular  form  of  a  system  of 

linear  equations,  265 
Triangular  inequality,  50 
Trigonometric  form  of  a  com- 
plex number,  208 
Trigonometric  functions: 

addition   formulas   for,    131- 
139 


Zero  as  an  exponent,  27 
Zero,  division  by,  5 
Zeros  of  a  function,  66 
Zeros  of  a  polynomial: 

double,  244 

finding  real  zeros,  253-256 

multiple,  244 

number  of,  243 

rational,  249-252 

triple,  244 
Zeros   of  a   quadratic    polyno- 
mial, 228 
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